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Preface
to the second enlarged edition

The appearence of the present second edition is motivated by a two-fold
engagement: to improve parts of the original text and to add two chapters
on recent developments.

The improvements include the clarification of obscurities and the correc-
tion of formal flaws. The additional chapters serve as useful supplements to
the topics treated in the first edition. The discussion added to Section 5.4
concerns the embedding of infinitely divisible probability measures on an
Abelian locally compact group, a problem deeply related to the structure
of the underlying group.

The new Chapter 7 is devoted to extending the framework of an Abelian
group to that of a commutative hypergroup. Chapter 8 written by Gyula
Pap aims at the central limit problem of probability theory for Abelian
groups. While this theme enriches the previous discussion of the asymp-
totic behavior of random sequences in groups, the approach to stochastic
processes taken in Chapter 7 reaches beyond groups, i.e. to group-like struc-
tures defined via a generalized convolution. In both chapters limit theorems
for random sequences are discussed with respect to the special structure of
their state space, particularly for tori, p-adic groups and solenoids in Chap-
ter 8, for polynomial and Sturm—Liouville structures in Chapter 7.

Although the technique employed in both chapters is based on the notion
of the Fourier transform —as throughout the first edition—, hypergroups
require special attention. Meeting this requirement within a reasonably
sized text lead necessarily to an expository presentation in Chapter 7. The
main idea for choosing to study infinitesimal arrays in Chapter 8 is the
completion and extension of the only available reference to necessary and
sufficient conditions in terms of moments of the convergence of such arrays
towards weakly divisible distributions.
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In Chapter 7 the author prepares the necessary tools for the construction
of hypergroup structures and their analysis before he enters the treatment
of random walks and more general increment processes in these structures.
Despite obvious similarities to the group case significant deviations justify
the extended concept and open the route to further fruitful research.

The author is grateful to his publisher for having stimulated this second
enlarged edition of his book.

Heartfelt thanks go to two of his colleagues and friends: to Michael
Bingham, who proposed numerous ameliorations, and to Gyula Pap, who
not only adapted the original typescript to the requirements of the pub-
lisher, but also added significant improvements and above all composed
Chapter 8 on the basis of his recent research.

As usual and most remarkably again the team of World Scientific has
cooperated optimally along the production of the present edition.

And, as not even multi-editions are free from dark spots, all future
readers are invited to report on their concerns.

Tiibingen, June 2009 Herbert Heyer



Preface

The present book has been written for mathematically prepared readers
who like to look beyond the boundary of a single topic in order to discover
the interrelations with others. More concretely the author’s idea is to direct
the attention of probabilists to the applicability of the enlightening notion
of a group to probability theory.

The interplay between probability theory and group theory is as old as
the early investigations on translation invariant probability distributions
and stochastic processes and has become an increasingly important field of
research which meanwhile reached a certain state of maturity.

While the traditional approach to the basic theorems of probability the-
ory often overshadows part of the structure of the problems, the awareness
of group-theoretical concepts leads to a quick detection of common fea-
tures of apparently unrelated situations. In other words, the perception of
algebraic-topological structures in the state space of stochastic processes
does not only yield interesting and applicable generalizations of known re-
sults but also sets a limit to such generalizations by describing their domains
of validity within the general framework. In practice this approach helps
to provide at least more transparent proofs of well-established theorems
including Lévy’s continuity theorem, the Lévy—Khinchin representation of
infinitely divisible probability measures, transience criteria for convolution
semigroups and characterizations of recurrent or transient random walks.

This primer in probabilities on Abelian topological groups with empha-
sis on separable Banach spaces and on locally compact Abelian groups is
by its very conception an elementary introduction to the structural access
to probability theory, no textbook in the habitual understanding and by
now means a monograph. It should be studied by graduate students along
with the course work and will make interesting accompanying reading for

vii
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their lecturers. At the same time the book provides information beyond
the particular topic and lays bare the possibility of incorporating certain
problems of probability theory into a wider setting which may be chosen
according to the actual aims of study.

Since the pioneering work of Grenander and Parthasarathy going back to
the early 1960’s structural aspects of probability theory have been stressed
in various monographs. For probabilities on locally compact groups we
mention the books by Berg and Forst and by Revuz, both of 1975, as
well as the author’s book of 1977. There is also an extensive literature on
probabilities on linear spaces. We just cite the books by Araujo and Giné of
1980, by Linde of 1986 and by Vakhania, Tarieladze and Chobanyan of 1987.
Our selection of topics from these sources has at least two motives: to stress
the significance of the problems within the development of the theory, and
to choose an approach to their solutions which at the same time is as direct
and informative as possible. Clearly these aims can hardly be achieved
without reference to some basic notions and facts from topological groups,
topological vector spaces and commutative Banach algebras. Appendices
at the end of the book are offered as desirable aids.

In the first part of the book (Chapters 1 to 3) we start by collecting the
necessary measure theory on metric spaces including the Riesz and Pro-
horov theorems. It follows a detailed analysis of the Fourier transform for
separable Banach spaces. The main focus of the subsequent discussion is
the arithmetic of probability measures on such spaces, in particular the
study of infinitely divisible probability measures. We establish the embed-
ding of infinitely divisible probability measures into continuous convolution
semigroups and then examine Gauss and Poisson measures. The Ito—Nisio
theorem is applied to a construction of Brownian motion. The proof of
the Lévy—Khinchin representation is prepared by a detailed discussion of
Lévy measures and generalized Poisson measures. It is clear that the theory
exposed for general separable Banach spaces covers the case of Euclidean
space and also various cases of function spaces.

The second half of the book (Chapters 4 to 6) begins with the notion
of convolution of Radon measures on a locally compact group. The exposi-
tion continues by developing the duality theory of locally compact Abelian
groups including positive definite functions and measures. Then negative
definite functions on such groups are studied, their duality with positive
definite functions and their correspondence in the sense of Schoenberg with
convolution semigroups. The construction of Lévy functions for any locally
compact Abelian group is the basic step towards a Lévy—Khinchin repre-
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sentation of negative definite functions. The concluding chapter contains
a discussion of transient convolution semigroups and random walks. A
measure-theoretic proof of the Port—Stone transience criterion precedes the
characterization of groups admitting recurrent random walks and the clas-
sification of transient random walks which solves the problem of renewal of
random walks on a locally compact Abelian group. The theory developed
in this part of the book can be easily specialized to the Euclidean case, but
moreover to infinite dimensional lattices and tori.

Now the methodical framework of the book becomes visible. For sep-
arable Banach spaces as well as for locally compact Abelian groups dual
objects and Fourier transforms of measures as functions on these dual ob-
jects are employed in order to determine the structure of infinitely divisible
probability measures and convolution semigroups. For Banach spaces only
restricted versions of the Lévy continuity theorem can be proved. In fact, by
the lack of an appropriate Bochner theorem for positive definite functions
harmonic analysis soon reaches its limits. In the case of locally compact
Abelian groups, however, the Pontryagin duality provides a far more elab-
orate harmonic analysis which can be applied to obtain not only strong
versions of the Lévy continuity theorem but also deep results on the poten-
tial theory of stochastic processes with stationary independent increments
and random walks in the group.

To write a primer in probabilities on algebraic-topological structures
became a matter of concern during the author’s lecturing over about three
decades, mostly at the University of Tiibingen in Germany. Along with
his research work at the interface between probability theory and harmonic
analysis he taught on probability measures on Banach spaces, locally com-
pact groups and homogeneous spaces. It turned out that graduate students
majoring in probability theory or in analysis took those courses which led
to seminars on “Stochastics and Analysis” in which central limit theorems
for generalized random variables, stochastic processes in and random fields
over general algebraic-topological structures were discussed. In recent years
also analogs of these probabilistic objects for generalized convolution struc-
tures as Jacobi and Sturm-Liouville translation structures were considered.
For the harmonic analysis of these structures the presentation of the case
of a locally compact Abelian group provides the appropriate basis. Conse-
quently, the present book may also be used as a preparatory text for the
study of probability measures on hypergroups and hypercomplex systems.

In conceiving his book the author received encouragement from many
colleagues and friends spread over the globe. Various scientific agencies



X Preface

like the German and the Japanese Research Societies made it possible to
test preliminary versions of the manuscript in workshops and crash courses
during research stays and sabbaticals at universities in Australia (Perth),
Japan (Tokyo) and the US (San Diego). Acknowledgement of prime impor-
tance goes to Christian Berg and Gunnar Forst, to Werner Linde and to
Daniel Revuz for their excellent monographs the contents of which reaches
far beyond our exposition. Several people have read drafts of the text.
Especially valuable was Gyula Pap’s constructive criticism for which the
author is most thankful. There were also capable secretaries who did a
great job in preparing the typescript: Kerstin Behrends and Erika Gugl
deserve praise for their skillful work. Last but not least I am grateful to
M.M. Rao from the University of California at Riverside who invited the
book into the series on Multivariate Analysis with World Scientific.

The author expresses his expectation that all obscurities contained in
the text will be communicated to him and that despite such inevitable
deficiencies the book may serve its modest purpose. There is no doubt that
the following statement due to Pablo Picasso also applies to an author in
mathematics

“Ce que je fais aujourd’hui est déja vieux pour demain.”

Tiibingen, March 2004 Herbert Heyer
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Chapter 1

Probability Measures
on Metric Spaces

1.1 Tight measures

Let (F,d) denote a metric space, O(E), A(E), K(FE) the systems of
open, closed and compact subsets of E respectively. On (E,d) we have
the notions of the Borel o-algebra

B(E) = 0(0(E)) = o(A(E))

of F and of a (Borel) measure on E, i.e. a non-negative extended real-
valued o-additive set function p on B(E) with the properties that
u(@ =0 and p(K)< oo forall K e K(E).

Definition 1.1.1 A finite measure p on FE is called

(a) regular if for every B € B(FE) and for every & > 0 there exist A €
A(E) and O € O(E) such that AC BC O and p(0)— u(4) <e,

and
(b) tight if

u(E) = sup{u(K) : K € K(E)}.
Theorem 1.1.2 Let p be a finite measure on E. Then

(i) w is regular.
(ii) If p s tight then it must be inner-regular in the sense that for each
B e B(E)

w(B) =sup{u(K): K € K(E), K C B}.

In particular, for finite measures the notions of tightness and inner-
reqularity coincide.
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Proof. (i). Let © :=19, be the system of all B € B(E) with respect
to which p is regular. Then % is a Dynkin system in the sense that
E €®, Bec® impliesthat (B € ®, and whenever (B,),>1 is a
disjoint sequence in © then B := Un>1 B, €.

The proof of the first property is clear, and for the second one we observe
that if A € A(F) and O € O(E) are chosen as in Definition 1.1.1 (a)
then CO c CB c CA and, noting that CO € A(E) and (A c O(E), we
have

p(CA) — p(CO) = u(0) — u(A) < e.
As for the third property, given ¢ > 0 we can find A, € A(E) and
0, € O(E) with A, Cc B, C O, and

1
1(On) — p(An) < otz ©

for all n € N. Let O :=J,, On, choose ng with p U A,) <e/4

n>ngo

and put A: =2, A,. Then A€ A(E), O€ O(E), ACBCO and
O\A Z.U n\A Z n\A ZN(On)
n>1 n=1 n>ng
1 3
+ Z ( 27L+2 > < Zg <e.
n>ngo

Furthermore A(E) C ©. Indeed, given A € A(E) for each n € N
we observe that

Av = {a:eE:d(x,A) < %}

is open, and from Aw | A (which holds as E is metric) it follows that
p(A7) | p(A).

Now A(E) is N-stable, and therefore

B(E) = 0(A(E)) = D(A(E)) € D C B(E),

whence © = B(E). Here D(A(F)) denotes the Dynkin hull of A(E).

(ii). Let B € B(F) and e > 0. Using (i) there exists A € A(FE)
with A C B such that p(B) — u(A) < e/2, and also K € K(F) with
w(E) — u(K) <e/2. Then AN K is a compact subset of B, and

u(B) = (AN K) < u(B\ A) +p(CK) < S+ =< -
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Corollary 1.1.3 If u is tight then for every downward filtered family

(AL)LGI mn A(E)
(ﬂA> Inf ().

el

Proof. From A:=() ;A C Ax wehave pu(A) < pu(Ay) forall k€1,
and hence p(A) <inf,erpu(A,).

In the reverse direction, appealing to Theorem 1.1.2 (ii), to each & >0
there exists K € K(F) with K C CA such that

u(CK) — () = u(CA) — p(K) < e.
Now K CJ,¢; CA,, and hence by compactness there exist ¢1,t2,...,tp €
I with K cJj_,CA,,. Also (CA,).,er is an upward filtered family, and
hence there exists 19 € I such that K C CA,,. From p(CK)—p(A) <e
it follows that
1(Ay) < p(CE) < p(A) +e

and so € being arbitrary we obtain inf,c; p(A4,) < p(A4). O

Theorem 1.1.4 Let p be a tight measure on E.

(i) There exists a smallest closed subset Ay of E with u(Ag) = u(E).
(il) Ao is separable.
(i) Ao={z € E:pu(U)>0 for all open neighbourhoods U of x}.

Proof. (i). The family

{Ac AE) : u(A) = n(E)}
is downward filtered, even N-stable. The result now follows from Corollary
1.1.3.

(ii). By Theorem 1.1.2 (ii) there exists a sequence (K,)p>1 of compact
and hence separable subsets of Ao with u(Ag) = sup,>; u(Ky). Thus
A= (U, Kn)~ is separable and closed with A C Ap, from which it
follows that

u(A) = p(Ao) = u(E)
and by (i), A= Ao so that Ay must be separable.
(iii). Write
By :={x € E: u(U) > 0 for all open neighbourhoods U of z} .
Given z € (Ay then CAg is an open neighbourhood of x with u(CAg) =
0, and hence z € CBy. In the reverse direction given x € CBy there exists
an open neighbourhood U of x with u(U)=0. Hence u(CU)= u(E).
Thus Ay ¢ CU and hence z € CA,. O
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Definition 1.1.5 The set A in Theorem 1.1.4 is called the support of
w1 and will be denoted by supp(u).

Theorem 1.1.6 Let (E,d) be a separable complete metric space. Then
every finite measure p on FE s tight.

Proof. Let {zi:k e N} be adense subset of E. Then for each n € N
N
U B <xk; _) = E7
n
k>1
where
B(z,0) :={y € E:d(z,y) <}

is the open ball of radius § > 0 with centre xz. Choose ¢ > 0. Then to
each n € N there exists k, € N satisfying

<E\ U (a:k, >_> <2in.

~NUs(at)

n>1k=1

The set

is closed and totally bounded. From the completeness of E it follows that
K is compact. Finally

kn
pCK) = p U(E\UB(xk,%)—> <22%=s.
k=1

n>1 n>1 O

Theorem 1.1.7 Let E, F be metric spaces, and ¢ : E — F a continuous
mapping. If w is a tight measure on E then the image measure p(u)
of u under ¢ is tight on F.

Proof. Since ¢ is a continuous mapping it must be B(E)-B(F)-
measurable, and hence ¢(y) is a finite measure on F. Given ¢ > 0
there exists a compact subset K of E with u(CK) <e. Also ¢(K) is
a compact subset of F, and

o(1)(Co(K)) = u(e~ " (Cp(K)))
1(Co™ (p(K)))
m

CK)<e.

N
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1.2 The topology of weak convergence

Although in the following discussion the set MP(E) of all tight (finite
Borel) measures on E and its subset MY (E) := {u € MP(E) : u(E) = 1}
of probability measures will remain the basic measure-theoretic objects,
for some technical arguments we need a few facts on regular normed con-
tents on E and related integrals. A content on E is a non-negative
extended real-valued (finitely) additive set function g on the algebra
A(O(E)) generated by O(E) satisfying u(@) = 0. Regular (finite)
contents and probability contents on FE are introduced in analogy to reg-
ular (finite) and probability measures on FE.

Given a regular finite content p on FE, the p-integral of a bounded
real-valued function f on FE is defined as follows. Let P be a partition of
E consisting of finitely many pairwise disjoint sets E1,..., E, € A(O(F)).
We put

S’p = Z MJILL(E])

J=1

and
o= > mnE)).
j=1
where M; = sup{f(z) : z € E;} and m; := inf{f(x) : x € E;} for
j=1,...,n. fissaid to be py-integrable if
inf Sp =
inf Sp = supsp,
and in this case
dp :=inf S
/f K 1% P

is the p-integral of f. Obviously every bounded continuous function f

is p-integrable, and
£ [ ran

defines a normed positive linear functional on the vector space CP(E) of
bounded continuous functions on E. Moreover, we have

Theorem 1.2.1 (F. Riesz)
There is a one-to-one correspondence

e Ly
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between the set of regular finite (probability) contents u on E and the
set of bounded (normed) positive linear functionals L, on CP(E) given

by
L) = [ Fu
for all f € CP(E).

Proof. The proof will be carried out only for the case in parentheses.
1. Let L be anormed positive linear functional on CP(E), and let

A (A) ;= inf{L(f): f € C°(E), f > 14}

for every A € A(E). AL :A(E)— [0,1] is a smooth probability content
in the sense of the following four properties

() AL(®) =0, AL(E) =1,

(b) )\L(Al) < )\L(AQ) for all Al,AQ S .A(E) with A; C As.

(C) )\L(Al UAQ) < )\L(A1)+/\L (AQ) for all Al,AQ S A(E), where equality
holds whenever A; N Ay = 0.

(d) For all A € A(E)

AL(A) = inf{AL(07): 0 € O(E), O > A}.

2. Now, Ar can be uniquely extended to a regular probability content
pur  A(O(FE)) — [0,1], and it turns out that

L(f):/fdML

for all f € CP(E).
In order to verify this identity we pick f € CP(E) with 0 < f <1
and introduce the sets
G = {xe E: f(z) > %} € O(E)
forall i =0,1,...,n, n>1. Clearly, Go DGy D --- D> G, =0. Now
we define functions «a; € C([0,1]) by

—1

=0 on O,z—]

' n
i [i—1 z]

«; := | linear on |—,—
L n n

=1 on i,l}

K
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and functions f; on E by
fi =4 Of
for i=0,1,...,n, n>1. Then

n

l ai(t) =t

=1

for all ¢ € [0,1], hence
SSfi=s and D3I = L),
i=1 j

Since f; > 1g,, and for any A € A(F), ACG;, 1g, > 14 we obtain
that f; > 14 and hence that

L(fi) =2 Ap(A) = ur(A).

From the regularity of p; we infer that

and thus

1+ 1 1
- pr(Gi\ Gi+1)> - ENL(Gl)

n—1
1
> / fdpr | — ENL(GI)
=1 Gi\Git1
1 1
— [ Fdu a6 > [ fd -
n n
Gy E

For n — oo we obtain that
L) = [ fam

whenever f € Cb(E) with 0 < f < 1.
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But since f € CL(F) there exists a constant ¢ > 0 such that
0 <cf <1, hence

L(f) = (Cf) /Cfd/u = /fduL

Moreover, if f € C’b(E)7 there exists a constant ¢; > 0 satisfying
f+c1 >0, hence

L(f)=L(f+c1)—c > /(f +e)dur —c = /fd,UL

Thus we have
L) = [ fam

for all f € C*(E). Replacing f by —f yields the assertion.

3. The injectivity of the correspondence p+— L, can be seen as follows:
Let p, v be regular probability contents of F satisfying

[ran= [ rav

for all f € CP(E), andlet A€ A(E). There exist decreasing sequences
(Gn)n>1 and (Hp)p>1 in O(E) with G, D A and H, D A for all
n > 1 such that

lim (G = (A)

n—oo

and

lim v(H,)=v(A).

n—oo

But then V, :=G,NH, | A and
Jim pu(Va) = p(A)
as well as

lim v(V,,) =v(A4).

n—oo

Choosing for every n > 1 a function f, € C?(E) with the properties
0< fn <1, fa(A) ={1} and f,(CV;,) = {0} (the existence of which
follows from ANCV,, =0 for all n >1) we obtain

XS /fndu+ [ fn=ua+ [ pau

Va\A Vi \A
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and
[ < Vi \ A) = (Vi) - a).
Vo \A

hence

lim / fndu=0.

Vi \A

Therefore
and

lim [ f,dv=v(A),
thus

p(A) =v(A) forall Ae A(E)
and by the regularity of u, v also
w(B)=v(B) forall BeA(A(E))=2A(O(E))
which implies that u = v. (]
At a later stage we will apply the following consequences of the theorem.

Corollary 1.2.2 If for measures u,v € MP(E)

[ran= [ rav

holds whenever f € CP(E), then u=v (on B(E)).

Corollary 1.2.3 Let (E,d) be a compact metric space. There is a one-
to-one correspondence

pe Ly

between the set MP(E) and the set L: (C(E)) of positive normed linear
functionals on C(E)) given by

L) = [ ran

for all f € C(E) = CP(E).
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Proof. The proof follows directly from Theorem 1.2.1 by applying the
fact that for compact FE every regular finite content on FE is in fact
o-additive and hence uniquely extendable to a measure in MP(E). For
the latter property see Theorem 1.3.1. O

We proceed to introducing a topology in MP(E).

Definition 1.2.4 Given pu € M®(E), n>1, fi,fs,...,fn € C’(E) and
€ >0, define

V(:ua flv.f?a' "7f77«;8)

= {VeMb(E):’/fidu—/fidu

The weak topology 7, on MP(E) is the uniquely determined topology
for which

{V(w fr, for o fie) in =1, f1, fo, ..o, fa € CP(E), e >0}

is a neighbourhood system of u for each p € MP(E).

<5foralli:1,2,...,n}.

Remark 1.2.5

(a) The weak topology on MP(E) is Hausdorff due to Corollary 1.2.2.
(b) A net (u,).e;r in MP(E) converges weakly () to p€ MP(E)

whenever
i [ = [ £
el

for all f € CP(E); we write 7y, lim, u, = p.

(¢) In the functional-analytic context of Appendix B.10 one introduces for
the dual pair (CP(E)’,CP(E)) of topological vector spaces the weak
topology on CP(E)’. If E is compact, then Corollary 1.2.3 yields
the homeomorphism

C™(B), = M"(E)

and consequently the coincidence of the weak topology restricted to
CP(E). with the weak topology 7, on MP(E).

Definition 1.2.6 Let p € MP(E). A set B € B(E) is called a u-
continuity (u-null boundary) set if p(@B) = 0 where 9B := B~ \ B°

(€ A(E)).
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Theorem 1.2.7 (Portemanteau theorem)
Let (m)er be a net in MP(E) and p € MP(E). The following
statements are equivalent:

(i) Tw—lim, g, = p.

(i) theI w(E) = p(E) and limsup,c; . (A) < p(A) forall Ac A(E).
(iil) lim,er p (E) = w(E) and liminf, ¢ p,(O) = p(O) forall O € O(E).
(iv) lim,er p,(B) = u(B) for all u-continuity sets B.

Proof. (i) = (ii). As 1g € C(FE) wehave lim,cr . (E) = u(E). Now
consider A € A(FE). Then, as AY" | A as n— oo, toeach € >0 we
can find n € N with p(AY") — u(A) < e. Choose f € C*(E) with
0< f<1, f(A)={1} and f(CAY")={0}. Then
limsup p,(A) < lim sup/fdub (A < p(A) + ¢
el

and hence

limsup 11, (A) < p(A).
el

(ii) < (iii). This follows by considering complements.
(ii), (iii) = (iv). Let B be a p-continuity set. Then

limsup y1,(B) < limsup 1, (B™) < pu(B7)
el el

. 0 < . . 0 < . .
w(B”) < hI}lelInf'uL(B ) < hI}lellIlfluL(B)

and this yields the result.

(iv) = (i). Let f € CP(E). Since f(u) contains at most countably
many atoms, to each ¢ > 0 there exists a strictly increasing sequence
(ti)i:O,L...,k in R with f(ﬂ)({tl}) =0 forall i = 0, 1, ey k7 ti —ti,1 < 9
forall i=1,2,...,k, and f(F) C [to,tg[. Foreach i=1,2,....k put
B; .= f_l([ti_l,ti[). Then B; € %(E) and, since

aBin_l( [Z 1,1 [) ({tl 17t})

we see that B, is a p-continuity set. We now define

k k
g ::Zti_lllgi and h::ZtﬂlBi .
i=1 i=1

Then
g< f<g+e and h—e< f<h
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and
limeslup/fd,ub hmsup/gdub—l—au(E)
=/gdu+€u(E) < /fdu+€M(E)
and
1irbneilnf/fdm > 1irbneilnf/hdm —ep(E)
— [ndu—cu®) > [ fan-eue)
as

k k
/gdu = Zti_lu(Bi) and /hdu = Ztiy(B
i=1 i=1

for all v € MP(E), and E is a p-continuity set as OF = (). It now
follows that

limsup/fdub</fdu<hmilnf/fdub
Le

el

and this gives the desired equality. O

Corollary 1.2.8 Let yu € MP(E). Then each of the following sets is a
Tw-neighbourhood basis of .

(a) {v € MP(E) : [v(E) — w(E)| < & and v(A;) < u(A;) + ¢ for all i =
1,2,...,n}, where Ay, As,..., A, € A(E), neN and ¢ >0.

(b) {v € MP(E) : |[v(E) — u(E)| < e and v(0;) > u(O;) — € for all i =
1,2,...,n}, where 01,02,...,0, € O(F), n€N and > 0.

(c) {v € MP(E) : |v(B;) — w(B;)| < e for all i = 1,2,...,n}, where
B1,Bs,...,B, € B(E) are p-continuity sets with n € N and ¢ > 0.

Theorem 1.2.9 Let (u,).er be a netin MP(E) with 1o,-lim, u, = p €
MP(E).  Furthermore let f be a bounded Borel-measurable real-valued
function on E. If the set Dy of discontinuity points of f is a p-null

set, then
lim/fdm:/fdu.
el
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Proof. Let A€ AR). Since f~'(A)~ C DyU f~1(A) we can apply
Theorem 1.2.7 to obtain

limsup f(p2,)(A) = limsup e, (f 7 (A)) < limsup g, (f~(4)7)
el el el

<p(f~HA)7) <pDp U FHA) = u(f7H(A) = F(r)(A4).
In addition

lim f(j2,)(R) = lim u,(B) = p(B) = f(u)(R)

A second application of Theorem 1.2.7 gives 7w—lim, f(u,) = f(u). Now
consider ¢ € CP(R) such that Respp =idp, where B is any bounded
interval containing the bounded set f(B). Since po f = f we have

{iér;/fdm =1Li€rr}/sodf(ub) Z/wdf /fdu

Corollary 1.2.10 Let (u,).er be a net in MP(E) satisfying Ty
lim, g, = pu € MP(E), andlet B € B(E) be a u-continuity set. Then for
the corresponding measures induced on B we have Tw-lim,(u,)p = up.

Proof. Let f € CP(E). Then

/fduB:/f]leu

for all v € MP(E). From Dy, C OB we see that Dy, isa p-null set.
In addition f1p is bounded and Borel measurable. Referring to Theorem
1.2.9 it follows that

liny / A5 = lim / fLpdu, = / fdus . .

Theorem 1.2.11 The set D(E) := {e, : © € E} of Dirac measures on
E is 7y-closed in MP(E), and x+ &, is a homeomorphism of E onto
D(E).

Proof. Let (x,),er beanetin E such that lim,c;z, =2 € E. Then

hm/fdszL = hmf /fdar

for all f € CP(E), and thus 7y lim, e, =, which shows that z — &,
is a continuous mapping F — D(E). In addition z + €, is injective,
which is easily seen by simply choosing B € B(E) with =z € B and
y ¢ B, and indeed B = {z} will suffice.
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Now suppose that 7y—lim, e,, = p € MP(E). From lim,cre,, (E) =
u(E) we see that p(FE) =1, and hence supp(u) # 0. Choose = € supp(u)
and an open neighbourhood U of z. It follows from the properties of
supp(p) and Theorem 1.2.7 that

limeilnf e, U) =2 p(U) >0

so that there exists (y € I with &;, (U) >0, and hence x, € U for all
t > ty. This shows that lim,c;x, = x, and in particular that ¢, — x is
continuous. It follows that u = ¢e,, since 7, is Hausdorff, and therefore
D(E) is Ty-closed. O

Theorem 1.2.12 Let E, F be metric spaces, and ¢ : E — F a
continuous mapping. Then p — @(u) is a Ty-continuous mapping from
MP(E) into MP(F).

Proof. According to Theorem 1.1.7 we see that ¢(u) € MP(F) for all
w € MP(E). Let (u,).er beanetin MP(E) with 7—lim, pu, = pu €
MP(E). For each f € CP(F) we have fop € CP(E), and this implies
that

%§/fd@WJ==%§/fowdm:i/fowdu=i/fd¢WX 0

In the following we will show that we can restrict the study of weak con-
vergence to bounded sequences. For this purpose we consider the metriz-
ability of the space MP(E) for an arbitrary metric space (F,d).

Lemma 1.2.13 The mapping p: MP(E) x MP(E) — Ry given by
o(p,v) =inf{e > 0: w(B) < v(B°) +¢ and v(B) < pu(B%) + ¢
for all B € B(E)}

for all p,v € MP(E) is a metric on MP(E), called the Prokhorov
metric. (It should be noted that the existence of numbers € > 0 satisfying
the above is guaranteed by the boundedness of wu,v.)

Proof. It is clear that p(u,v) >0, p(u,v) = p(v,p) and p(p,p) =0
for all p,v € MP(E). Now suppose p(u,v) =0. Foreach A€ A(E) we
know that A'/™ | A. Then u(A) = v(A) and hence by Theorem 1.1.2
(i), p=v.

Finally, to prove that p satisfies the triangle inequality, consider
AN, v € MP(E) and «,8 > 0 with p(\pu) < a and p(p,v) < B.
By definition of p(u,r) we have

w(B) <v(BP)+p
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for all B € B(E). From
(B*)P U (BP)* c B*F
it follows that
A(B) < u(B*) +a <v((BY)’) + B+ a <v(B*) + (a + B)
and correspondingly
v(B) < M(B“™P) + (a + B).
Thus p(A\,v) < a+ (. Now since a > p(A\,pu) and 8 > p(p,v) were
chosen arbitrarily it follows that

pAv) < p(A, ) + p(p,v) - 0

Theorem 1.2.14 The Prokhorov metric induces the weak topology T on
MP(E).

Proof. In each 7y-neighbourhood U of p € MP(E) there is an open
p-ball centred in p. Without loss of generality we may assume U to be
chosen as in Corollary 1.2.8 (a). Now since g is continuous from above
and A?- 1 Aj as 6] 0 there exists § €]0, /2] such that

p(A%) < p(Aj) + = forall j=1,2,...,n.

DO ™

Choose v € MP(E) satisfying p(u,v) < 6. Since E° = E it follows that

—

W(E) — p(E)| <6 <.
Furthermore
V(A}) < p(AT) +0 < p(Ay) + S +6 < ul4;) +¢

forall j=1,2,...,n, and this implies that v € U.

For the reverse direction it is to be shown that each open p-ball centred
on g with radius € > 0 contains a T-neighbourhood U. Let ¢ €]0,¢/4][.
Since g is tight, by Theorem 1.1.4 there exists a o-compact set G C E
with p(G) = p(E). To each x € G there corresponds d(x) €]0,6/2]
with u(0B(z,d(x))) = 0. Note that

0B(z,n) C{y € E:d(z,y) =n}.

For each m € N there exist finitely many 7 > 0 such that p(0B(x,n)) >
1/n. Thus there exist only countably many n with w(0B(x,n)) # 0.
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Since G C |J,cq B(x,d(x)), the o-compactness of G yields the existence
of a sequence (zp)n>1 with
G C U B(xp,0(xy)) -
n=1
For each n € N put G, = B(xy,d(xy)). Then (Gn)n>1 is a sequence
of p-continuity sets with diameter less than 4, and

GclGa.

n=1
Hence there exists k& € N such that

k
u(U Gn> >u(E)—94.
n=1

Put

¢ = { Uai:sc {1,2,...,k}}.

jeJ
Now € is a finite system of p-continuity sets since
a(UGj) clye\yeaiclJog;.

jeJ jeJ jeJ jeJ

It follows from Corollary 1.2.8 that
U:={veM"E): |v(E)—uE)| <4, |v(C) —u(C)| <6 for all C € ¢}

is a Tw-neighbourhood of .

We wish to show that for each v € U we have p(p,v) < e. Put
Co:=U"_,Gn. Since Cye € we have

v(Co) > p(Co) — 6 > u(E) — 26 > v(E) —36.
Now choose B € B(E). Then
C = U Gjec,
{i<k:G;NB#0}

C C B’ (asdiam G; <6) and B C CUCLC) (where CNCCy = 0).
Then

uw(B) < u(C) 4+ u(CCo) < v(C) + 6 + 6 < v(B) 4+ 26 < v(B*) 4 45
and analogously
v(B) < v(C) 4+ v(CCy) < u(C) + 6 4 35 < u(B*¥) +45.
Thus
plu,v) <46 <e. 0
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Application 1.2.15 Let (X,)n>0 be a sequence of E-valued random
variables on a probability space (2,2A, P) with distributions Px, € M'(E)
for n>0. Then

X, — Xo P-stochastically
implies
Px, — Px, weakly as n — oo.
In fact, given & > 0 there exists n. > 1 such that
P([d(Xn, Xo) = ¢]) <e forall n>n..
Let B € B(E). Then

[Xn € B] C [d(Xn, Xo) > €] U ([d(X,, Xo) < €] N [Xo € B7)
C [d(Xn,Xo) > E] U [Xo S BE]

and analogously,
[Xo € B] C [d(X,, Xo) 2 e]U[X, € B].

For n > n. follows

Px,(B) < e+ Px,(B%)
as well as

Px,(B) <&+ Px, (B%)
whenever B € B(E). But this implies

p(Px,,Px,) <e,

thus Theorem 1.2.14 yields the assertion.
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1.3 The Prokhorov theorem

As before (E,d) is a metric space, and the space MP(E) is given the
topology 7., or equivalently the Prokhorov metric p. Hence (MP(E),p)
is a metric space.

A finite content p on FE is called inner-regular if

w(B) =sup{u(K) : K € K(E), K C B}
for all B € B(E).

Theorem 1.3.1 FEvery inner-reqular content u on FE is o-additive, so
that € MP(E).

Proof. All that needs to be shown is that p is (-continuous. Let
(Bn)n>1 be asequence in B(E) with B, | ), and € be given. For each
n € N there exists a compact set K, C B, such that

1
1(Bn) — p(Ky) < on €.
Put L, :=(_, K;. Then

w(Bn) — p(Ln) < Z(U(Bl) - u(K;)) <e
i=1
forall m €N, and L, | . From the finite intersection property there
exists ng € N such that L, =0 for all n > ng, and hence pu(L,) =0
for all n > ng. Then wu(B,) <e for all n > ng, and we have shown
that lim,— . u(B,) = 0. O

Corollary 1.3.2 Let (in)n>1 be an increasing sequence in MP(E)
satisfying

sup pn(E) < 0.
n>1

Then sup,,s; pn € MP(E).

Proof. Write u(B) := sup,>; in(B) for all B € B(E). Clearly p
is a finite content on B(FE). From Theorem 1.1.2 we have that p, is
inner-regular, and so g is an inner-regular content, and the result follows
from Theorem 1.3.1. O

Theorem 1.3.3 Let (E,d) be a compact metric space. Then for each
a>0
M@ (B) = {i € M(E) : u(E) < a}

18 Tw-compact.



1.8. The Prokhorov theorem 19

Proof. According to Appendix B.11 (Alaoglu, Bourbaki), the set
V@ = {peC®E) ¢l < a}
is weakly compact, i.e. compact with respect to the topology
o(CP(E), C*(E)). Hence
Vi i={pe V@ p>0t= (] {peV@:p(f) >0}
fect(E)

is weakly compact. Furthermore by Corollary 1.2.3 the mapping

uH<fH/fdu)

is a bijection from M () (E) onto VJfa). From the definition of 7, it follows
that it is a homeomorphism, and hence that M) (E) is 7,-compact. [

Definition 1.3.4 A set H C MP(E) is called uniformly tight if

(a) sup{u(E): p € H} < o0;
(b) to each &> 0 there exists a compact set K C E such that

wlK)<e forall peH.

Theorem 1.3.5 Suppose (E,d) is separable complete. For each H C
MP(E) the following statements are equivalent:

(i) H is uniformly tight.
(i) (a) sup{u(E):p € H} < oo;
(b) For all ¢ >0 and n € N there exist x1,22,...,2r € E such
that

wB,) <e forall peH
where B, 1= U§:1 B (), )

Proof. (i) = (ii). To each e > 0 there exists a compact set K C E
such that u(CK) < e forall p€ H. Also to each n € N there exist
r1,T3,...,2; € E such that K C B,, so that

w(CB,) < e

forall pe H.
(ii) = (i). Let & > 0. From the assumption for each n € N there
exists B, C E such that B,, is the finite union of %—balls and

1
w(CB,,) < on €
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forall pe€ H. Put L:=[),5, B, Then w(CL) < e forall ue€ H.
Now L is totally bounded, and hence so is L~. As FE is complete it
follows that L~ is compact. The result now follows from the fact that

p(CL™) < pulL)<e forall peH. -

Lemma 1.3.6 Let Ac A(E), p, € MP(E) forall 1€ 1, pc MP(E),
pa € MP(A). If 7o-limp, = p and 7o-lim, Resapu, = pa then
A < Resgp.

Proof. We can use Theorem 1.1.2 (ii) to deduce that Ress u € MP(A).
Consider a continuous function ¢ : A — [0,1]. By Tietze’s extension
theorem there exists a continuous function f: E — [0,1] with Resa f = g.
Then

/gd/m = lim/gd(ReSA ) =lim/ fdu
el el J 4

and

/gd(ResAu):/Afd,u.

But in slight modification of Corollary 1.2.2 one obtains that for measures
w,v € MP(E) satisfying

/fdug/fdy forall feCP(E) with 0< f<1

u < v holds. Therefore we need only prove that

ti [ s < [ s,

el A A

However this inequality follows immediately from the Portemanteau theo-
rem 1.2.7, as clearly 7w—1lim, f-p, = f-u. 0

Theorem 1.3.7 (Prokhorov)
Consider H C M"(E).

(i) If H is uniformly tight then H is 7y -relatively compact.
(ii) If E 1is separable complete then any Ty -relatively compact set H is
uniformly tight.

Proof. (i). Let (K,)n>1 be an increasing sequence of compact subsets
of E satisfying p(CK,) < 1/n for all u € H. Let (ux)rk>1 be a



1.8. The Prokhorov theorem 21

sequence in H. We have to show that (ug)r>1 possesses a Tw-convergent
subsequence. From

a:=sup{p(Ky,):p€ H,ne N} <sup{u(F): pe H} <0

appealing to Theorem 1.3.3 we have that {Resg, p:p € H} (C M (K,))
is 7,-relatively compact in MP(K,). By the metrizability of MP(E),
which is the content of Theorem 1.2.14, a diagonal argument provides for
each n € N a measure v/, € MP(K,) with

walilgn Resk,, ux = v, .
Put
vn(B) :=v,(BNK,) forall BeB(E).

Then v, € MP(E) for all n € N. Also from Lemma 1.3.6, v/,
Resk, v;,.; and (recall that K, C K1)

vn(B) < v 1 (BN Ky) < vpg1(B)

<

for all B € B(E) which says that (v,),>1 is an increasing sequence.
Moreover,

vn(E) =v,(K,) = klim pi(Kp) < likminf pi(E) < 0o
for all n € N. Now appeal to Corollary 1.3.2 to obtain
v:=supv, € M°(E)

n=1
and moreover
v(E) =supv,(F) < likm inf pk(E) .
n>1 —00
Let A€ A(FE). Applying the Portemanteau theorem 1.2.7 we get
v(A) > vp(A) = V(AN K,) > limsup ux (AN K,,)
k>1

1
> limsup i, (A) — —
k>1 n
for all n € N, where for the second inequality we have used the fact that
AN K, isclosed, and for the third that
1
WANK,) 2 p(A) - —
for all pe€ H. Hence

v(A) = limsup p(A)
k>1
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and
v(E) = klim uk(E) .

A further application of the Portemanteau theorem 1.2.7 gives 7y —
limg pr = v. Thus every sequence in H has a 7y -convergent subsequence,
and this just says that H is 7y-relatively compact.

(ii). Assume that H is 7y-relatively compact and at the same time
fails to be uniformly tight. The mapping

p— p(E) = /llEdu
is continuous, and this implies that
sup{u(E):p e H} < 0.

Let F ={F C E : |F| < co}. Theorem 1.3.5 implies that there exist
€ >0 and n €N such that to each F € F thereis pup € H with

i <E\ <ILGJFB <x%>>> >e.

The net (urp)per contains a 7y-convergent subnet (ug ),e; with limit
1 say. For each ¢ € I define

B.:=J B(m,%).

x€F,

Now (CB,),es is a downward filtered family in A(E) with
It follows from Corollary 1.1.3 that

inf u(CB,) = 0.

CB, = 0.

el

On the other hand applying the Portemanteau theorem we have

1(CB.) > limsup pup, (CB,) > limsup pp, (CB,) > €
vel el

for all x € I, and this is a contradiction. ([
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1.4 Convolution of measures

In this section (F,d) will denote a separable complete metric Abelian
group which means that E is an Abelian group (with binary operation
denoted by addition and 0 as neutral element), (E,d) is a separable
and complete metric space with distance function d, and the mapping
(z,y) —» x—y from E x E into E is continuous. Along with (FE,d),
(E'x E,dxd) is also a separable complete metric Abelian group. Here the
metric d x d is defined by d x d((z,y), (u,v)) := max{d(z,u),d(y,v)} for
all (z,y),(u,v) € E. A prominent example of a separable complete metric
Abelian group is a separable Banach space (FE,| -||) over R, where the
distance function is given by d(z,y) := ||z —y|| for all z,y € E.

For separable complete metric groups E we have that each finite mea-
sure on E is tight (Theorem 1.1.6) and that the notions “uniform tight-
ness” and “r-relative compactness” are equivalent (Prokhorov’s theorem
1.3.7).

Theorem 1.4.1 Let (E,d) be a separable complete metric Abelian group.

(i) B(E X E)=%B(F)®B(F).
(ii) The mapping (z,y) — m(z,y) ==z +y from EXE into E is
(B(F) ® B(FE),B(E))-measurable.

Proof. (i). O(E) is a generator of B(FE) with the exhaustion property
which says that there exists a sequence (Op)n>1 in O(E) such that
O, 1 E. Thus O(E)xO(E) is a generator of B(F)®@B(F). Furthermore
O(F) x O(E) C O(E x E) from which follows that B(E) ® B(E) C
B(E x E). Now choose a countable dense subset D of E, sothat D x D
is a countable dense subset of E x E. The open ballsin E and E x FE
centred at points in D and D x D respectively and with rational radii
make up countable bases B and C in O(E) and O(E x E) respectively.
Now
B((xvy)v T) = B($,’I") X B(y,’l‘)

for the corresponding balls, and hence Bx B D C. Now B and C are
generators of B(F) and B(E x E) respectively with the exhaustion
property, which implies that B(F) ® B(E) D B(E x E).

(ii). The mapping m from FE x E into E is continuous, and hence
(B(E x E),B(F))-measurable. Now apply (i). O

Application 1.4.2 Let X, Y be FE-valued random wvariables on a
probability space (Q,A,P).  Then by Theorem 1.4.1 (ii) the mapping
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wi— (X4+Y)(w) =Xw)+Yw) from Q into E is also an E-valued
random variable on (2,2, P), since X +Y =mo (X,Y).

Definition 1.4.3 For u,v € MP(E) we refer to the measure p*v =
m(p®v) on E as the convolution of px and wv.

We have the following properties of the convolution mapping.

Properties 1.4.4
1.4.4.1 For all f € CP(E)

[raen= [ ( / f(w+y)u(dx)) v(dy)
-/ ( [ 1w+ u(dy>) ()

which follows from Fubini’s theorem.
1.4.4.2 In particular, for all B € B(E)

4 0)(B) = [ ulB = y)vidy) = [ v(B~ o) ulaa).

1.4.4.3 For all B,C € B(E) we have B+ C € B(E) and
(4 v)(B +C) > p(B(C)
The latter can easily be seen from the inequalities
(4 V) (B +C) = (1@ v)(m~ (B+C)) > (10 v)(B x C) = w(BW(C).
1.4.4.4 The convolution is commutative and associative, that is
EY AN EN
and
Asxp)*sv=XA*(ux*v)

for all X\, pu,v € MP(E).
The proof uses 1.4.4.1 in conjunction with the injectivity of the mapping

pe (1 [ ran)
from MP"(E) into CP(E)'..
1.4.4.5 For each x € E and B € B(E)
(5 22)(B) = (B — ).

1.4.4.6 From 1.4.4.5 and 1.4.4.2 we have pu*xeo=p and €z %y = €ty
forall z,y € E.
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Application 1.4.5 Let X,Y be independent E-valued random variables
on a probability space (Q,A,P). Then Pxiy = Px xPy.

Proof. 'To show this we note that independence of X,Y gives P xy) =
Px ® Py which implies that

Px+v = Proxy) = m(Pxy)) = m(Px ®Py) = Px %Py .

U
Theorem 1.4.6 (Support formula)
For p,v e MP(E)
supp(p * v) = (supp(p) + supp(v)) ™ .
Proof. First we note that
(1 * v)((supp(p) + supp(v)) ™) = (p @ v)(m ™ ((supp () + supp(v)) ™))
2 (n @ v)(supp(p) x supp(v)) = u(E)v(E)

= (nev)(EXE) = (pxv)(E).
Thus by Theorem 1.1.4 (i)

supp(p * v) C (supp(u) + supp(v)) ™ .

To prove the reverse inclusion, consider z € supp(p), U € V(x), y €
supp(v) and V € Y(y). Then U+V € B(z+y). Now Property 1.4.4.3
together with Theorem 1.1.4 (iii) gives

(nx)(U+V) = pU)uV) > 0.

Toeach W € B(z+y) thereexist U € V(z), V € Y(y) with U+V C W.
A further application of Theorem 1.1.4 (iii) gives z+y € supp(u+v). Thus

supp(t) + supp(v) C supp(u * )
and this completes the proof. O

Corollary 1.4.7 If p*v is a Dirac measure then so is each of the
measures p and V.

Proof. We just observe that a measure is Dirac precisely when it has a
single element support. O

Theorem 1.4.8 Let (tn)n>1, (Vn)n>1 be sequences with Ty —lim, p, =
W, Tw-lim,v, =v in MP(E). Then Ty-lim, p, @ v, = pu®v.
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Proof. Appealing to Prokhorov’s theorem 1.3.7 to each ¢ > 0 there
exist K € K(E) with

unCK)<e and  v,(CK)<e¢
and o >0 such that
un(F) < a and vn(F) € «

forall neN. Clearly K x K € K(E x E), and

(n @ vn)(K X K) = pin (K)vn(K) = (un(E) — €)(vn(E) —€)

> (n @ va)(E % E) — £(jin(E) + va(E)).
Therefore
(pn @ vn)(C(K x K)) < 2ae
and
(tn @ V) (E % E) = i (B (E) < o

for all n € N. Furthermore from Prokhorov’s theorem 1.3.7 we see that
{ptn @ v, : m € N} is 1y-relatively compact.

Let A € MP(E x E) be a cluster point of the sequence (pin ® vn)n>1,
that is, there exists a subsequence (fn, ® Vpn, )k>1 with limit A. Now

E:={B1 x By € B(E) x B(E) :
By x By is both p ® v- and a A-continuity set}

is an N-stable generator of B(F) @ B(E) = B(E X E). Let By x By € £.
Then

8(B1 X BQ) = (B; X 832) @] (831 X B;) .
Therefore we have the following three cases to consider.

(1) By is a p-continuity set and Bs is a v-continuity set.
(2) w(By)=0.
(3) v(By) = 0.

With the help of the Portemanteau theorem 1.2.7 we have
A(Br % By) = lim (pn, @ v, )(B1 % Ba) = i pin, (B1)vn, (B2)

= ‘LL(Bl)V(BQ) = (,U ® V)(Bl X BQ);

A(B1 X Bg) < klggo tn, (Br)a = p(B1)a=0= (p®v)(B1 X B).
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and similarly in the remaining case.
Thus

)\(Bl X Bg) = (,u X l/)(Bl X Bg) forall By xBye&

and hence A\ = p® v. Hence the 7y-relatively compact sequence (u, ®
Vn)n>1 has a unique cluster point p®v, and it follows that 7w—limy, g, ®
Up = Q. g

Theorem 1.4.9 Let (E,d) be a separable complete metric Abelian group.
Then the space (MP(E),Ty,*) with the convolution * defined above is a
commutative metric semigroup, in the sense that

(i) (MP(E),7y) is a metric space (with the Prokhorov metric inducing
the topology Tw ),
(i) (MP(E),*) is a commutative semigroup with neutral element o, that
is, €oxp=p forall p€ MP(E), and
(iii) the mapping (u,v) — pxv from MP(E)x MP(E) into MP(E) is

Tw -CONtINUOUS.
Moreover,
(iv) (MYE),Tw,*) is a subsemigroup of (MP(E), Ty, *).
Proof. In view of the assumed metrizability it suffices to consider se-
quences. So given sequences (fn)n>1, (Un)n>1 With 7w—limy gy, = g,

Twlim,v, = v in MP(E) we have by Theorem 1.4.8 that 7
lim, gy, ® v, = p @ v. Then Theorem 1.2.12 gives

Tw— M fy, * vy = Tw—limm(p, @ vy) =m(pv) = p*v.
n n

This proves the continuity of (u,v) +— p*v. The remaining assertions
follow immediately from Properties 1.4.4.2 and 1.4.4.4 of the convolution.
O



Chapter 2

The Fourier Transform
in a Banach Space

2.1 Fourier transforms of probability measures

Let (E,||-]|) denote a separable Banach space over R. With the metric

(@, y) = [l -y

(E,||-I) is a complete metric space. We use E’ to designate the topological
dual of E. For z € E and any (continuous real-valued) linear functional
a € E' weput (x,a):= a(zr). Itis well-known that E’ separates the
points of E, in the sense that for every x € ({0} there exists a € F’
satisfying (z,a) # 0 (see Appendix B).

Now let A(E) denote the family of all closed sub (vector) spaces FE
of finite codimension. For every a € E' we have kera € N(F), and
therefore ({N : N € N(E)} = {0}. Finally, for every N € N(E) let
pn denote the canonical mapping from E onto E/N.

Theorem 2.1.1 For every K € K(FE) we have
K =({py'(on(K)): N e N(E)}.
Proof. Clearly
K C Ky = {py'(on(K)) : N € N(E)}.
For the reverse inclusion, let = € K;. Then for every N € N(F) the set
Ky :=py' (pn(2)) N K

is compact and non-empty. Moreover, given M, N € N(E) with M C N
we have Ky C Ky. Indeed, let py.ar denote the canonical mapping
from E/M onto E/N satisfying pn aropm =pny. Then for y € Ky,

pn(y) = pnm(Pm(y) = oy v (pm () =pN(2),

29
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and thus y € Ky.

Next we observe that N(E) is N-stable, and hence that (Kn)yen(r)
is a downward filtered family. Since each Ky is compact, ([{Kny: N €
N(E)} #0. But for y € {Kn:N e N(E)} we have py(y) = pn(2)
whenever N € N(E). From ({N : N € N(E)} = {0} we have
x =1y € K and consequently K; C K. g

Definition 2.1.2 Let € MY(E). The mapping f: E' — C given by

fla) i= [ ) ()
for all a € E' is called the Fourier transform of .

For Banach spaces F, F' denote by L(E,F) the set of all continuous
linear mappings from FE into F, and consider T € L(E,F). The
adjoint T'T of T is continuous linear mapping from F’ into E’ given
by (x,TTb) = (Tx,b) whenever x € E, bc F'.

Lemma 2.1.3 Let pu € MP(E). Then for any T € L(E,F)
T(u)* =poTT.

Proof. We know already that T(u) € MP(F) whenever pu € MP(E).
Then for every b e F’,

T(u)(b) = / e () (dy) = / T ()

. T N
= [T udn) = ry)
— (4o TT)(). ;
Theorem 2.1.4 (Uniqueness of the Fourier transform)
Let p, ve MP(E) with fi=0. Then p=uv.
Proof. From Lemma 2.1.3 we deduce that
pn ()" =pn ()"
for every N € N(E). But from Appendix B.3 we infer that E/N = R?
with p:=dim(E/N) (in the sense of a topological isomorphism). Applying
Property 4.2.16.3 on the uniqueness of the classical Fourier transform of

bounded measures on RP we obtain that py(n) = pn(v) for every
N e N(E). Then

(Px' (pv(K))) ven(r)
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is a downward filtered family in A(FE) satisfying (by Theorem 2.1.1) the
equality

K ={{py'(on(K)) : N € N(E)}.
It follows that

W(K) = inf{u(py (pn (K))) : N € N(E)}
= inf{pn (1) (pn (K)) : N € N(E)}
= inf{py (v)(pn (K)) : N € N(E)}
= inf{v(py' (pn(K))) : N € N(E)}
=v(K).
From Theorems 1.1.6 and 1.1.2 (ii) we now infer that u = v. O

Corollary 2.1.5 Every p € MP(E) is uniquely determined by the family
{a(p) : a € E'} of its one-dimensional marginal distributions.

Proof. For x € E, a€ E' and t € R we have
(x,a’ (t)) = (a(z),t) = ta(z) = a(tz) = (tz,a) = (x, ta)

and hence a'(1) = a. Then Lemma 2.1.3 yields a(u)"(1) = ji(a), and
Theorem 2.1.4 yields the assertion. 0

From now on we shall employ G-topologies on E’. Prominent choices
for & are the families F(E) and K(E) of finite and compact subsets
E respectively. For every S € G let

ps(a) = sup{|{x,a)| : x € S}

whenever a € E’. We know from Appendices B.7, B.8 that pg is a
seminorm on E’. The topologies generated in E’ by the sets {ps: S € &}
for & equal to F(F) and K(E) of simple and compact convergence will
be denoted by o(E’,E) and 7(E', E) respectively. Clearly

o(E',E) - T1(E"E).
Properties 2.1.6 Let p,v € MP(E) and a,b€ E'. Then
2.1.6.1 |(a)| < 0) = (E).
2.1.6.2 [i(—a) = ji(a).
2.1.6.3 |ii(a) — u(b)[* < 2/2(0){/u(0) Re ju(a — b)}.
2.1.6.4 i is 7(E', E)-continuous.
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2.1.6.5 If H is a uniformly tight subset of MP(E) then {j:u € H}
is T(E', E)-equicontinuous.

2.1.6.6 Suppose there exists § > 0 such that fi(a) =1 for all a € E’
with ||lal| < 6. Then p=ep.

2.1.6.7 (p*v)" = .
Proof. To show 2.1.6.1 we just consider the equalities
(o) = | [ @00 uan)| < [16) utan) = [ 1 du = (e,

Property 2.1.6.2 follows from

jil-a) = [ 70 (o) = [ (o) = [ eite) u(da) =7la).
As for the proof of 2.1.6.3 we first note that for o, € R we have
|eio¢ _ ei5|2 _ |eiﬂ|2|ei(a—5) _ 1|2
= (@A _1)(e7 @ 1) = 2 —2cos(a — f3) .

Applying the Cauchy-Schwarz inequality we then obtain

2
2 _ /(ei(w,a> _ ei(:mb))u(dx)

< [l =0 p(an) [ 1

_9 /(1 ~ cos{z, a — b)) p(dx)ja(0)

= 23(0) (i0) - [ Ree®2 u(a) )

= 241(0)(2(0) — Re fi(a — b)) .
In order to show 2.1.6.4 given & > 0 we choose K € K(E) such that
w(CK) < e/4. Moreover, there exists § >0 such that
€
2u(E)
for all s,t € R with |s —t| < . Now suppose a,b € E’ satisfy
pX(a—b) < 5. Then

i) - 0] =| [t — ) )
w(CK) +/ |el@a) _el@b) (dx) < e
K

li(a) — u(b)]

is lt|<
S

le
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The proof of 2.1.6.5 is analogous to that of 2.1.6.4. As for 2.1.6.6 we
apply 2.1.6.3 in order to deduce that

|i(2a) — fi(a)|* < 2(1 — Re ji(a))

forall a € E'. Now for a € E/ and 6 >0 there exists k > 1 satisfying
lla/2%|| < 6. By assumption fi(a/2F) =1 and consequently

() == (40)

and hence p = gg.
Finally, 2.1.6.7 is immediate from the following chain of equalities:

(4 )Na) = / &) (15 1) (d)

_ / / H9) 4y(da) v(dy)
_ / itv.a) ( / R u(d@) o(dy)

pla)p(a). .

Given 0 >0 we now consider the set
Vs :={a€E:|a| <4}
which by Appendix B.9.3 is equicontinuous, hence by Appendix B.14.1
o(E’, E)-compact. Moreover,
Resy, o(E', E) = Resy, 7(E',E).

From Appendix B.14.2 we infer that, if E is assumed to the separable, V;
is metrizable with respect to the topologies o(E’,E) and 7(F’, E).

Let C(Vs) = C(V5,7(E',E),C) denote the Banach space of all
7(E', E)-continuous complex-valued functions on Vs, together with the
sup norm || - ||oo- Then for any p € MP(E) we obtain

Properties 2.1.7 of the Fourier transform.
2.1.7.1 Resy, i € C(V5).
2.1.7.2 || Resy, /]| < p(E).

In the following we shall identify Resy, i with .

Theorem 2.1.8 For every Ty -relatively compact subset H of MP(E)
the set H s relatively compact in C(Vs).
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Proof. From Prohorov’s theorem 1.3.7 we infer that H is uniformly
tight. Then Property 2.1.7.2 implies that H is bounded in C(V;), and
by Property 2.1.6.5, H is equicontinuous. But then the ArzelaAscoli
theorem yields the assertion. O

Theorem 2.1.9 (Continuity of the Fourier transform)
Let (pn)n>1 be a sequence of measures in MP(E) and let p € MP(E).
The following statements are equivalent:

(1) (fn)n>1 converges with respect to Ty .
Yn>1 18 Tw-relatively compact, and for every § > 0 the sequence
(fin)n>1 converges uniformly on V.
(i) (4n)n>1 18 Tw-relatively compact, and for every a € E' the sequence
(

lim fi,(a) = fi(a)

n—oo

for all a€ E'.

Proof. (i) = (ii). From the 7y-convergence of the sequence (tn)n>1
follows its 7y-relative compactness. Then Theorem 2.1.8 implies that
(fin)n>1 is relatively compact in C(Vs) for every 6 > 0. But from
Tw— My, o0 i, = i it follows that

lim fi,(a) = fi(a)

n—oo

for all a € E', since Reel"® and Ime'¢»® belong to CP(E) whenever
a € E'. Note that this argument takes care of the last statement of the
theorem. We conclude that all the accumulation points of (fin)n>1 in
C(Vs) coincide with Resy; 1, and hence that lim, . g, = p¢ uniformly
on Vj.

(i) = (iii) is clear.

(iii) = (i). Let

#(a) i= 1 fin(a)

n—oo

for all a € E'. Moreover, let po be an accumulation point of (pn)n>1,
which means that 7w—1limyg_oc ptn, = po for some subsequence (fin, )r>1
of (pn)n>1. But then

fio(@) = lim jin, () = ¢(a)
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for all a € E’. The uniqueness theorem 2.1.4 implies that (pn)n>1 admits
only one accumulation point, and consequently (pn)n>1 Tw-converges to
it. O

We are now in a position to study the logarithm of the Fourier trans-
form.

Theorem 2.1.10 Consider p € MY(E) satisfying fi(a) # 0 for all
a € E'. Then there exists exactly one complex-valued function h on E’
admitting the following properties:

(i) h(0)=0.
(ii) h is norm-continuous.
(i) For each a € FE',

fi(a) = exp h(a).
In the sequel we shall write Log i instead of h.
Example 2.1.11 For every z € E
Logé, =i(z,-).
Proof of Theorem 2.1.10. Let ¢ > 0. Since V; is compact and [ is
T(E', E)-continuous by Property 2.1.6.4, we have that
a = inf{|ji(a)| :a € V5} > 0.

It follows from Properties 2.1.6.3 and 2.1.6.4 that j is uniformly continuous
on E’ (with respect to the norm in E’), and hence there exists ¢ > 0
such that

@) = b < 5

for all a,b € E' with |la—0| <e. Let {to,t1,...,t,} be a partition of
[0,1] of mesh size less than /. Then forall a € V5 and j € {1,2,...,n}
we have

g
ltja —tjrall = (t; —tj-1)lla] < 56 =¢
and therefore
~ N «
|A(tja) = pltj-1a)] < 5.

Consequently

—_

altia)

i(tj-1a)

| <77, <
2/a(tj-1a)] ~ 2
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whenever a € Vs and j € {1,2,...,n}. Now, let Log denote the main
branch of the complex logarithm. We define

) _ iLOg Aﬂ(tja)

for all a € V5. Then hs is a complex-valued function on Vs with the
following properties:

(i") hs(0) =0.
(ii") hs is 7(E’, E)-continuous, and hence also || - ||oo-continuous.
(iii") For all a € V;

fi(a) = exp(hs(a)) .

We shall show that hs is uniquely determined by properties (') to
(iii’). In fact, let gs be another complex-valued function satisfying these
three properties. Then for each a € Vs there exists k(a) € Z satisfying

hs(a) — gs(a) = 2wik(a)

(by (iii")). But k& 1is || - ||co-continuous on V5 (by (ii’)) and satisfies
kE(0) =0 (by (i')). Since Vj is || - ||cc-connected, k(Vs) is a connected
subset of Z. This implies k¥ =0, and hence hs = gs.

Now, choose 0 < §; < 6o. By the above discussion we have
Resy; hs, = hs,, and hence h(a) := hs(a) for all a € V5 defines
the desired function on E’ which is certainly uniquely determined by
properties (i) to (iii). O

Corollary 2.1.12 For every § >0 Logj is 7(E', E)-continuous on V.
In particular

sup{|Log i(a)| : [la] < 6} < oo.

Proof. The first assertion follows from the representation

(Resv; f1)( Z l(t to1a)

valid for all a € Vs, together with the 7(E’, E)-continuity of 4 (by
Property 2.1.6.4). The second assertion is a consequence of the 7(E’, E)-
compactness of V. O
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Theorem 2.1.13 Let H C M'(E) such that fi(a) #0 for all a € FE',
uw € H. Suppose there exist «,0 > 0 satisfying |i(a)] > a for all
a€Vs, we H, and such that H is equicontinuous on Vs with respect
to 7(E',E). Then

{Resy, Logji:pne€ H}
is relatively compact in C(Vy).

Proof. From Property 2.1.6.3 together with the assumption, H is uni-
formly equicontinuous on Vs with respect to the norm || - ||o. Therefore
there exists a partition {t¢o,t1,...,¢,} of [0,1] with sufficiently small
mesh such that
} futia) 1‘ <L
fi(tj-1a) 2
forall je{l1,2,...,n} and

Log fi(a Z Log 0, 1a)

forall a € Vs, uwe€ H (compare the proof of Theorem 2.1.10). But then
{Resy, Logji:p€ H}

is bounded and equicontinuous with respect to 7(E’, E), and the Arzela-

Ascoli theorem yields the assertion. O

Lemma 2.1.14 Let 6 > 0 be given. For every x € E define J(z)(a) :=
(z,a) whenever a € V5. Then J(z) € C(Vs) for all x € E, and 3J
is a linear isometry from E onto a closed subspace of C(Vs).

Proof. We first note that J(x) is 7(E’, E)-continuous. Moreover, J is
a linear mapping from FE into C(Vj). By Appendix B.14.3
17 (x)]l5 := sup{[{z, a)| : a € V5}
= dsup{[(z,a)| : [lal| <1} = d]|z|
for all z € E. Therefore $J is a linear isometry from E into C(Vj).
In particular, }J(E)=J(E) is closed in C(V;). O
Corollary 2.1.15 to Theorem 2.1.13.
Let M C E be such that
{Resy, &, :x € M}
is relatively compact in C(Vs) (for some 6 >0). Then M is relatively

compact in E. Furthermore x+— Resy; é; s a homeomorphism from E
onto a closed subset of C(Vs).
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Proof. Firstly |é,(a)l =1 for all z € M, a € E'. By assumption
{éz 1z € M} is equicontinuous on Vs with respect to 7(E’, E). Now we
infer from the theorem that

{Resy; Logé, : x € M}

is relatively compact in C(Vs), and hence {J(z) € M} is relatively
compact in C(Vs). Lemma 2.1.14 yields the assertion. O

Corollary 2.1.16 Let (u

Jk>1 be a sequence of measures with Ty, -limit
w€ MYE) such that j(a) #0

, fk(a) #0 forall a€ E, k>1. Then

kli Log ji, = Log

—00

uniformly on bounded subsets of E'.

Proof. Let § >0 be given. As in the proof of Theorem 2.1.10 we see
that

a::%inf{,&(a):aeV(s} >0.

Applying the continuity theorem 2.1.9 we obtain the existence of kg € N
such that |gx(a)] > « for all a € V5, k > ko. We now infer from
Prohorov’s theorem 1.3.7 that {py : k > ko} is uniformly tight, and from
Property 2.1.6.5 that {fix : kK > ko} is equicontinuous with respect to
7(E',E). But Theorem 2.1.13 implies that

{Resy; Log fi, : k = ko}

is relatively compact in C'(Vj). On the other hand the representations of
Log i, and Logji on Vs (see the proof of Theorem 2.1.13) together with
the continuity theorem 2.1.9 yield the limit relationship

klim Log fix(a) = Log fi(a)

for all a € V5. Since {Resy, Logjix : k > ko} is relatively compact, this
convergence is uniform on Vj. O
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2.2 Shift compact sets of probability measures

We start with two useful results, following from properties of the Fourier
transform g +— fi on the topological semigroup (M!(E),*,7y). Here E is
a given separable Banach space so that, by Theorem 1.4.9, (M (E), *, 7y)
is a metric semigroup.

Lemma 2.2.1 Suppose p € MY(E) has the property that (u™)n>1 is
Tw-relatively compact. Then p=eg.

Proof. From Prohorov’s theorem 1.3.7 together with Property 2.1.6.5
(of the Fourier transform) we conclude that the set {(u™)" : n € N} is
equicontinuous with respect to 7(E’, E). But we have (u™)" = (i)™ for
all n € N. Therefore there exists J > 0 such that

1
1= (@) < 5

whenever a € V5, n € N. Consequently ji(a) =1 for all a € V5 as
we shall see now. Indeed, let z € C with |1 —2"| < 1/2 for all n € N.
Then Rez™ >1/2 forall n €N, and

>1=2"=1-z|1+z4+2""

N =

>1—2|(1+Rez+---+Rez""1) > |1—z|g,

so that |1 —z| <1/n for all n €N, and consequently z=1.
The assertion now follows from fi(a) =1 for all a € V5 with the help
of Property 2.1.6.6 of the Fourier transform. O

Lemma 2.2.2 Let pu,v € MY(E) such that pxv=v. Then v =egq.

Proof. Properties 2.1.6.1 and 2.1.6.4 of the Fourier transform give the
existence of & > 0 satisfying ji(a) # 0 for all a € V5. Moreover,
i(a)v(a) = fi(a) and hence ©(a) =1 for all a € V5. We now apply
Property 2.1.6.6 of the Fourier transform in order to obtain v = gg. ]

Theorem 2.2.3 Let (ptn)n>1, (Vn)n>1 be sequences in M(E) such
that {pn *vp :n =21} and {p, :n =1} are both T -relatively compact.
Then {vn:n =1} is also Ty -relatively compact.

Proof. Let > 0. By Prohorov’s theorem 1.3.7 there exists K € K(FE)
such that for all n >1

tn ¥ (K)21—¢ and n(K)>21—c¢.
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But
1—e < *vp(K) = /Vn(K—a:),un(da:)
S/ Un(K — 2) pp(de) + 6 < vp(K—K) + ¢,
K

so that v, (K — K) > 1 —2¢ whenever n > 1. One more application of

Prohorov’s theorem 1.3.7 gives that {v, : n > 1} is r-relatively compact.
|

Corollary 2.2.4 Suppose that
Tw— lim p, = p € MY (E)
and

Tw— lim o, xv, =X € MY(E).

n—oo

Moreover, assume fi(a) #0 for all a € E'. Then there exists v € M1(E)
such that

Tw—lim v, = v
n—oo

and pxv =\

Proof. Theorem 2.2.3 implies that {v, : n > 1} is 7,-relatively compact.
Furthermore the continuity theorem 2.1.9 implies that for all a € E’

(n *v) (@) _ A(a)

lim 7,(a) = lim - = — .
n—00 n—oo  fin(a) fia)

Another application of the continuity theorem 2.1.9 yields

Tw— lim v, =v € M'(E).

n—oo

But then
D(a)i(a) = \a)
(1% 1)) = Aa)

for all a € E' which, by the uniqueness theorem 2.1.4, gives the desired
result. g
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Remark 2.2.5 The assumption made in the corollary that fi(a) #0 for
all a € E' cannot be dropped (without replacement). In fact, from Lukacs
[56], Theorem 5.1.1, we know that there exist pu,v1,v0 € MY(R) with
vy # vg such that p*v; = puxve. The sequence {p* vy, v, u*vy,. ..}
obviously converges with respect to 7, but the sequence {v1,va,v4,...}
does not.

Definition 2.2.6 We refer to H C M!(E) as being relatively shift
compact if for every p € H there exists z, € I such that {u*e,, :
w € H} is 1y-relatively compact.

We note by Prohorov’s theorem 1.3.7 that relative shift compactness of
a subset H is equivalent to the property that for every € > 0 there exists
K € K(FE) such that

WK —xy) =preg, (K)21—¢

for all p € H, which motivates the use of the alternative terminology shift
tightness.

Let (tn)n>1 be a relatively shift compact sequence in M(E), so that
there exists a sequence (zn),>1 in E such that

{pin ¥ €4, :n € N}

is Tw-relatively compact. We refer to (x,)n>1 as a centralizing sequence
for (pin)n>1 (equivalently, (z,)n>1 centralizes (pn)n>1)-

Theorem 2.2.7 Let (pn)n>1, (Vn)n>1 be sequencesin M*(E) such that
(n * Un)n>1 08 Tw-relatively compact. Then both (pin)n>1 and (Vn)n>1
are relatively shift compact. Moreover, if (xn)n>1 1S a centralizing sequence
for (tn)n>1, then (—xn)n>1 1S a centralizing sequence for (Vp)n>1-

Proof. Choose (0k)k>1, (k)rk>1 C]0,00[ with d1 <1, d; | 0 and

(]
y
N\
N | =

k=1 &
By assumption for every k € N there exists Ky € K(F) satisfying
o * v (Kg) 2 1 — e
for all n € N. Let

Bn,k = {fEE:an(Kk—fv) >1_5k}
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and put
By = () Bnk-

k>1
We have for all £ >1

er = pin * vy (CK}) = /,un([]Kk — ) vp(da)
- / i (B, — ) v (d2)

> /B . (s =) (@)

2 vn(CBui)(1 — (1 = 0k)) = 6kvn(CBn k),

so that
€k 1
E>1 k>1
and thus for all n > 1
1
mn Bn 2 a
valB) >

In particular B,, # () and so there exists z, € E with
Mn(Kk — xn) >1— 0
for all k € N. This implies the 7-relative compactness of (pn * €4, )n>1-
But since
fin * Un = (Hn *€g,,) * (Un *€-g,)
for all m > 1, Theorem 2.2.3 implies the 7y,-relative compactness of (v
5—wn)n>1' O

Corollary 2.2.8 The following statements are equivalent:

(1) (pn * Un)n>1 s shift tight.
(i) (pn)n>1 and (vn)n>1 are shift tight.

Proof. (i) = (ii). Let (zn)n>1 be a centralizing sequence for (, *
Un)n>1. Then Theorem 2.2.7 implies that (pn)n>1 and (v, * ez, Jn>1
are shift tight, and consequently (v,,)n>1 is also shift tight.

(i) = (i). Let (zn)n>1, (Yn)n>1 be centralizing sequences for (in)n>1,
(Vn)n>1 respectively. Since

(1 *ea,) x (Vrey,) = (ln*Vn) * €x,4y,
for all n > 1 and since the convolution (u,v) — p*v is continuous on
MY(E) x MY(E) the sequence (xp + Yn)n>1 centralizes (i, * vy)n>1. O
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Theorem 2.2.9 For every shift tight sequence (pn)n>1 in MY (E) the
following statements are equivalent:

(1) (n)n>1 is Tw-relatively compact.
(ii) Each centralizing sequence for (pn)n>1 is relatively compact.
(iii) There is a relatively compact centralizing sequence for (fin)n>1-

Proof. (i) = (ii). Let (zn)n>1 be a centralizing sequence for (pn)n>1-
Then the sequences (u*ez, )n>1 and (un)n>1 are both 7y-relatively com-
pact. By Theorem 2.2.3 it follows that (g5, )n>1 is Tw-relatively compact,
and hence (x,)p>1 is relatively compact (see Theorem 1.2.11).

(ii) = (iii) is clear.

(iii) = (i). Let (xn)n>1 denote a relatively compact centralizing
sequence for (fin)n>1. Then the sequences (p* ez, )n>1 and (e_gz, )n>1
are Ty-relatively compact. But

i = (Hn * €z,) * g,

for every m > 1; this together with the continuity of the convolution in
MY(E) yields the desired conclusion. O

Corollary 2.2.10 Given a centralizing sequence (Tp)n>1 for (tn)n>1
and an arbitrary sequence (yn)n>1 n E the following statements are
equivalent:

(1) (yn)n>1 centralizes (pn)n>1-
(i) (zn — Yn)n>1 s relatively compact.

Proof. For every n >1 we have

(Hn * €y,,) * €a,—y, = kin * Eq,, -

Therefore (pn * €y, )n>1 1is shift tight and (2, — yn)n>1 centralizes
(ttn * €y, )Jn>1. The equivalence now follows from Theorem 2.2.9. O

Corollary 2.2.11 Let (pn)n>1, (Tn)n>1 be sequences in M'(E) and
E  respectively satisfying

Tw— lim p, = p € MY(E)
and
Tw— lim p, xe,, =v e MY(E).

Then there exists x :=lim, oo Tp, and vV = p*ey.
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Proof. From Theorem 2.2.9 we conclude that (z,)n>1 is relatively com-
pact. Let z, y be accumulation points of (zy)n,>1. Since the convolution
in M(E) is continuous,

W*Ep =V = [L*Ey.

Putting z:=2 —y we obtain p*e, = u. But now Lemma 2.2.2 applies
to give z =0, sothat = =y. Consequently lim, .. z, =z, and this
takes care of the assertion. (]

Theorem 2.2.12 Let (un)n>1 be a shift tight sequence in M'(E). The
following statements are equivalent:

(1) (pn)nz1 is Tw-relatively compact.

(ii) For some (each) & > 0 the sequence (Resy; fin)n>1 is relatively
compact in C(Vs).

(i) For some (each) 6 >0 the sequence (Resvy; fin)n>1 is equicontinuous
in 0 with respect to T(E', E).

Proof. (ii) < (iii). Property 2.1.6.3 of the Fourier transform together
with |fn| <1 for all n > 1 and the Arzela-Ascoli theorem imply the
assertion.

(i) = (ii) follows from Prohorov’s theorem 1.3.7 in conjunction with
Property 2.1.6.5 of the Fourier transform.

(iii) = (i). From Theorem 2.2.9 we see that it suffices to show the
existence of a relatively compact centralizing sequence for (pn)n>1. Let
therefore (z,)n>1 be a centralizing sequence for (g, )n>1. By assumption
and Property 2.1.6.5 of the Fourier transform we have, for every 0 < e < 2,
K € K(E) and 1> 0 such that

1= fin(a)] <

N ™

and

|1 = fin(a)eene

€
S3
for all a € V5 with pX(a) <n andall n>1. Forsuch a andall n>1
we then obtain the inequalities

fin(a) = fin (a)ei@n ,a)

<e€

and
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and hence that
1

1 —ellema] < 1— ¢ fin(@) = fin (@)’ ] <
2

9
1—

3
2
Consequently (Resy, €z, )n>1 is equicontinuous in 0, and hence relatively
compact in C(Vs) by Property 2.1.6.3 of the Fourier transform. The
homeomorphism z — Resy, €, between E and C(Vs) provides the final
step of the proof. O

Corollary 2.2.13 Let (ptn)n>1, (Tn)n>1 be sequences in M'(E), E
respectively satisfying

T~ lim pi, *e,, = v € MY(E).

n—oo

Then the following statements are equivalent:

(1) (n)n>1 is Tw-convergent.
(ii) For some (each) § >0, (fin)n>1 converges uniformly on Vs.

Proof. (i) = (ii). This follows directly from the continuity theorem
2.1.9.

(ii) = (i). By assumption (pn)n>1 is shift tight, and by Theorem
2.2.12 (pin)n>1 is Tw-relatively compact. We now employ Theorem 2.2.3
and the homeomorphism z — ¢, in order to obtain that (zp)p>1 Iis
relatively compact in E. Let x, y be accumulation points of (zp)n>1-
Moreover, let

f:= lim Resy; fi, € C(Vs)
(for some § > 0). Then by the continuity theorem 2.1.9
J@E = b(a) = fla)eitr)

for all @ € V5. But now ©(0) =1, and » is | - ||-continuous by Property
2.1.6.4 of the Fourier transform, hence there exists ¢’ €]0, 6] with ©(a) # 0
for all a € V. It follows that

el{z—y.a) —

for all a € Vs, and hence z = y by Property 2.1.6.6 of the Fourier
transform. Thus (x,)p>1 convergesin E. From the factorization

fin = (Hn * €3,) * €z,

together with the continuity of the convolution in M?!(E) we conclude
that (fn)n>1 Tw-converges. O
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Corollary 2.2.14 Let (un)n>1 be a shift tight sequence in M (E) such
that  (fin)n>1 converges uniformly on bounded subsets of E’.  Then
(Hn)n>1 Tw-converges.

Proof. Theorem 2.2.12 yields the 7 -relative compactness of (pn)n>1-
But then the continuity theorem 2.1.9 implies the assertion. ]

The next topic will be the discussion of symmetrizing measures in
M*'(E), which will place some of the preceding results in a more appli-
cable setting.

Definition 2.2.15 Given measures u,v € M1(E) we call u a factor
of v if there exists A € M(E) such that p+* A =wv, in which case we
write g < v.

Properties 2.2.16 of the factorization.

2.2.16.1 (Reflexivity) p < p for each p€ M(E).

2.2.16.2 (Weak symmetry) pu<v and v < pu for u,v € MY (E) implies
w=vxey for some x € FE.

2.2.16.3 (Transitivity) p<v and v <k for v,k € MY(E) implies
uw=<K.

2.2.16.4 (Permanence under convolution) If p; <v; and ps < vy for
Ui, V1, o, v2 € MY(E) then py * s < vy * vs.

2.2.16.5 Let (un)n>1 and (Vp)n>1 be sequences in M'(E) such that
(Un)n>1  is shift tight and pn < v, for all n € N. Then (pn)n>1 4
also shift tight.

2.2.16.6 (Continuity of <) Let (tin)n>1 and (vn)n>1 be sequences in
MY(E) such that p, < v, foral n€N and both

Tw— lim gy, = p, 7w- lim v, =v.
n—oo n—oo

Then p<v.
2.2.16.7 If p<v for u,v e MYE) then
D(a)| < |A(a)]
a€FE.
Proof. To prove 2.2.16.2, suppose p*x A = v and v*k = p for
Ak € MYE). Then pu* A%k = pu. From Lemma 2.2.2 we infer that

Ax Kk = €9, and hence by Corollary 1.4.7 that there exists « € E such
that A=¢e_, and Kk =¢,. 2.2.16.5 follows from Theorem 2.2.7. To show
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2.2.16.6, given ji, * A\, = v, for A\, € MY(E), n € N, Theorem 2.2.3
yields the 7y-relative compactness of (Ap)n>1. Let A be an accumulation
point of (A,)n>1. The continuity of the convolution in M?!(E) implies
that p* A= v, and this is the desired assertion.

And finally, 2.2.16.7 follows from ji(a)A(a) = #(a) for some X € M'(E)
together with |A(a)] <1 for all a € E. O

Definition 2.2.17 For every p € MP(E) the adjoint pu~ of pu is
defined (as a measure in MP(E)) by

u(B) = u(~B)
whenever B € B(F). We refer to p as symmetric if p~ = p.

Properties 2.2.18 of the adjoint.
Let v € E, p,ve MP(E).

2.2.18.1 (g,)” =¢_,.
2.2.18.2 (u)" = fi.

2.2.18.3 pu is symmetric if and only if [ is real-valued, and this in turn
holds if and only if

fla) = [ cost,a) ()
a€FE.
2.2.18.4 The mapping u+— u~ from MP(E) into itself is Ty -continuous.
2.2.18.5 ()" =p.
2.2.18.6 (ux*xv)” =pu *xv .
In particular, the convolution of symmetric measures is again symmet-

Tic.

Theorem 2.2.19 For every sequence (fin)n>1 of symmetric measures in
MY(E) the following statements are equivalent:

(1) (Bn)n>1 18 Tw-relatively compact.
(i) (tn)nz1 is shift tight.

Proof. It suffices to demonstrate the implication (ii) = (i). Let (zn)n>1
be a centralizing sequence for (un)n>1. For every n € N we have that

(Hn *€2,)" = fiy *E—g, = P *E—a, -
Since the adjoint is a continuous mapping by Property 2.2.18.4, (—xy)n>1

is also a centralizing sequence for (yy)n>1. But then (2zy),>1 isrelatively
compact in E by Corollary 2.2.10, and Theorem 2.2.9 gives the result. OJ
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Theorem 2.2.20 Let (un)n>1 be a sequence of symmetric measures in
MYE) and (zn)n>1 any sequence in E  such that (pn * €4, )n>1 Tw-
converges. Then the sequences (fin)n>1 and (Tn)n>1 converge in M'(E)
and E respectively.
Proof. From 7y lim, .o fin * €z, = X € M(E) it follows that
Tw— UM i % €_5, = A7 .
n—oo
On the other hand we have
P * €z, = (fin * €_z,) * €2z,
for all n € N. From Corollary 2.2.11 we infer that lim, .. 2z, =:y € E

exists, and hence

) 1
z:= lim z, = -y.
n—oo 2

Finally, the continuity of the convolution in M1!(E) yields

Tw— UM iy, = Tw— m (py, * €5, ) %e_z, = Ake_s.
n—oo n—oo I:’

Theorem 2.2.21 Let (pn)n>1, (Vn)n>1 be sequences in M'(E), where
each iy, is symmetric. If (pn*vp)n>1 1S @ T -relatively compact sequence,
then so are (fin)n>1 and (Vn)n>1-

Proof. Theorem 2.2.7 implies that (g )n>1 is shift compact. Then, by
Theorem 2.2.19, (pn)n>1 is Tw-relatively compact and, by Theorem 2.2.3,
(Un)n>1 is Tw-relatively compact. O

Theorem 2.2.22 For every sequence (un)n>1 in MP(E) the following
are equivalent:

(1) (pn)n>1 is Tw-relatively compact.
(i) (pon + iy )n>1 @8 Tw-relatively compact.

Proof. For every n >1 we have

(Hn + 117 )(E) = pn(E) + py, (E) = 20 (E)
and hence

SUp(fin + iy, )(E) = 2sup pin (E) .

n>=1 n>1
Let ¢ >0 and K € K(E). If u,(CK)<e then
(tn + 11, ) (C(K U (=K))) < o (CK) + g1, (LK)
=2u,(CK) < ¢
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and KU (—K) € K(E). On the other hand, if
(kn + 11, ) (CK) < €

we obtain that p,(CK) < e for every n > 1. Prohorov’s theorem 1.3.7
yields both of the desired implications. O

Definition 2.2.23 For every u € M*(E) the measure
ul? :=pxp~ € MY(E)

is called the symmetrization of p.

Properties 2.2.24 of the symmetrization.

Let p,ve MY(E).

2.2.24.1 |u|? is symmetric.

2.2.24.2 |uxv|® = |u? x|v|?, and in particular, |u™|> = (|u|?)" for all
n € N.

2.2.24.3 (|u]*)"(a) = |p(a)|* for all a € E'.

Proof. 2.2.24.1is a simple application of Properties 2.2.18.5 and 2.2.18.6.
To show 2.2.24.2, it suffices to apply Property 2.2.18.6, and for 2.2.24.3 we
just appeal to Properties 2.1.6.7 and 2.2.18.2 (of the Fourier transform).d

Theorem 2.2.25 For every sequence (jin)n>1 in M(E) the following
are equivalent:

(1) (pn)n>1 s shift tight.
(ﬁ) (|U71|2)7L>1 1S Tw-relatively compact.

Proof. (i) = (ii). From the Ty-continuity of the mapping p +— u~
(Property 2.2.18.4) we obtain that (u., )n>1 is shift tight. An application
of Corollary 2.2.8 yields the shift tightness of (|un|?)n>1. Finally, we
employ Property 2.2.24.1 together with Theorem 2.2.19 in order to see that
(Jttn|*)n>1 is Ty-relatively compact.

(ii) = (i). This follows directly from Corollary 2.2.8. O

Corollary 2.2.26 For every p € MY(E) the following are equivalent:

(i) (u™)n>1 is shift tight.
(ii) u 4s a Dirac measure.

Proof. It suffices to demonstrate the implication (i) = (ii). Theorem
2.2.25 together with Property 2.2.24.2 implies that ((|u]?)")n>1 i Tw-
relatively compact. But then Lemma 2.2.2 gives |u|? =¢c¢, and p itself
must be a Dirac measure. g
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2.3 Infinitely divisible and embeddable measures

We start by giving the basic

Definition 2.3.1 A measure u € M1(E) is called infinitely divisible if
for every n € N there exists an n-th root of y i.e. a measure u, € M(E)
such that

n

iy = p.
By I(E) we denote the set of all infinitely divisible measures in M (E).

Example 2.3.2 For every z € E the Dirac measure ¢, belongs to I(E).
In fact, for every n € N
€z = (Elw)n5

since E is divisible.

Clearly, I(E) is a (commutative) subsemigroup of M?!(E). One just
notes that for p,v € I(E) admitting the representations p = plr and
v=v" with p,,v, € M'(E) respectively (n € N), we have

kv = (ln *vy)".

Moreover, the semigroup I(F) has a neutral element eg.
Theorem 2.3.3 For each p € I(E) one has fi(a) #0 whenever a € E’.

Proof. Let pu=p" with p, € MY (E) forevery n € N. Then pu, < p
for all n € N, and by Property 2.2.16.5 (un)n>1 is shift tight, hence
by Theorem 2.2.25 (|un|?)n>1 is Tw-relatively compact. Let v be an
accumulation point of (|gn|?)n>1. Then v is symmetric. Moreover, for
all n > m we have that

(|,Un|2)m = |N|27
and consequently that
V"™ < |uf?

for all m € N, since < is a closed relation. But then (v™);,>1 is
a Tyw-relatively compact sequence, which follows with the help of Property
2.2.16.5 and Theorem 2.2.19. Thus v = ¢¢ which implies that

|2

|//fn — €0
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as n — oo (in the topology 7) and therefore by the continuity theorem
2.1.9 together with Property 2.2.24.3 that

lim |ji ()| = 1

for all a € E’. But then for each a € E’ there exists an n € N such
that fi,(a) #0, thus

Corollary 2.3.4 For every p € I(E)

(i) there exists Logfi, and
(il) if wp is symmetric, then Log[i s real which implies that f[i(a) > 0
whenever a € E'.

Proof. (i) follows from Theorem 2.1.10 on the existence of the function
h. Concerning

(ii) we first note that 4(E’) C R, since p is symmetric and hence [
is real. Next we realize that

f(a) = exp Log o)
for all a € E’, hence that
(Log t)(E") C RU 2miZ* .
As a continuous image of FE’ the set (Logii)(E’) is connected. But

Log fi(0) = 0, thus (Logi)(E’) C R and the remaining assertion follows.
O

Theorem 2.3.5 (Uniqueness of roots)
Let p € I(E). For every n € N there exists exactly one (n-th root)
pn € MY(E) such that ul* = p, and

(o) = xp (£ Logita))

whenever a € E'.
If, moreover, p is symmetric, then also each n-th root p, of u is
symmetric (n € N).

Proof. From Theorem 2.3.3 we conclude that fi(a) #0 for all a € E’.
But then also jin(a) #0 for each n € N (a € E’'). Theorem 2.1.10 yields
the existence of Log i, for every n € N. We also have that

exp(Log fi(a)) = fi(a) = (fin(a))" = exp(n Log fin(a))
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for each n € N (a € E’), hence that
Log i = n Log fiy,
or
. 1 .
Log jin, = — Log fi..
n

The uniqueness of the Fourier transform (Theorem 2.1.4) implies the
uniqueness of the n-th root p, of p as asserted.

Finally, Corollary 2.3.4 together with Property 2.2.18.3 yields the last
assertion of the theorem. (]

Theorem 2.3.6 (Convergence of roots)
For pel(E) with sequence (p1)p>1 of n-th roots pi of p,

Hi— £
as n — oo in the weak topology Ty .
Proof. Let § > 0. By Corollary 2.1.12
sup{| Logfi(a)| : a € V5} < 00.

From Theorem 2.3.5 we infer that

1
lim (p1)"(a) = lim exp <— Log ﬂ(a))
n—oo  n n—oo n

I
—

o(a)

uniformly in a € V5. Since p1 < p for all n € N, the sequence (p1)n>1
is shift tight by Property 2.2.16.5. But then Corollary 2.2.14 applieg7 and
with the help of the uniqueness and continuity theorems 2.1.4 and 2.1.9
respectively the result follows. O

Il
[QN

Theorem 2.3.7 (Closedness of I(E) in M'(E))
Let (pur)p>1 be a sequence of measures in I(E) such that

pe — p € M'(E)
as k — oo, with respect to Tw. Then € I(E), and
(k)1 — pr

as k — oo, with respect to Ty, for all n € N.
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Proof. 1. Let n € N be fixed. Then, by the continuity of the mappings
w— pu~ and (u,v) — p*v we obtain
(o) 21 = [ |
and
| l* — |l

as k — oo, with respect to 7,. But then Property 2.2.16.5 and Theorem
2.2.19 apply and yield the 7-relative compactness of (|(ux)1|?)k>1-

Moreover, Theorem 2.3.5 together with the continuity theorem 2.1.9
implies that for all a € F’

Jim () 1 ) (@)

1
n

Tim [((ux) 1) (@)

Tim | (a)/"

= i)/
Applying the continuity theorem 2.1.9 again there exists a measure v, €
MY(E) satisfying
on(a) = |ia(a) /"
Since this equality holds for every n € N, |u|? € I(E), hence by Theorem
2.3.3

(@) = (In*)"(a) # 0

whenever a € E’.

2. From 1. and from the existence of the function h (Theorem 2.1.10) we
infer that Log i exists. Then Corollary 2.1.16 implies that

Jlim Log fix(a) = Log fi(a)
uniformly on bounded subsets of elements a of E’. It follows from
Theorem 2.3.5 that

lim ((uk)%)/\(a,) = lim exp (% Log [Lk(a))

k—oo k—o0

—exp (1 Logii(o))
n
uniformly on bounded subsets of elements a in FE’. In addition,
((uk)%)@l is a shift tight sequence (by Property 2.2.16.5), consequently,
by Corollary 2.2.14 there exists a measure p, € M*(E) such that
(k)2 = pin
for all n € N (k — oo, with respect to Ty). But then the continuity of

the convolution yields p! = p or p € I(E). By Theorem 2.3.5 we have
that p, =p2 forall neN. O
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Definition 2.3.8 A family (u;)icr, of measuresin M'(E) is said to be
a (continuous) convolution semigroup in M!(E) if it has the following
properties:

(a) ws* i = psye forall st € Ry
(b) Mo = €o-
(c) The mapping t+ u; from Ry into MY(E) is 7y-continuous.

Evidently, the measures j; of a convolution semigroup (u¢)icr, in

M*Y(E) are elements of I(E), since
pe = (pz)"

for every n € N. For the converse we prove the subsequent

3

Theorem 2.3.9 (Embedding)
Let p € I(E). Then for every t € Ry there exists exactly one measure
us € MY(E) such that

fir(a) = exp(t Log fia))

whenever a € E', and (p)ier, 1is a convolution semigroup in M'(E).
In particular one has

= .
Proof. 1. Let t € Qf and k,{,k',¢' € N such that

B, ¥
]

By Theorem 2.3.5 we obtain that for all a € E’
A k 1 k
k _ A _ - A
() @ = (0" @)" = (o0 Lowi(e))
k N N
= exp <Z Log u(a)) = exp(t Log fi(a))
AN

= ()™) " (@),

The uniqueness theorem 2.1.4 then implies that

Mt = (H%)k

is uniquely determined, and

s * it = st
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whenever s,t € Q.

2. Let t € Ry andlet (tn)n>1 be a sequence in QF such that
lim,, .o t, =t. Let, moreover, m € N with ¢, <m for all n € N.
Since by 1.
Ht, * bm—t, = Um

for all n €N, (4, )n>1 is shift tight. This follows from Theorem 2.2.7.
Now, let 6 > 0 be given. We know that

sup{| Logfi(a)| : a € V5} < 00.
But then 1. implies that

lim fi;, (a) = lim exp(t, Log/i(a))

= exp(t Log i(a))

uniformly for a € V5. It follows from Corollary 2.2.14 and from the
uniqueness and continuity properties of the Fourier transform that there
exists exactly one measure u; € M*(E) satisfying

fir(a) = exp(t Log fi(a))
for all a € E'. Moreover,
Jm gy, = g

which shows the first assertion in the theorem.

3. As a consequence of the previous discussion we obtain that

s * it = Mstt

for all s,t € R.. The continuity of ¢ — pu; follows as in 2. by choosing for
t € Ry an arbitrary sequence (f,)p>1 in R such that lim,_ . t, =t.
]
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2.4 Gauss and Poisson measures

In this section the prominent subsets of Gauss and Poisson measures within
I(E) will be studied.

Definition 2.4.1 A measure p € M!(E) is called a (symmetric) Gauss
measure if there exists a symmetric linear mapping R : B/ — E such
that

whenever a € E'.
Here we apply the symmetry of a mapping R : E/ — E in the sense
that

(Ra, by = {(a, Rb)

for all a,be E'.
R is said to be the covariance operator of p.
By G(FE) we abbreviate the totality of all Gauss measures on E.

Examples 2.4.2
2.4.2.1 Let E :=RP. Then the p-dimensional normal distribution
N(0,C) with mean (vector) 0 and covariance (matrix) C is a Gauss

measure on F.
In fact, for all a € R? = (RP)" we have that

and C' is symmetric.
2.4.2.2 Let FE := C(I) (equal to the space of continuous real-valued
functions on the compact interval I := [0, 1]). Then the Wiener measure
W is a Gauss measure on E.

In fact, from the theory of Brownian motion follows that

—eXP< RXX)

(R)(1) = / (s A 1) x(ds)

for all x € C(I)! = MP(I) — MP(I), t € I. Tt turns out that R is a
linear mapping C(I)’ — C(I) which is shown to be symmetric (by Fubini’s
theorem).

l\D|’—‘

with
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Scholium 2.4.3 on the Wiener measure.

Let (92,2, P,(Bt)tcr) denote a Brownian motion in R with parameter
set I =[0,1]. For every t € I there exists a real-valued random variable
B, on (Q,2,P) with P([B; # By]) = 0 such that for every w € Q
the mapping ¢ — Bi(w) from I into R is continuous. The process
(Q,2,P, (By)ses) is called a Brownian motion with continuous paths. As
a result of this modification we may assume without loss of generality that
the initial Brownian motion (2,2, P, (Bt)ter) has continuous paths. It
follows that the mapping

(w,t) — Bi(w)

from Q x I into R is A ® B(I)-B(R)-measurable, hence that the
mapping B : Q — C(I) which sends w onto the path ¢ +— Bi(w) is
A-B(C(I))-measurable. But then the Wiener measure W :=Pp = B(P)
is a measure in M!(C(I)) with Fourier transform given by

W(x) = exp (—% [enroxe x(dsvdw)

for all x € C(I)".
Now let

(R)(1) = / (s A £) x(ds)
for all x € C(I)!, teI. Since

[(Rx)(t1) — (Rx)(t2)| < [tr — t2|l|x]l

for all x € C(I)', ti,to € I, Rx is Lipschitz continuous, in particular,
Rx € C(I). Clearly, R is a continuous linear mapping C(I)" — C(I).
Moreover,

Jsninee xasan = [ (([noas)
— [@aoxn) = ()
and therefore
W = exp (—%<Rx7 x>>

whenever x € C(I)'.
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Properties 2.4.4 of Gauss measures.

2.4.4.1 R is uniquely determined and positive in the sense that
(Ra,a) =0
foralla € E'.
In fact, the uniqueness of R follows from the representation
(Ra,a) = — Log p(a)
together with

(Ra,b) = i(R(a—&—b),a—kb} - i<R(a—b)7a—b>,

both equalities being valid for all a,b € E’.
The positivity of R is a consequence of
pla) < p(0) =1
valid for all a € F’.
2.4.4.2 FEvery Gauss measure is symmetric, since p 1is real-valued.

2.4.4.3 Let p,o € G(E) with covariance operators R and S respectively.
Then pxo € G(E) with covariance operator R+S. In particular, G(E)
is a subsemigroup of M'(E).

As for the proof of this property we just compute

(p*0) ) = pla)5(a)

= exp(~ 3 (R + S)a,a))

for all a € E' and observe that R+ S is a symmetric linear mapping
E'— E.
2.4.4.4 Let p € G(E) with covariance operator R and let T be a
continuous linear mapping from E into another Banach space F. Then
T(p) € G(F) with covariance operator T o RoTT.

In fact, for all b € F’ we have

T(o)\(b) = po T (8) = H(TT8) = exp(— 5 (R(TTH),T7))

1

= exp(— 3 (ToRoTT b)),
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and ToRoT" isa symmetric mapping F’' — F.
2.4.4.5 G(E) CI(E).
Moreover, for every p € G(E) there exists a convolution semigroup
(pt)ter, given by
pe = H z(p)

for all t € Ry such that p1 = p.
Here the symbol H, denotes the homothetical mapping x — rx (with
reRy) on E.

For the proof of this property we first agree on R to be the covariance
operator of p. Then by Property 2.4.4.4 H /;(p) € G(E) with covariance
operator tR. It follows that

(5 x(0) =0

for every n € N, hence that p € I(E). The remaining part of the
statement follows from the embedding theorem 2.3.9.

2.4.4.6 Let s,t €eR with s*>+t>=1, andlet T :=Ts, be defined by
T(x,y) := (sz + ty,te — sy)

for all (z,y) € Ex E. T is a continuous linear mapping on E X E.
Then for every p € G(E)

T(p@p)=p&p.
In fact, let R denote the covariance operator of p, and let
q(a) := (Ra,a)
for all a € E’. Then
q(sa + tb) + q(ta — sb) = q(a) + q(b)
and
T (a,b) = (sa + tb, ta — sb)

whenever a,b € E’. Here the identification (Ex E) = E'x E’ is applied.
It follows that for all (a,b) € E’ x E’

(T(p®p))(a,b) = (p® p) (T (a,b)) = p(sa + th)p(ta — sb)

= exp(—% [q(sa+ tb) + q(ta — Sb)])

I
]
i
o
/|\
N~
—
[
—~
S
S~—
+
[}
—~
(=
S—"
Pt
—
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Lemma 2.4.5 (Fernique)
For every p e G(E)

/ ]2 p(dz) < o

Proof. 1. The mapping T := T%% defined as in Property 2.4.4.6 is
2

V2
invertible with 7! =T. Now, let z,y € E, u,v € Ry with |z| < u
and |ly|| > v. Then

1 1 v—u
| 0]z vl = llzlh > ==
and by Property 2.4.4.6 we obtain
(Il 1 < uDp({ll- 1> o)) = p@ p([ll - || < u] x
=T(pep)l-II<ul x[II-]>])
=p@p(T([l-1l <l

<p@p([I1> =] < |I-1> =)

SC(REEE))

2. Now we choose vy := u sufficiently large such that

o= plll N <) > 2

and we obtain

RN

p(ll- 1> wol) <
Moreover, let
Uy 1= (271TH — 1) (\/5—1— l)vo
for all n € N. Then
Upg1 — V0 = V20,
for all n € Z,. The estimate achieved in 1. yields

ap([[l -1 > vata]) < (o((ll - [I > vn]))

fOI’ au n e Z+, hence by lnductlon
3

2

2n71 2n71

(0l 1> ) < (200l > wo))
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3. It remains to be shown that
[|z]]?p(dz) < 0.
[I-lI>v1]
In fact, from v, < 4v9p2% and from the estimate in 2. we conclude that

[ elean =3 [ el

>1
[I-l>va1] "2 Mon <l lI<vn+1]

<D vnpaplll -1l > va])
n>=1
27171

1
< 16v§22"+1(§) <0,
TL>1 D

With this preparation we can approach the more profound properties
of Gauss measures on a (separable) Banach space.

Theorem 2.4.6 (Integral representation of the covariance operator)
Let p € G(E) with covariance operator R. Then

(i) Ra= [(z,a)xp(dz) for all a € E’, where the integral is understood
in the sense of Bochner.
(il) R is a compact operator.

Proof. (i). At first we observe that
{2, a)z|| < [lall [l«*
forall x € F, a € E’. Therefore Lemma 2.4.5 implies that the mapping
x— (z,a)x

is Bochner-integrable with respect to p.

We add a few remarks on Bochner integrability: Let (Q,2,u) be a
measure space, and let f: ¢ — E be a mapping from 2 into a separable
Banach space B. f is said to be Bochner integrable if

(a) f is strongly measurable in the sense that there exist step functions
fn:Q — E such that

In— f

as n — oo strongly p-almost everywhere, and such that
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/Ilfn — f(@) ] p(dw) — 0

as n — OQ.

In this case

n—oo

[ ) utaw) = tim [ fue) o).

with the limit taken in the strong sense, is called the Bochner integral of
[ with respect to p.

Moreover one has the useful criterion that a strongly measurable func-
tion f:Q — E is Bochner integrable with respect to p if and only if
7|l is p-integrable (in the usual sense).

We proceed with the proof of the theorem. Let

Sa = /(m,a>a:p(da:)

for all a € E’. S defines a linear mapping E’ — E. Moreover, for every
be E' we have

(Sa, by = / (2, a)(z, bY pl(dz)

This representation shows that S is symmetric. Now, for all a € E’

2
a(p)" (1) = exp((~ 5 (Ra,)) = N (0, (Ra, ) " (1)

whenever ¢ € R, hence by Property 2.4.4.4 together with the uniqueness
of the Fourier transform

alp) = N (0, (Ra,a)
But

(Ra,a) = /tzN(O, (Ra,a))(dt)
- / a(p)(dt) = / (,a)?p(dz) = (Sa,a)

for all @« € E’. Since R and S are symmetric, we obtain as in the proof
of Property 2.4.4.1 that R= 5.

(ii). Let (an)n>1 be a bounded sequence in E’. Then there exists a
d >0 such that |la,|| <d forall neN.
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We know from Appendix B.14 that Vj is compact and metrizable with
respect to the topology o(E’, E). Thus there exist a subsequence (an, )r>1
of (an)n>1 and an a € V5 such that

khj{.lo<x7 ny,) = <$, a>
whenever x € E. Applying (i) we now get
IRaw, ~ Ral < [ z,000) ~ (2.0} ] p(da).
In addition we have that
(@, an,) = (z, )] [lz]| < 28]z

for all # € E. By Lebesgue’s dominated convergence theorem follows

lim Ran,, = Ra,
k—oo
and this finishes the proof that R is compact. (]

Theorem 2.4.7 (Characterization of Gauss measures)
For every measure p € M (E) the following statements are equivalent:

(i) p e G(E).
(i1) There exists a mapping q: E' — Ry with

q(ta) = t?q(a)
forall teR, a€ E" such that
pla) = 77

whenever a € E'.
(iii) a(p) € G(R) for all a € E'.

Proof. (i) = (ii). Let p € G(E) with covariance operator R. Putting
1
ala) = 3 (Ra,a)

for all a € £’ we immediately arrive at the assertion.
(ii) = (iii). Let a € E’. Then for all t€R

a(p)"(t) = p(ta) = e~10) = e="4(®) = N(0,2¢(a))(t),
hence
a(p) = N(0,2¢(a))
or a(p) € G(R).
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(iii) = (i). Let a(p) = N(0,h(a)) with a function h: E’ — R. Then
for all a € FE’

ha) = [ ENO@)@) = [ Palp@) = [(@aoan) )

and

N A A 1

a) = alp)" (1) = NO.h(@) (1) = exp(~hla) . (@)
Now, for all z € E, a € E' we define

(Ta)(x) :={(x,a).
By (1) Ta € L*(E, p) forall a € E', T is alinear mapping £’ — L*(E, p),
and by (1) and (2)
exp(~5Tal?) = pla)

whenever a € E'.
Now, by Property 2.1.6.4 of the Fourier transform 7 is a continuous

mapping
(E',7(E', E)) — (L*(E,p), | - ).
Appendix B.13 (Arens, Mackey) provides us with the identification
(E',7(E',E)) < E.
Consequently, TT can be regarded as a mapping L?(E,p) — E and
hence R:=T 7T oT is a linear mapping E’ — E with
(Ra,b) = (T'"(Ta),b) = (T'a, Th)

for all a,b € E’. This shows that R is symmetric, and setting a = b
one obtains that

o 1 2\ 1
pla) = exp(—§|\Ta|| ) = exp( 2<Ra, a>)
for all a € E', and p has been shown to belong to G(E). O

Definition 2.4.8 For any given measure A\ € MP(E) the measure
)\’I’L
| 2 1
e(\) :=e IR € M'(E)
n=0

with A0 :=¢gq is called the Poisson measure with exponent .
By P(F) we shall abbreviate the totality of all Poisson measures in
E.
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Discussion 2.4.9 of the genesis of Poisson measure in classical probability
theory.
Here we have E:=RP. Let A € M"(E)\ {0}. Moreover, let

(a) (Xn)n>1 denote a sequence of independent FE-valued random variables
on a probability space (2,2, P) such that
1
PXn = —A\
[[A
for all n>1 and let
(b) N denote a Z4-valued random variable on (2,2, P), independent of
(X)n>1 and such that
Py =TI([A]),
where TI(]|Al]) denotes the elementary Poisson distribution with pa-

rameter |[|A||.

Now, for every w € Q let
N (w)

Sn(w) = > Xi(w)
k=1

(with 22:1 Xik(w) :=0). Then S, isan FE-valued random variable on
(Q,2A,P) with

Properties 2.4.10 of Poisson measures.
2.4.10.1 For every a € E’
e(A)"(a) = exp(A(a) — A(0))

= exp(/ (ei<1’“> - 1))\(dx)),

Loge(A\)"(a) = A(a) — A(0).

The following computation serves as a proof of the first assertion:

/ei<"”7a>e(/\)(dac) =e M Z % /e“w"w}\"(dx)

hence

n=0

— o~ IIMI Z %(A")A(a)
n>0

— oIl Z l!(j\(a))n
n=0 n

= e_j‘(o)e;(a) = ej\(a)_X(O) (a’ € E/)



66 The Fourter Transform in a Banach Space

The second statement follows from the existence of h := Log /i (Theorem
2.1.10) together with the continuity of the Fourier transform.

2.4.10.2 For M\, )2 € MP(E) we have
e(A1) xe(A2) = e(A1 + N2).
In particular, P(E) is a subsemigroup of M (E).
For the proof one just notes that
(e(A1) *e(X2))"(a) = e(A1)" (a)e(X2)"(a)
= exp(Ai(a) — M (0)) exp(Aa(a) — Ao(0))
(by Property 2.4.10.1)

exp((A1 +XA2)"(a) — (M + A2)"(0))
(e(A1 + A2))" (a)
(again by Property 2.4.10.1), whenever a € E’.

2.4.10.3 P(E) C I(E).
Moreover, for any e(\) € P(E) there exists a convolution semigroup
(e(A)t)ter, given by

e(A); :=e(tA)

for all t € Ry such that e(A)1 =e(N).
This follows from Properties 2.4.10.1 and 2.4.10.2 together with the

embedding theorem 2.3.9.
2.4.10.4 Let A\, \o € MP(E) with A1 < X\o. Then

e()\l) < e()\g) .
In fact, looking at Ay = A; + (A2 — A1) with Xy — \; € MP(E) Property
2.4.10.2 yields

e(A2) = e(A1) xe(A2 — A2)

and hence the assertion.

2.4.10.5 For every X\ € MP(E) we have e(\)~ = e(\™) since for all
a€FE

= exp(A(@) = A(0)) = exp(A~(a) - A(0))
= (e(A7))"(a).
2.4.10.6 Let A€ MP(E). Then e(A+\") = le(\)|?, since
e(A+ A7) =e(A) xe(A7) =e(A) xe(A)”

by Property 2.4.10.5, and furthermore
= le(V).
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Theorem 2.4.11 (Denseness of P(E) in I(E))
P(E) is a Tw-dense subsemigroup of 1(E).

In particular, for any p € I(E) with sequence (pi)n>1 of n-th roots
I3 of u we have that !

e(nps) — g
as n — oo with respect to the topology Ty

Proof. 1. Clearly,

—n n
ey ol
k=0
as n — 0o, since
k —n,,2n k
n e "n n
> & (2n) 2n+1)--(2n+k)
k>2n Tkl

for all n > 1.

2. The sequence (e(npi))n>1 is Tw-relatively compact.
In fact, for € > 0 there exists by 1. an ng € N such that

2n TLk
efnz g 2 1—¢
k=0

for all n > ng. Since the mapping t +— u; from R, into MY(E)
is continuous, the set {u¢ : ¢t € [0,2]} is relatively compact. But then
Prohorov’s theorem 1.3.7 applies, and there exists a set K € K(F) with

pe(K)=>1-¢
for all ¢ € [0,2]. This implies that for all n > ng
nk 28, pk
elnis ) () = e Y2 M (K) 2 e 3 M ()
k>0 k=0
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3. For all z € C one has

as n — oo. It follows that

lim e(n,u%)A(a,) = lim exp((nu%)A(a,) —n)

= lim exp(n exp(% Logﬂ(a)) — lD
= exp(Log fi(a)) = fi(a)

whenever a € E’. We now apply 2. in order to use the continuity theorem
2.1.9 yielding

lim e(npi)=p.

n—oo D

Theorem 2.4.12 (Continuity of the Poisson mapping)
Let (An)n>1 be a sequence of measures in MP(E).

(1) If (An)n>1 is Tw-relatively compact, then so is (e(An)).
(ii) The mapping e : MP(E) — MY(E) is continuous in the sense that
the Tw-convergence A\, — X\ € Mb(E) implies the Ty -convergence

e(An) — e(N)
as n — oo.
Proof. (i). By Prohorov’s theorem 1.3.7

d = sup || A, < 0.
n>1

For given € > 0 there exists a ko € N satisfying

But since {M\* : 0 < k < ko, n € N} is 7y-relatively compact (by the
continuity of the convolution) Prohorov’s theorem 1.3.7 provides us with
the existence of a set K € IC(F) such that

k £
M (CK) < 5
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whenever 0 < k < kg, n € N. Therefore

e(A) (CK) = 1M1 3" %/\Z (CK)

k>0
Zk'/\k CK)+ > %/\ﬁ(E)
k>ko
2ezk'+kz S +_:
>ko

Another application of Prohorov’s theorem 1.3.7 yields (i).
(ii). We apply Property 2.4.10.1 in order to obtain
lim e(\,)"(a) = e(\)"(a)

n—oo

whenever o € E’. But then (i) together with the continuity theorem 2.1.9
implies the assertion. O

Remark 2.4.13 The converse of statement (i) of Theorem 2.4.12 does not
hold in general. In fact, by Theorem 2.4.11 we have for any p € I(E) that

e(nps) — p
as n — oo, but
sup [npa] = iup(nul )(E)
=sup n = o0.
n>1
Résumé 2.4.14. A measure p € MY(E) is called (continuously) em-

beddable if there exists a (continuous) convolution semigroup (ji¢)icr, in
MY (E) such that p = p.

By EM(E) we denote the totality of all embeddable measures on F.
Then EM(E) is a subsemigroup of MY(E), and G(E) as well as
P(E) are subsemigroups of the semigroup I(E) which by the embedding
Theorem 2.3.9 is contained in EM(E). While I(E) is 7y-closed in M'(E)
by Theorem 2.3.7, P(F) is 1-dense in I(F) by Theorem 2.4.11.



Chapter 3

The Structure of Infinitely Divisible
Probability Measures

3.1 The Ito—Nisio theorem

This section is devoted to studying the convergence behaviour of sums of
independent random variables taking their values in a separable Banach
space FE. The discussion will provide a complete version of Lévy’s conti-
nuity theorem which extends Theorem 2.1.9.

Definition 3.1.1 A subset Z of FE issaid to be a (measurable) cylinder
set if there exist a finite set {ai,...,a,} in E’ and a set B € B(R")
such that

Z=12Za,...,an;B):={x € E: ((z,a1),...,(x,a,)) € B}.
Let 3(FE) denote the system of cylinder sets of E.

Properties 3.1.2 of cylinder sets.
3.1.2.1 3(E) C B(E).
3.1.2.2 3(E)=9B(E) if and only if dimE < oo.

3.1.2.3 3(E) is an algebra.

In fact, we note that E = Z(a;R) for arbitrary a € E’ and hence
belongs to 3(E). Moreover, for Z := Z(ay,...,an;B) € 3(E) also
CZ = Z(ay,...,an;CB) € 3(E) and with Z' := Z(d},...,d,,; B) for
{a},...,al,}, B' € B(R)™ we have that

ZNZ =2Z(a,...,an,a},...,a; Bx B") € 3(E).

3.1.2.4 3(E) is translation invariant.

This property follows directly from
Z+y = Z(ala"wan;B—’— (<y:al>7"'7<y7a’n>))

71
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for Z := Z(a1,...,an;B) with {a1,...,a,} C E', B € BR)" and
ye k.
3.1.2.5 o(3(F)) = B(F)

By Property 3.1.2.1 it suffices to show that O(FE) C o(3(F)). More-
over, applying the assumption that F is separable the proof is reduced to
showing that B(z,r)” € 0(3(F)) for all z € E, r € RY. Finally, by
Property 3.1.2.4 it remains to verify that B(0,7)” € o(3(F)) for every

r e RX.
Let (2n)n>1 be asequence dense in E. From Appendix B.5 (Banach,
Hahn) we obtain a sequence (an)n>1 in E’ with |la,|| =1 such that

(T, an) = ||zy| for all n>1. Now, let

B, := ﬂ{er:(x,an><r}.

n>1

Clearly, B, € o(3(F)) and hence the proof is finished once B(0,7)” = B,
has been established. At first we note that B(0,7) C B,.. For the reversed
inclusion we pick « € B, to which there exists a subsequence (p,)r>1
of (zp)n>1 such that limg .o 2, = . But the inequalities

||xnk|| = <xnk7ank> = <x7’bk - x7a’nk> + <x7ank> < ||xnk - {EH +r

valid for all k¥ > 1 imply that ||z| < r, hence that x € B(0,r)".

Discussion 3.1.3 of types of convergence for E-valued random variables.
Let (Y,,)n>1 be asequence of E-valued random variables on a probability
space (2,2, P).

3.1.3.1 (Y,)n>1 converges P-a.s. (in symbols Y, m) if and only if

forall e >0

lim P ([ sup [|Y, — Y|l > E]) =0.

nzm

3.1.3.2 (Yp)n>1 converges P-stochastically (in symbols ¥, —=°h,

and only if for all € >0

) if

lim sup P([||Yn — Y| > €]) =0.

M—00 >,
3.1.3.3 If Y denotes the P-a.s. or P-stoch limit of (Y,),>1 then
the limiting relations hold for Y instead of Y, in 3.1.3.1 and 3.1.3.2
respectively.
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We note that P-a.s. convergence implies P-stoch convergence, and P-
stoch convergence implies convergence of (Y,),>1 in distribution which
is defined as weak convergence of the sequence (Py, )n>1 of distributions

Py, of Y, as measuresin M'(E) (in symbols Y, 4, ).
Theorem 3.1.4 (Ottaviani’s inequality)

Let (Yi)i<k<n be a sequence of independent E-valued random variables
on (Q,A,P). Then for all € >0 we have the inequality

(1—1@% P([[ Vi1 + -+ Vi >g])) P([1I<nkax Vi + -+ Yi| >25D

P(IY1 + -+ Yal > €l).

Proof. Forevery k=1,...,n—1 let
By =[]V < 2, ..., ||Y1 Vil < 26, |1+ -+ Y| > 2¢],
=[IYig1 + -+ Yol <e], and
D= [IVi+ e+ Vol > o).
Then B, ..., B,_1 are pairwise disjoint, and By, Cf are independent
for 1<k<n-—1. Since

Vit o4 Yall 2 Y3+ Yl = Vi o+ Yo

we obtain
n—1
U (BL,NCy)C D
k=1

and hence

n

n—1
P(D)>> P(BxNCi)=)> P(B
k=1 k=1

—

> (min P(CY) (:_1 P(B@)

= min (1P (6C0)P (U Bk>

k=1
= (- max P (CC)) -P((max [Yi+---+ Vil > 2)).

Corollary 3.1.5 For each £>1 let S;:= Z§:1 Y;. Then
(1 sup o PS5l > €) P ( [sup ISl > 2:])

n>11\ <n

< sup P([[|Sn]| > €])
n>1

for all € > 0.
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Proof. Applying the theorem to each of the sequences (Yi)ickgn (7=
1) we obtain for all £ >0

(1 —sup max P([||Sn — Skl = ])) P ([

n>11<k<n

)
|max [|Skll > 2¢]

< sup P([IlSnll > €])

whenever m > 1. But we have

[1I<1}€ax ISkl > 25] [ZI;EHS;CH > 25} ,

hence by the continuity from below of the measure P the assertion follows.
O

Theorem 3.1.6 (Equivalence of types of convergence)
Let (Xk)k>1 be a sequence of independent E-valued random variables on
(Q,2A,P)  with distributions A\, = Px, (k> 1), and let (Sp)n>1 be
the corresponding sequence of n-th partial sums S, =Y ,_; X (n>1).
For every n > 1 we abbreviate

Pn i=Pg, = A1k x Xy

Then the following statements are equivalent:

(i) (Sn)n>1 converges P-a.s.
(i) (Sp)n>1 converges P-stoch.
(iii) (Sn)n>1 converges in distribution.

Proof. (i) = (ii) = (iii) are well-known implications valid for arbitrary
sequences of FE-valued random variables on (2,2, P). (For the second
implication see Application 1.2.15.)

(ii) = (i). Let & >0. For & €]0,1] there exists an mo > 1 such
that

P([1Xm+1 4+ Xul = ]) = P([|Sn = Sml = €]) <4

whenever mg < m < n. But Corollary 3.1.5 applied to the sequence of
E-valued random variables Y; := X,,,1; (j > 1) yields

1
3 P ([igpf 1Sm+k — Smll > 26})
<(1-9)P ([sup [Smtk — Smll > 25])
k>1
(1 — sup max P([|Smin — Smskl > e])) P ([f;‘;lf Sk — Sall > 25])

n>11<k<n

< sup P([|Sman — Smll > ¢]) <6
n>1
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(by Corollary 3.1.5), hence

1
Zp ([ sup [|Sp — S| > 25}) <0
2 n=m
for all m > myp, and this implies (i).
(iii) = (ii). For 1< m <n we have
P = Amg1 %% Ay = Pg, 5, = Px, 144 x,

and consequently
P(ISn = Smll = €]) = st (CB(0,2)) -

Now we assume that S, Pstoch, is not fulfilled. Then there exist subse-

quences (mg)r>1, (Mk)e>1 in N with my < ng and pm, n, (CB(O@)) >c
for all k> 1. But since pim, * fhmyne = fn, forall k> 1 and 7~
lim, o0 ftn, = p € M'(E) by assumption, the sequence (fmy ny)k>1 1S
Tw-relatively compact. Without loss of generality we may therefore assume
that 7y~ limg— oo fmy.m, = v € MY(E). But then pxv = pu by (iii) of
Theorem 1.4.9 and hence v = ¢y by Lemma 2.2.2. Finally, the sequence
of inequalities
0=1¢0(CB(0,£)) = limsup i, n, (CB(0,€)) =€ >0
k—oo

yields the desired contradiction, and (ii) of the theorem has been estab-
lished. U

Corollary 3.1.7 Let the sequence (un)n>1 of distributions Pg, be shift
tight in M (E). Then there exists a sequence (xp)n>1 in E such that
Sn — Jjn:ﬂ_Q P_i> .

Proof. By Theorem 2.2.25 the sequence (vp)n>1 with v, = |u,|? for
all n > 1 is 7y-relatively compact. Since |0,| = |fin]|?> by Property
2.2.24.3 and v, < vpy1, Property 2.2.16.7 yields 0 < 0p41 < 7, for
all n > 1. By the continuity theorem 2.1.9 this implies that (vp)p>1 is

Tw-convergent.

In the following we aim at representing the sequence (v,)p>1 as a
sequence of distributions of FE-valued random variables on an appropriate
probability space. Let

Yo (wi,ws) == Xp(wri)
and

Zn(wi,ws) := Xp(w2)
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whenever (wy,w2) € 2 x Q (n > 1). Clearly, {Y1,21,Ys,25,...} is
a sequence of independent FE-valued random variables on the probability
space (2 x QAR A PRP) such that

(P®P)yn = (P®P)Zn = PXn =\,

for all n > 1. As a consequence we obtain that the F-valued random
variable
Z(Yk —Zy) = <ZYk> - (Z%)
k=1 k=1 k=1
has v, as its distribution (n > 1) (see Application 1.4.5 and Property
1.4.4.4). Tt follows that
Z(Yk—Zk)L as n — 00.
k=1
Moreover, since (Y, — Z,)n>1 is a sequence of independent E-valued
random variables, the theorem applies and

n

Z(Yk . Zk) P ® P-a.s. w
k=1

where W denotes an FE-valued random variable on (2 x Q, A2, P® P).
But then there exists Q € A® A with (P®P)(Q) =1 such that

lim (Sp(w1) — Sp(w2)) = W(wi,ws)

n—oo

for all (w1,ws) € Q. An application of Fubini’s theorem yields

1= (PoP)(Q) = / P(Qu,) P(dws)

and hence provides us with an wg € @ such that P(Q.,) =1. Choosing
Ty = Sp(we) for all m > 1 we obtain the sequence (Zn)p>1 in E
required in the assertion. O

The following two Lemmata are designed to prepare the main result of
the section.

Lemma 3.1.8 Let X, Y, Yy, Yo, ... be FE-valued random variables on
(Q,A,P). Forevery n>1 the random variables X and Y, are assumed
to be independent. Moreover, by hypothesis

(Y, a)

P-stoch
—

(Y, a)
for every a€ E'. Then X and Y are independent.
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Proof. Let ay,...,ar € E'. For each n > 1 we introduce the RF-
valued random variable

on = ((Yn,a1), ..., (Y, ar)).
= ((Y,a1),...,(Y,ax)), since

P-stoch

Then ¢,

k
Pllen = @lloe > €l) < D P([[(Yasa5) — (Y, ;)| > e])
j=1

where by hypothesis the right-hand side tends to 0 for all ¢ > 0.
Next we note that by assumption the random variables

= (X, a1),...,(X,ax))

and ¢, are independent, and

P stoch

@Y —— p® .
The equivalence theorem 3.1.6 together with Theorem 1.4.8 yields
P¢®¢ = Tw— lim P¢n®w = Tw—lim (P¢n X Pw) = P¢ X P1/1 ,
thus ¢ and v are independent.
Now, let Z1, Zs € 3(E). There exist aj, ..., ar € B/ and B, B; €
B(R*) such that
Zj = Zj(a,l, .. .,ak;Bj)
for j=1,2. From the above chain of equalities we deduce
P([Y € Z1, X € Z2]) = P([¢ € B1, ¥ € By))
= P(lp € B1)) P([¢ € Bs))
=P([Y € Z1])P([X € Z3]).
Since 3(E) is a N-stable generator of B(E) by Properties 3.1.2.3
and 3.1.2.5 we have shown that X and Y are independent. |

Lemma 3.1.9 Let (Q,2A,P,(Yo)acr) and (E,B(E),u, ({-,a))ecr) de-
note two equivalent stochastic processes (with parameter set E’ and state
space R). Then there exists an E-valued random variable Y on (2,2, P)
such that

P(IYa = (Yoa)]) = 1

whenever a € E'.
In particular, Py = p.
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Proof. With RY carrying the product topology we have that B(RY) =
B(R)®N. Let (an)n>1 be asequence in E’ with

({z € E: (x,a,) <r}=B(0,r)"

n>=1
for every r € RJ. This follows from Appendix B.5 (Banach, Hahn)
which indeed yields a sequence (an)n>1 in E’ satisfying |la,|| =1 and
(x,apn) = ||z|| for all n>1.
By
@(x) = ((Ivan»n;l

for all = € F we introduce an injective continuous linear mapping from
E into RY. Now, p € MY(E) is tight by Theorem 1.1.6. Hence
there exists an increasing sequence (Kp),>1 in K(F) such that for
C = U,>; Kn we obtain that p(C) = 1. Clearly, C € B(E) and
o(C) = Upsy v(Kn) € B(RY). But then Resg, ¢ is a homeomorphism
from K, onto ¢(K,) and hence Resc ¢ turns out to be a bimeasurable
bijection from (C,CNB(E)) onto (p(C), o(C)NB(RY)). Consequently,
there is a measurable mapping ¢ from (RY,B(RY)) into (E,B(E))
given by ¥(p(z)) =z for all z € C. Now we put
Aw) = (Ya, (@))nz1

for all w € Q. A is a measurable map from (Q,%) into (RN, B(RY)).
For every finite sequence {Bi,...,Bg} in B(R) we have by assumption
that
PIA€ By x -+ x By xRxRx---])

=P([Yy, € Bjfor j=1,...,k])

= p([(-,a;) € Bj for j=1,... k)

=p(lpeBr X XByxRxRx---]).
But the system of sets of the form By x---x By xRxRx--- isa N-stable
generator of B(RY) = (B(R))®N, hence Py = p,.

Analogously one shows that
Py.ea = Hia)ee

for all a € E'.

Now, for a € E’ we form the set

By = {(tn)ns0 E R xRN : tg = (((tn)n>1),a)} € B(R x RY)
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and introduce the FE-valued random variable Y :=1 o A. Then
Y, = <¢ o A7CL>D

A € B,))

® ¢ € By))

P([Ya = (Y,a)]) =

&<
®

and the first statement of the Lemma has been established.
For the remaining statement we take

Z = Z(a1,...,an; B) € 3(F)
(for ai,...,a, € E', B € B(R")). Then

Py(Z) = P([({(Y,a1),...,(Y,an)) € B])
= P([Yal Q- ®Y,, € B])
=uZ).
Applying Properties 3.1.2.3 and 3.1.2.5 this implies that Py = pu. g

Theorem 3.1.10 (Ito, Nisio)

Let (Xi)k>1 be a sequence of independent E-valued random variables Xy

on (Q,A,P) with the property that Px, is symmetric for all k> 1, and

let (Sn)n>1 be the corresponding sequence of n-th partial sums > p_; Xk.
The following statements are equivalent:

(i n)n>1 converges P-almost surely.
n)n>1 converges P-stochastically.

) (S
) (S
(iii) (Sn)n>1 converges in distribution.
) (Ps
)

—~
—
jar

(iv In>1 is uniformly tight.
(v) There ezists an E-valued random variable S on (Q,2,P) such that

(S, a) 20N (5, a)

forall a € E'.
(vi) There exists a measure p € M*(E) such that

Ps,(a) — fi(a)
forall a€ E'.



80 The Structure of Infinitely Divisible Probability Measures

Proof. From the equivalence theorem 3.1.6 we deduce the equivalences
(i) « (ii) « (iii) and from the continuity theorem 2.1.9 the implication (iii)
= (iv).

We proceed to the proof of implication (iv) = (i). By assumption
the sequence (Pg,)n>1 is uniformly tight, consequently Corollary 3.1.7

becomes applicable and hence there exists a sequence (x,)p>1 in E such
that

P-a.s.
Sn - irn:llﬂ —

as n — o0o. Since the random variables X} are independent and their
distributions Px, are symmetric for all k£ > 1, we obtain

Pg,..x. = QPx, =QPx, =QP-x, =Pg,_.-x.)
n>1 n>=1 n>1

and therefore for every ¢ >0 and all k> 1

p ({Sup 1(Sm = 2m) = (Sk — )| > 6})

m>=k
=P (I:SL;%”X]CJF]_ + o+ X — (T — )| > 5])

=P @ x, ({n)nz1 € B2 0 g + -+ s — (a — 21)| > €}

n=1

=Pg (—x. ({(Z/n)n>1 € EN: Sl;l; lyksr + -+ Ym — (Tm — z)|| > 5})

n=1
=P ([sup Il = Xicer =+ = X = (= )| > <]
=P (] SUp (=S — ) = (=S = )| > ).
But this implies the limiting relation

P-a.s.
_Sn - xn]lﬂ E—

as n — oo. Observing that for every n > 1
1 1
Sn - 5(877, - xn]]-Q) - 5(_877, - xn]]-Q)

we obtain the desired statement (i).

(v) = (iv). Let p:=Pg. By the inner regularity of p (see Theorem
1.1.2 (ii)) for every £ >0 there exists a K € K(E) such that p(CK) <e.
The set Ky :={3(z —y):z,y € K} is compact. Now, given k> 1 we
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note that for every n > 1 the F-valued random variables X := Sj; and
Y, := Si+n — Sk are independent, and by hypothesis
<Yn7a> = <Sk+ma> - <Sk7a> <S7 a> - <Sk7a> = <S - Sk7a>

whenever a € E’. Applying Lemma 3.1.8 this implies that the random
variables X and Y := S — S; are independent. But with X +Y =S
and pi = Pg, = *?:1 Px, we obtain

P-stoch
_—

1—e< u(K)=pg*Ps_g, (K)
= /,uk(K—x) PS—Sk(dm)a

hence there exists an xp € E such that pg(K —xg) > 1 —e. This,
however, implies that

1 (CK1) = P([S), ¢ K1)
<P([Sk+xx ¢ K]U[-Sk + x1 ¢ K])
<P([Sk ¢ K —xx]) + P([—Sk ¢ K — z1])

2u (C(K — ap)) < 2e.
Since the inequalities are valid for each & > 1, (iv) has been established.

(vi) = (v). Foreach a € E" ({
real-valued random variables on (2,2, P), and for all n > 1

(X1,a) + -+ (X, a) = (Sn,a).

Xn,a))n>1 is a sequence of independent

But then

A~

P(s,.a)(t) = a(Ps,)"(t) = Ps, (a' () = Ps, (ta)
and
a(p)(t) = pla’ (1)) = p(ta)
whenever a € E/, t € R. Now, by hypothesis
lim P, () = a(u) (1)

for all t € R, and by the classical continuity theorem which follows from
Theorem 4.3.8 we have

Psn.a) — alp)

or
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The equivalence theorem 3.1.6 now yields

P-a.s.

(Sp,a) —= Yy,

where Y, is a real-valued random variable on (2,2, P).
On the other hand the two stochastic processes

(Qa 2P, (YG)GEE’) and (Ev GB(E)’ Ky (<7 a>)a€E’)

are equivalent.

In fact, let ai,...,ar € E’. Then for all (t1,...,t;) € R*¥ assump-
tion (vi) together with an application of Lebesgue’s dominated convergence
theorem implies that

Py onYa ) (t1s oo ) /exp < Zt Yaj>dP
k
= lim [ exp (ith<Sn,aj>>dP
j=1
k
nlLrI;O exp <i<5n,zt >>

k
= nILH;O ISSn (Z@@) exp < Zt )
j=1

= A ya1) oo (ran)) (B15 -5 T

hence that

P(Vay s Yar ) = (1), (an) -

Finally, we apply Lemma 3.1.9 and obtain an FE-valued random variable
S:=Y on (Q,2P) such that

P(Ya = (S, @)]) =1
for all a € E’. Consequently,

(Sn,a) =% (S,a),
thus

P-stoch
—_

(Sn,a) (5,a)

whenever a € E’. But this is (v). O
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Corollary 3.1.11 Let (un)n>1 be a sequence of symmetric measures in
MY (E) such that pin < piny1 for all n>1, andlet u € M*(E) be such
that

lim fip(a) = ji(a)

n—oo

for all a € E'. Then
fin =5 .

Proof. By assumption, for every n > 2 there exists a \, € M!(E) with
M = Ap % fin—1. Moreover we put A; := py. Taking Fourier transforms
and applying Properties 2.1.6.7 and 2.2.18.3 we see that A, is symmetric
for all n>1.

Now, let (Xp)n>1 be a sequence of independent FE-valued random
variables on (€2,2(,P) such that Px, = A, for all n > 1. Then the
distribution of S, :="}_; X; has the form

n n

Ps, = %k Px, = %k A = -
k=1 k=1

Therefore (vi) of the theorem becomes applicable, and we obtain that
fn v e MYE).

It remains to apply the uniqueness and continuity properties of the Fourier
transform (Theorems 2.1.4 and 2.1.9 respectively) in order to see that v =
. g

Remark 3.1.12 Without the assumption of symmetry for the distribu-
tions Px, of the random variables X (k > 1) the implication (v) = (i)
of the Ito—Nisio theorem 3.1.10 does not remain valid.

In fact, let E denote an infinite-dimensional separable Hilbert space
with orthonormal basis {e, : n > 1}. Let (£,%,P) be a probability
space, and let

Xn(w) =€n —€Ep—1

forall we, n>1 (where ep:=0). Then (X,),>1 is a sequence of
independent E-valued random variables on (Q, %2, P). Moreover

Sp(w) = Z Xi(w) =ey,
k=1
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for all w e Q, n>1. Finally, we put S(w):=0 for all w e Q. Then
lim (S,,a) = lim (ep,a) = 0= (S, a)

n—oo
whenever « € E’, and this implies (v).

But
lim S, (w) # S(w),

since [|Sp(w)||=1 forall n>1 (weQ), hence (i) does not hold.
As an immediate application of the Ito-Nisio theorem 3.1.10 we discuss

the representation of an FE-valued Gaussian random variable as an a.s.-
convergent random series (in F).

Theorem 3.1.13 Let p be a Gauss measure on E. Then there exist a se-
quence (Tp)n>1 n E and a sequence (§n)n>1 of independent real-valued
random variables on a probability space (Q,2A,P) with P¢ = N(0,1) for
all n € N such that the series 27121 &nn 18 P-a.s. convergent, and
Pzn>1 gnwn = p

Proof. We recall the proof of Theorem 2.4.7 and realize that given
p € G(E) there is a continuous linear mapping T : (E',7(E’,E)) —
(L2(E,p),|| - |) such that

. 1

pla) = exp = 3[1Tall?)
forall a € E'. Moreover, T can be regarded as a mapping from L?(E, p)
into E. For a given orthonormal basis {f, : n € N} of L*(E,p) we
define the sequence (z,)p,>1 in E by x, :=T7Tf, forall n € N.

Now let (£,)n>1 be a sequence of independent, identically distributed

real-valued random variables on (2,2, P) with Pg, = N(0,1) for all
n € N.  Employing the notation A, := P¢ ., we obtain for all a € E’

that
;\7L(a) = /ei“””’“> dP = /ei<€"f"7T“> dP

= / elrifnTa) N (0,1)(dr)

= N(O7 1)/\(<fn, Ta>) = e_%<fn’ T(l>2
for all a € E’ and that X, issymmetric (n € N). For i, := A% %\,
we have

fin(a) = Aa(a) -+ Au(a)

Z fi.Ta) }

Mlb—l y>
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whenever a € E' (n € N). But then Parseval’s identity yields

nh_{l;o ﬂn(@) = exXp { - %Z<fjvTa>2}

jz1

- exp{ - %nnn?} — fa)

for all a € E’, and from the Ito—Nisio theorem 3.1.10 together with the
continuity theorem 2.1.9 the assertion follows. (|
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3.2 Fourier expansion and construction of Brownian motion

As an application of the results of the previous section we shall return to
the discussion of the Wiener measure introduced as a Gauss measure in
Example 2.4.2.2 and its rise from Brownian motion in R. In particular
we shall establish the Fourier expansion of Brownian motion in R and
construct Brownian motions in R with continuous paths.

In preparing the tools we recall the notion of p-dimensional standard
normal distribution as the measure

N(0,1,) := N(0,1)®?

in M*(RP), where I, denotes the p-dimensional unit matrix.
It is well-known that for any linear mapping 7 from R? into RP the
Fourier representation

(V0.0 @) = exp (~57Tal?)

= exp (—%«TTT)CL, a>)

holds whenever a € RP.
For any p X p-matrix C' over R, ¢ > 1 and any linear mapping T
from RY into RP satisfying TT'T = C the measure

N(0,C) :=T(N(0,1,))
in MY(RP) turns out to be the (p-dimensional) normal distribution

with mean (vector) 0 and covariance (matrix) C.

Remark 3.2.1

3.2.1.1 By the uniqueness of the Fourier transform (Theorem 2.1.4) the
measure N(0,C) is uniquely determined by its covariance C.

3.2.1.2 The covariance C = TT" is obviously symmetric and positive
semidefinite. Moreover, given a symmetric and positive semidefinite p X p-
matrix C over R there exists a p X p-matrix R over R such that
C = RR'", and consequently

N(0,C) = R(N(0,1,))

or

N(0,C)"(a) = exp <—%<Ca7 a>>
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for all a € RP.

3.2.1.3 Let X = (X1,...,X,)" be an RP-valued random variable on
a probability space (Q,%,P) with Px = N(0,C). Then |X]? is P-
integrable, and for the expectation vector and covariance (matrix) of X
we obtain

E(X) = (E(X1),...,E(X,))T =0
and

C(X) := (Cov(Xi, Xj))i<ij<p = C
respectively.

The following

Properties 3.2.2 of the normal distribution will be used in the discussion
below.

3.2.2.1 With D(r1,...,rp) denoting the diagonal matriz containing 1,
.., 7, € R as diagonal elements we have

P
N(0,D(0%,....,02)) = Q) N(0,07)
i=1
3.2.2.2 Let Xy, ..., X, denote independent R-valued random variables

on (Q,2A,P) with Px, = N(0,02) for all i = 1,....,p. Then for
X =(X1,...,X,)" one obtains

Px = N(0,D(o%,...,0%))

Op
3.2.2.3 Let X = (X1,...,X,)" be an RP-valued random variable on

(Q,A,P) with Px = N(0,C). Then the real-valued random wvariables
X1,...,Xp areindependent if and only if X1,...,X, are uncorrelated.

3.2.2.4 For any linear mapping S from RP into RY
S(N(0,C)) = N(0,SCST)

3.2.2.5 Let (Cp)n>0 be a sequence of symmetric and positive semidefinite
p X p-matrices over R. Then the following statements are equivalent:

(i) N(0,Cp) =5 N(0,Cp).
(ii) C, — Co, and the sequence (N(0,Cp))n>1 @S Tw-relatively compact
(in MY(RP)).
(if)) C\ — Co.
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While the proof of the implication (iii) = (i) is an immediate conse-
quence of the classical continuity theorem for measures on RP the impli-
cation (i) = (ii) makes use of the continuity theorem 2.1.9.

Now let (Q,2,P,(Bt)ter) denote a Brownian motion in R with
parameter set I = [0,1]. By H(B) we abbreviate the closed linear
subspace of L2(,2(, P) generated by the family {B;:t € I'} (of Brownian
variables). It can be shown that H(B) is a separable Hilbert space with
scalar product defined by

€= [ end
for all &,nm e H(B).

Theorem 3.2.3 There is a unique linear isometry S form L2(I) :=
L3(I,B(I),\;) onto H(B) satisfying

S(]]-[O,t]) - Bt
forall tel.

Proof. At first let f be an elementary (or step) function on I of the
form

f = Z fj]]-[tj_l,tj[
j=1

for a subdivision 0 = tg < t;1 < --- < t, = 1 of I and coefficients

fl,...,fn c R.
Moreover, let

S(f) = fi(By, = By,_,)-
Then f+— S(f) is alinear mapping from the space 7 (I) of all elementary
functions on I into the Hilbert space H(B) such that
S(]]-[O,t]) == Bt .

Therefore S(7(I)) is dense in H(B). On the other hand 7 (I) is dense
in L2(I).
Now, for every f € 7(I) we have that

ISz = lIf]l=2-
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Picking f € T(I) of the form f = Y"_| fily, 4, we see that f? =
Z?:l ffl[tj_htj[, and consequently

n n

/ S(f)2dP = Z Z / (Bt, — By,_,)(Bi, — By,_,)dP
Q2 i=1 j=1
_ ; P2t — 1) / £(1)

where for the latter equality independence and normal distribution of the
increments of the given Brownian motion have been applied. Thus S is a
linear isometry between the dense subspaces 7 (I) and S(7(I)) of L2(I)
and H(B) respectively, and hence extendable to a linear isometry S from
L3*(I) onto H(B).

Finally we note that the set {1, : ¢ € I} is total in L?(I). Asa
consequence S is unique. (]

Definition 3.2.4 For every f € L?(I) the unique element S(f) of
L?(,2,P) (constructed in Theorem 3.2.3) is called the stochastic inte-
gral of f with respect to the Brownian motion (Q,2, P, (B;)ier) and is
abbreviated by

or

Properties 3.2.5 (of the stochastic integral).
3.2.5.1 For f,ge L*(I) we have

E(/de) —0
Cov </de7/gdB) = (f.g).
v([raz) = 1sie.

For the proof we note that the mapping & — [£dP from L?(Q,%,P) into
R is continuous and identically zero on the dense subspace S(7(I)) of

and

In particular
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H(B). Therefore it vanishes on H(B). Now let f,g € L?*(I). Since S(f)
and S(g) are centered and since S is an isometry we obtain that

Cov(5(f),5(9)) = (S(f). S(9)) = {f,9)
The remaining identity follows by choosing ¢ := f.

3.2.5.2 For any finite family {f® :i=1,...,k} of functions in L*(I)
the R¥-valued random variable

(/f(l)dB,...,/f(’“)dB>T

has a (k-dimensional) normal distribution with mean 0 and covariance
(D, FDN )i -

Moreover, the real-valued random variables ff(l) dB, ..., ff(k) dB
are independent if and only if the functions fO,. .. f*) € L>(I) are
pairwise orthogonal.

The second statement follows from the first one with the help of Prop-
erty 3.2.2.3. For the proof of the first statement we first take functions
fO . f® e T) of the form

)N )
f() '_ij l[tj—lxtj[
j=1

with i €R and 0=to<t; < - <t,=1 (1<i<k, 1<j<m).
By

R((zj)1<j<m) = (ij(im)

for all (z;)1<j<m € R™ a linear mapping R from R™ into R is
defined. From the properties of Brownian motion the distribution of the
R™-valued random variable X = (By, — By, , )igj<m on (2,2, P) is
N(0,C) with C:=D(t; —to,...,tm —tm—1) (see Property 3.2.2.2). But

now

1<i<k

(S(FDNicick = Ro X,

hence by Property 3.2.2.4 (S(f(i)))lgigk is normally distributed.

Next we pick f@, ..., f*) € L?(I) arbitrarily. There are sequences
(FS),51 in T(I) such that limp oo £ — f@ ]2 =0 whenever i =
1,..., k. An application of Theorem 3.2.3 yields

Jim IS(F) = Sz = 0.
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Therefore the sequence (S(f,(f)))n% converges stochastically towards
S(f®) for all i = 1,...,k, and consequently the sequence
((S( T(LI))v o 8( r(Lk))))n>1 converges stochastically towards (S(f(l)), ce
S(f®)). Employing Application 1.2.15 we arrive at

P(S(fr(bi)))lgigk — P(S(f(i)))lgigk :

From the above discussion together with Property 3.2.5.1
P = N(0,C,),

)
)

(S(fr(bi)))lgigk

where C,, := ({ S),f,(lj) )
Let C:= ((f), fD)
1 < k) implies lim,_ C, = C. But now Property 3.2.2.5 yields

Plsri e, — N (0,0),

1<ij<k (forall n > 1).
<ij<k Then lim, oo [ £ — FO2=0 (1<

s

hence
Pis(rimcics = NO0,C)
which completes the proof.

Theorem 3.2.6 (Fourier expansion of Brownian motion)
Let (fu)n>1 be an orthonormal basis of L*(I). For every n €N let

€n ::/fndB.

Then (§n)n>1 is a sequence of independent, identically distributed real-
valued random wvariables on (,2A,P) with Pe = N(0,1) for every
neN, and

=3 ([ ),

n>=1

uniformly in t € I P-a.s.

Proof. By Theorem 3.2.3 (§,)n>1 is an orthonormal basis of H(B).
Let

balt) = (Mo f) = [ Fulu)du
forall tel (n€N). Then
1[0,2&] = Z bn(t)fn

n>=1
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in L2(I). Again employing Theorem 3.2.3 we arrive at

B, = /11[(”] dB

:an(t)/fndB

n>1
= Z bn (t) gn
n>1
in L?(2,A,P). Now by Property 3.2.5.2 P¢, = N(0,1) for all n € N,
and the sequence (£,),>1 is independent. Since L2-convergence implies
stochastic convergence the equivalence theorem 3.1.6 yields that

Bi=> ( /O t fn(w) du)fn P-as. (tel).

n>1
In order to show the required wniform convergence P-a.s. we look at the
sequence (X, )p>1 of C(I)-valued random variables

o (t - ( / t fn(u>du) &(w))

on (2,2, P). Since P¢, = N(0,1), Px, issymmetric for all n € N, and
the sequence (X, )n>1 is clearly independent.

Let S, :=>"" | X; forevery N. Then our assertion reads as S, Pas,

B, where B is the (A — B(C(]))-measurable) C(I)-valued random
variable w — (t — By(w)) on (Q,2, P). By the Ito-Nisio theorem 3.1.10
(and since C(I)' = MP(I) — M"(I)) it suffices to show that

P-stoch
for all p € MP(I), and for this limit relation it suffices in turn to show
that

lim [ [(Sn, p) = (B, )| dP = 0

n—oo

whenever € MP(I). Now we apply Fubini’s theorem in order to obtain

/ [(Su) — (B, )| dP

),

<f 1 ([ 1.0 - Bl Pla)) wict
</ ( / [Su(w)(t) — Bu(w)P? P(dw))l/Qu(dt)

[ o - B u(dt)’ P(dw)

1
0
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for all p € MP(I) (n €N). But

[ 18:0)(0) = B Plde) = 3 bute?

k>n
and

Zbk(t)z = Z<]]-[0,t]a fn>2 = ”]1[0,25]H§ =t
E>1 E>1
forall n € N (¢t € I). By the dominated convergence theorem this implies

mn;(@&wm—&wmwwﬂmw=o

n—oo

for all € MP(I), hence the assertion. O

Remark 3.2.7 Employing the orthonormal basis (fn)n>1 of L*(I)
defined by

fn(t) := +/2sin(nnt)
for which obviously

/ Jn(u)du = \/7(1 — cos(nmt))

holds (for all t € I, m > 1), Theorem 3.2.6 yields that

B = \/ Zl—cosmrt Nén

n>1

holds uniformly in ¢t €I P-a.s.

In the remaining part of this section we shall establish the existence of
Brownian motion in R with continuous paths. In fact, the process (Bi)ier
constructed in Remark 3.2.7 has continuous paths due to the uniform con-
vergence of the series and the continuity of the functions f,, n > 1.

Lemma 3.2.8 Forevery n€Z, and k=1,...,2" let
) o= V2R L _ayp-n1, 2k 1)2-n1
= V2" L|(2k—1)2-n-1, (2k)2-n—1] -
Moreover, let f1:=1j91] and

fongr = h{

forall neZy, k=1,...,2™.
Then the so defined Haar system (fn)n>1 is an orthonormal basis

of L2(I).
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Proof. From
(hgzk))g = 2n]1[(k—1)27n,k27n[

follows ||fmll2 =1 forall meN, and f,,fn =0 a.e.or fifn = cfmrn
a.e. for all m,n € N with m # n, where ¢ = ¢(m,n) denotes an
appropriate constant, implies (fm, fn) =0 for m # n. Thus (fn)n>1
is an orthonormal system in L2(I). In order to see that (f,)n>1 is also
a basis of L?*(I) we pick f € L*(I) with (f,f,) =0 forall ne N
and set F(t) := fot f(s)ds for all t € I. Clearly F € C(I). Moreover,
by induction one shows that F(k27") = 0 for all n € Z; and all

k=0,1,...,2™ Since F is continuous, we obtain
t
0= F(t) :/ F(s)ds
0
for all t € I, hence that f=0 a.e. O

Lemma 3.2.9 Forevery t€l and m=>1 let

t
bin(t) := <]]-[07t]a fm) = / fm(s)ds.

0

Then by (t) 20 forall tel, meN and

1
Z br(t) < 52_71/2
2n <kg2nt!
whenever t €I, n € Zy.

Proof. Evidently b,,(t) > 0 forall t € I, m € N, and for ¢ €
[(j —1)27™, j27™[ we have that

> be(t) =bs(t)

on < kgantl
<b((2j—1)27"7)
— 2_("4‘1)‘/271
_ 12—71/2
2
whenever 1 <5 <27 OJ

Lemma 3.2.10 Let (&,)n>1 be a sequence of independent, identically
distributed real-valued random variables on a probability space (2,2, P)
with P¢, = N(0,1) for all n € N.  Moreover, let (X,)n>1 be the
sequence of C(I)-valued random variables on (Q, A, P) defined by
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for all w € Q, where the sequence (by)n>1 145 given as in Lemma 3.2.9.
Finally, let S, =Y, X; forall neN.

Then there exists a C(I)-valued random variable Z on (2,2, P) such
that

P-a.s.

S, —— 7.

Proof. At first we establish the inequalities

2 [® ., 3 [
P " _ —v°/2 :\/j/ ) —-1/2 —r
(6 >u) = —= [ e av= /2 [ erear
_ 2] g -1/2]%° _\/? = —3/2 —r
_\/;[ e "(2r) Lﬂ/z - u2/2(27‘) e "dr

21w

U

valid for all uw € RY (n € N). But then

7§2P ([|§n| > MD < \/génB/Q(lnn)l/Q < 00.

An application of the Borel-Cantelli Lemma implies that

P (n%glf [lfnl < \/MD ~1.

=

N

Therefore for P-almost every w € Q there exists an n(w) € N such that
|€m (W) < V3Inm for all m > 2"« and hence we obtain

(W)= max |&(w)| < V3I2rt = (n +1)Y2V/31n2

<kt
whenever n > n(w). But now Lemma 3.2.8 yields

Y i@l = Y b)lew)

m>2n(w) n2n(w) 2n<kL2nt1

< Z < Z bk(t)>a7t(w)

n2n(w) \2n<kL2n+!

/3111 Z n+1) 1/29-n/2 ~ oo

n2n(w)

for all ¢ € I and P-almost all w € Q. Consequently the series
Y oms1m(t)ém(w) converges uniformly in ¢ € I for P-almost all w € €,
and the proof is complete. O
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Theorem 3.2.11 (Existence of Brownian motion with continuous paths)
Let Z denote the C(I)-valued random variable on (Q,2,P) established
as the P-a.s. limit of the sequence (Sy)n>1 ntroduced in Lemma 8.2.10.
For every t € I we consider the real-valued random variable Z; defined
on (Q,2A,P) by
Zy(w) = Z Sp(t)(w) == Z b (t)€n(w)
n=1 n>1

whenever w € (.

Then (Q,2,P,(Z¢)ter) 1is a Brownian motion on R having continuous
paths.

Proof. Since Z(w) € C(I) forall w €, the process (Q,A, P, (Zt)ter)
has continuous paths.

Clearly, Zy(w) =0 for P-almost all w € Q. It remains to show that
the process (9,2, P,(Z;)ier) admits stationary independent increments
Zy — Zs with N(0,t — s) as their distributions (s,t € I, s < t). Let
t1,...,tx € I with t; < t3 < --- < t; be fixed for the sequel. For
every n N let T, := (bj(ti))lgigk,lgjgn and Tn = ({1; e ~7§n)T- By
Property 3.2.2.2 P, = N(0,I,), and by Property 3.2.2.4 we deduce from
(Sn(t1),...,Su(tr))" = Tyn, that

P80 (t1)sSu(tr)) = N (O, Tu T, )
We now apply Lemma 3.2.10 in order to obtain that
P(Sn(t1)ssSn(ts)) — P(Zey 20y -
On the other hand
lim TnTnT = (ti A tj)lgi,jgk =:C

as follows easily from the equalities

lim (7,7, )ij = lm >~ bu(t:)bm(t;)
m=1

= Z <]1[0,ti] , fm><]l[0,tj] , fm>
m>1
= (Lio,t.)> Ljo,e,)) = ti A 25
valid for all 1 <i<k, 1 <j<n.
But then Property 3.2.2.5 yields Pz, . .z )= N(0,C). Introducing
the linear mapping R :RF — R* given by

R(xq,...,z) == (1,2 — T1, ..., Tk — Th—1)
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for all (.731, e ,a:k) S Rk we see that RCRT = D(tl,tz—tl, e ;tk_tk—l)a
and once again applying Property 3.2.2.4 we obtain that

P21, 20y— 20y 20— 70, ,) = R(N(0,C))
= N(0,D(t1,ta —t1,...,tx —txg—1)).
Now, Properties 3.2.2.3 and 3.2.2.1 provide the final arguments. O
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3.3 Symmetric Lévy measures and generalized Poisson
measures

In this section we shall extend the notion of Poisson measure by admitting
not necessarily bounded though at least o-finite exponents. Let M7 (FE)
denote the set of all o-finite measures on B(E).

Definition 3.3.1 A measure A € M7(E) is said to be a symmetric
Lévy measure if it has the following properties:

(a) A is symmetric in the sense that A(—B) = A(B) for all B € B(E).
(b) A({0}) = 0.

(c) There exists a measure &\) € MP(E) such that

(@) = exp { [ (costo.a) = 1) )
for all a € E'.
By Lgs(F) we abbreviate the totality of symmetric Lévy measures on E.

Remark 3.3.2

3.3.2.1 From the uniqueness of the Fourier transform (Theorem 2.1.4)
follows that &(\) is uniquely determined by part (c) of its definition.
3.3.2.2 &()\) is a symmetric measure in M!(E) as one concludes from
the facts that €(\) is real-valued and &(\)(E) = &(\)(0) = 1.
3.3.2.3 The correspondence A — &(\) between the sets Lg(E) and
{&(N\) : A € Lg(E)} is one-to-one.

This assertion follows with some more effort as Theorem 3.3.11.

We will also see later that at this stage

3.3.2.4 there is no need to assume that
/(1 — cos(z, y)) A(dx) < o0

or that é(\)(a) #0 for all a € E'.

3.3.2.5 Let A be a symmetric measure in MP(E) satisfying part (b) of
Definition 3.3.1. Then X € Lg(E), and &(\) is the Poisson measure e(\)
with exponent A (as defined in 2.4.8).

This observation motivates the extension of Poisson measures to gener-
alized Poisson measures to be introduced later.

3.3.2.6 For M\i,)\s € LS(E) the sum A + X2 € LS(E), and
é()\l + /\2) = é()\l) * é()\g) .
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In fact, for every a € E’

(8(A1) * &(A2))" (a) = exp {/(cos(:uy) -1\ + Ag)(dx)} ,

hence by the uniqueness of the Fourier transform (Theorem 2.1.4) the as-
sertion follows.

We now turn our attention to the study of sequences in the set P(E)
of Poisson measures on FE.
For A € M°(E) and ¢ € R we introduce the abbreviations

Als = A,
and
A= Agu,
where Us:={z € E:|jz| <6}. Clearly, A5+ A|° =\. Moreover, let
C(A\) :={0 e R : A\(0Us) =0}
Evidently CC()) is a countable set.

Theorem 3.3.3 Let (\,)n>1 be a sequence in MP(E) such that
(e(Mn))nx1 is relatively shift compact. Then for every § € RY the sequence
()\n|5)n>1 is Tw-relatively compact.

Proof. 1. For § >0 we have that A,|s + A, = A\, hence that
e(A]%) < e(\n). But then Property 2.2.16.5 yields that (e(A,|°))n>1 is
relatively shift compact. As a consequence we may assume without loss
of generality that M, (Us) = 0, hence that \,|° = \, for all n € N.
Moreover, by Theorem 2.2.25 (|e(A,)|?)n>1 is Tw-relatively compact,
and from Property 2.4.10.6 we obtain |e(\,)[*> = e(\, + ;) whenever
n € N. Therefore, in view of Theorem 2.2.22 we may assume without loss
of generality that A, is symmetric for all n € N.

2. We show that d :=sup,,>; [An]l < oco.

Suppose that d = co. By an eventual choice of an appropriate subse-
quence we may assume without loss of generality that [|A,| = n for all
n € N and that

e(An) =5 € M(E)

(see part 1. of this proof). For every n € N we now consider the mea-
sure o, = ﬁ)\n which is symmetric and satisfies no, < A, as well
as 0,(Us) = 0. Moreover, we have that e(o,)™ < e()\,) forall neN.
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Applying Property 2.2.16.5 and Theorem 2.2.19 yields the 7y -relative com-
pactness of (e(0n))n>1. Let v be an accumulation point of (e(0,,))n>1-
From

e(on)™ < e(An)

for all n > m follows that v™ < pu for all m € N and hence that
(V"™)m>1 is Tw-relatively compact. We now infer from Lemma 2.2.1 that
v = ¢ and thus that

e(on) =5 o
Since 0 ¢ 9(CUs), CUs is an ep-continuity set, and the desired contra-

diction follows from the inequalities

0=co(CU;) = lim () (CU5)
> 1limsupan([:U(;) = l
€ n>1 e

3. Finally, let € > 0. From part 1. of this proof we conclude that there
exists a set K € K(E) such that e(\,)(CK) <e forall neN. Now we
apply part 2. of this proof in order to arrive at the estimate

An (EK) < e”A"”e()\n)([}K) < eds

valid for all n € N. But then (\,)n>1 isa 7y-relatively compact sequence
by Prohorov’s theorem 1.3.7. (]

Theorem 3.3.4 Let (\,)n>1 be a sequence in MP(E) such that
(e(An))n>1 s relatively shift compact. For every n € N let

fula) = /U (2, a)2 A (dz)

whenever a € V1. Then (fn)n>1 s relatively compact in C(V7).

Proof. Replacing A\, by A,+A, changes f, by the factor 2. Therefore
we may assume without loss of generality that A, is symmetric and that
(e(An))n>1 1s Tw-relatively compact. This can be justified by referring
to Property 2.4.10.6 and Theorem 2.2.25 respectively. Thus, with the help
of Theorem 2.1.8, we obtain that (e(A,)")n>1 is relatively compact in
C(V1). But now we observe that 1 —cost >t2/3 for all t € [-1,1]. It
follows that

fn(a) < -3 /(cos(:ma) — 1) An(dz) = —3Loge(\,)" (a)
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for all a € E'. Moreover, e(\,)"(a) >0 for all n € N. Thus the relative
compactness of (e(A,)")n>1 in C(V7) implies that

: A
égfle(/\n) (a) >0

for all a € V7.
In fact, for some subsequence (An,)r>1 of (An)n>1 we have that

e(An,) =5 p €1(E)

where ji(a) #0 forall a € E'.

But then sup,,;|fn(a)| < oo forall a € Vi. On the other hand we
know that the set {f,:n € N} is equicontinuous in 0 (with respect to
T(E' E)).

This is easily deduced from Property 2.1.6.5 together with the fact that
e(A\)"(0) =1 forall neN.

Finally,

[fa(@)'? = fu(0)'?] < fula—b)

for all a,b € V) satisfying a—beV; (and all n e N).
In fact, for such a,b €V}

(A@@@@me<n@mh@m
hence

[f@)2 = (b))
< fa(@) + fa(b) = 2fu(a)'2 £u ()1

</Ul<x,a,>2)\n(da:)+/Ul<a:,b>2)\n(dx)—2/ (2, a) (b A (dz)

Uy

:/U (@, y) — (2, 5)% An(da)
:/ (,a )’ A\o(dz) = fula ).
U

From the inequality just established we infer that {f, : n € N} is equicon-
tinuous everywhere on V; (with respect to 7(E’, E)). The Arzela—Ascoli
theorem yields the assertion. O

Theorem 3.3.5 Let (\,)n>1 be a sequence of measures in Lg(E)NMP(E)
such that A, T A € Lg(E). Then

(M) =e(Nn) =5 6(N).
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Proof. By Property 2.4.10.4 we have that &(\,) < &é(A,41) for all
n € N. Since )\, < A, the Radon—-Nikodym theorem provides a measurable
function f, : E — I such that A\, = f,- A (n € N). From A, T A we
infer that f, T 1g A-a.e. Now the monotone convergence theorem applies
and we obtain that

lim [ (1 — cos(z,a)) \,(dx)

n—oo

= lim [ (1 — cos({x,a))fn(z) A(dz)

= /(1 — cos(z, a)) A\(dx),
hence that

lim ()" (a) = 6(\)"(a)

for all a € E'. But every measure &()\,) is symmetric (n € N). Thus,
by the Ito—Nisio theorem 3.1.10 the assertion follows. ]
Properties 3.3.6 of symmetric Lévy measures.

Let X € Ly(E).

3.3.6.1 For every 6 € R} we have )\(EU[;) < 00.
In fact, A being o-finite there exists a sequence (A,)n>1 of symmetric
measures in  MP(E) with A, T A. But then Theorem 3.3.5 implies

8(An) =5 8(N),
and hence Theorem 3.3.3 that

A(CU5) = sup A, (CUs) = sup(\n|°)(E) < 00.
n>1

n>=1
3.3.6.2 For every sequence (0p)n>1 in R with 6, | 0 we have that
() 1% &(N)

For a proof we note that from Property 3.3.6.1 together with Remark 3.3.2.5
follows that A, := A" € Ly(E) N MP(E) for every n € N. Evidently
An T A, so that Theorem 3.3.5 yields the assertion.

3.3.6.3

sup{/Ul<a:,a>2/\(da:):a€V1} < o0
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In order to see this let (0,)n>1 be a sequence in RY with 6, | 0 and
let A, := A°> forall n€N. Then A\, € MP(E) forall n € N by
Property 3.3.6.1 and

&(An) == &(N)

by Property 3.3.6.2. But then by Theorem 3.3.4 there exists an a € R}
satisfying

/ (x,a)* \,(dz) < a
Uy
forall a € Vi, n €N, and since A\, T A we obtain that
/ (z,a)? \(dz) < a
Ui

(appealing to the proof of Theorem 3.3.5).
3.3.6.4 (See Remark 3.3.2.4)

/(1 — cos(w, a)) A(dz) < o

and
1 _ o
lim [ LECSH@ ) 4y g
t—o0 t2
for all a€ E'.
For the proof let, given a € E’,

fa(@) = (2,0)* 1y, () + 2 - gy, (2)
whenever x € E. From Properties 3.3.6.1 and 3.3.6.3 we infer that f, is
2
A-integrable. Since 1 — coss < % for all s € R we have that

1 — cost{x,a)
2 < fa (33)
for all x € E, t > 1. The special choice t =1 yields the first assertion.
The remaining one is implied by the limit relation
lim 1 —cost{z,a) —0
t—00 t2
valid for all x € E with the help of Lebesgue’s dominated convergence
theorem.

Theorem 3.3.7 (Characterization of symmetric Lévy measures)
Let X\ be a symmetric measure in M°(E) with A({0}) = 0. Then the
following statements are equivalent:
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(i) A e Lg(E).

(i) For each & € RS we have that A(CUs) < oo, and for some (each)
sequence (Op)p>1 in RY with 6, | 0 the sequence (é()\|5"))n>1 18
Tw-relatively compact.

(iii) There exists a sequence (An)n>1 of symmetric measures in MP(E)
with Ap, T A such that the sequence (6(An))n>1 1S Tw-relatively
compact.

Proof. (i) = (ii) follows directly from Properties 3.3.6.1 and 3.3.6.2.
(ii) = (iii). The choice A, := A|°» for all n € N yields the implication.
(iii) = (i). The defining properties (a) and (b) of Definition 3.3.1 of a

symmetric Lévy measure are part of the assumptions. From X, T A we

obtain that for all a € F’

lim [ (1= cos(z, a)) An(dz) = / (1 cos(z, a)) A(dz)

n—oo

(see the proof of Theorem 3.3.5). Then Properties 3.3.6.1 and 3.3.6.4 imply
that

lim &(A,)"(a) = exp { / (cos(z, a) — 1) )\(dx)}

for all a € E’. From the continuity theorem follows property (c) of the
Definition 3.3.1 and hence (i). O

Corollary 3.3.8 Suppose that X\ € Ly(E).

(i) Let o be a symmetric measure on E with o < X\. Then o € Ly(FE),
and

é(o) < &(N).

(ii) é(\) e I(E).
Moreover, &(\) is (continuously) embeddable (€ EM(FE)) with (continu-
ous) (€(A)¢)t>0, where

E(N), == &(tN)
for all t € R.
Proof. (i). Obviously the measure o belongs to M?(E) and fulfills
properties (a) and (b) of the Lévy measure. For every § € R} we deduce

from Property 3.3.6.1 that o (CUs) < A(CUs) < 0o. Now let (0,)n>1 be
a sequence in Ri with d, | 0. Then for every n € N we obtain that

&(o]*) x&((A = o)|”") = &(AI™)
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holds and that &(c|%) is symmetric. (See Properties 2.4.10.2 and 2.4.10.5
and observe that 0 < A — o < A.) From Property 3.3.6.2 and Theorem
2.2.21 we infer that the sequence (e(c|%")),>1 is Ty-relatively compact.
Thus Theorem 3.3.7 implies the assertion.

(ii). In view of Remark 3.3.2.6 and (i) of this corollary we have tA €
Ls(E) and
E(sA) xe(th) =&((s+t)N)
for all s,t € Ry. This shows that &(\) € I(E). The remaining part of
the statement follows from

Logé(\)"(a) = /(cos(ac, a) — 1) A(dz)

valid for all a € E’ and from the embedding theorem 2.3.9. (Here we
rely on Properties 2.1.6.4, 3.3.6.4 and on Theorem 2.1.10 for detailed argu-
ments.) O

Definition 3.3.9 For \ € Ly(E) the measure &(\) € M*(FE) introduced
in Definition 3.3.1 is called the generalized Poisson measure with ex-
ponent \.

Clearly,

Loga(\)" (a) = / (cos(z, a) — 1) A(da)
for every a € F'.

Lemma 3.3.10 Let A, )\ € Ly(E) satisfying
/ (1 = cos(z,a)) \(dz) = / (1 — cos(z, a)) Az2(dz)
B B
for all B€B(E) and a € E'. Then A = Xg.

Proof. Remark 3.3.2.1 and property (b) of the Lévy measure together
with the fact that CU, /m T E\{0} holds enable us to assume without loss
of generality that A; and Mo belong to MP(E).

Now we define for every a € E’

galx) =Y 2ml+1 (1 —cos <<$m—>)>

m>1

whenever x € E. Clearly g, € C(E), 0< gq <1, and gq(x) =0 if
and only if (z,a) =0 (z € E). From Appendix B.5 (Banach, Hahn) we
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deduce the existence of a sequence (a;);j>1 in E’ with the property that
(z,a;) =0 for all j € N implies that = =0. In fact, for every sequence
(n)n>1 dense in E there exists a sequence (an),>1 in E’ satisfying
lan|| =1 and (z,a,) = ||z,| for all n € N.

Now let

ha) = 3 o 00, @)

for all z € E. Then he C(E), 0<h <1, and h(x) =0 if and only if
=0 (z € FE). By assumption

/hd/\1:/hd>\2
B B

for all B € B(E), hence M\ (B) = Xo(B) for all B e B(FE) with 0¢ B.
Property (b) of a Lévy measure leads to the assertion. O

Theorem 3.3.11 (Injectivity of the generalized Poisson mapping; see
Remark 3.3.2.3)
Let M\, X € LS(E) with é()\l) = é()\g) Then A = As.

Proof. For each a € E' let
fa(z) :=1—cos(z, a)

whenever z € E. By assumption we have that

exp <—/fa d)q) =&(M)" (a)

=8(\2)"(a)

— exp (— / fa d)\z) ,

hence after an application of Property 3.3.6.4 (of Lévy measures) that

/facm :/fadAQ

for all a € E'. We note that
llath) 4 oila=h) — ol (6f 4 o71F) = 2¢i® cos 3
(for «,8 € R), hence that

fa+b + fafb - 2fa = 2COS<'7a>fb
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for all a,b € E’. But then
(fo- M) (a) = /C°S<'7a>fb dAr

= / cos(-, a) fy dAg

= (fo - 22)"(a)
for all a,b € E’. The uniqueness theorem 2.1.4 yields f;-A! = f;,- A2 for
all b€ E’, and Lemma 3.3.10 completes the proof. O

Theorem 3.3.12 Let (An)n>1 be a sequence in Lg(E) such that the
corresponding sequence (&(An))n>1 of generalized Poisson measures is Ty -
relatively compact in M*(E). Then

(i) for every & € RS the sequence (An|°)n>1 is Tw-relatively compact
in MP(E),

(ii) there exist a subsequence (An,)k>1 Of (An)n>1 and a A € Lg(E)
such that

Ay [0 25 AP

for all 6 € C(N), and
(iii) the sequence (fn)n>1 defined by

fn(a) ::/ (z,a)? \, (dz)
Ui
forall a€ Vi, neN, is relatively compact in C(V1).

Proof. (i). From Corollary 3.3.8 (i) we infer that &(\,|°) < &(\,) for
all n € N. Consequently, by Theorem 2.2.21 the sequence (8(An|%))n>1
is 7,-relatively compact. Property 3.3.6.1 yields that \,|° € MP(E) for
all n € N. The desired assertion now follows from Theorem 3.3.3.

(i1). The assumption together with part (i) of this proof supply us with
a subsequence (An, )k>1 of (An)n>1 satisfying

&(An,) =5 pe MYE)
and
)\nk|1/j Tw, 2\ ¢ MP(E)

for all j7 € N. (Here the usual diagonal procedure has been applied.) The
set C:= {5, C(A9) has a countable complement in RY. Let j,m € N
and 6 € C with § > % and ¢ > L. By Corollary 1.2.10 we obtain that

A8 = A(m))o
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Now let (d;);>1 be a sequence in C' with 6; | 0 and §; > % for all
7 € N. We put

A(B) = sup (\V)|%)(B)

Jj=z1

for all B € B(FE). Observing that A\7)|% = \UFT1D% < \UFD %+ for all
j € N wesee that A is a symmetric measure in M°(E) with A({0}) = 0.
Moreover, for given 6 € C(\) we choose j € N with §; < 6. Then
§ € C(\Y)), and from Corollary 1.2.10 we deduce that

Anel® = Ay [M9)? 25 XD = (D P25)2 = (A99)7 = AP,

where A|® € MP(E). Thus, it remains to show that A € Ly(E). For this
we first note that by Theorem 2.4.12 (ii) we have that

&(An, 77) = &A1)

for all j € N. Next we employ Corollary 3.3.8 (i) and Remark 3.3.2 (6) in
order to obtain

é()\nk) = é()\nk |5j) * é()\nk |6j)

valid for all 4,7 € N. Therefore Corollary 2.2.4 together with the fact that
&(\%)"N(a) #0 for all a € E' (Property 2.4.10.1) yields the existence of
a measure v; € M'(E) such that

1=y % 8(A%)

for all j € N. Now Theorem 2.2.21 implies that the sequence (e(A[%));>1
is 7,-relatively compact, since the measures e(\|%) are symmetric by
Property 2.4.10.5. Finally, Theorem 3.3.7 yields the desired statement.

(iii) is shown in analogy to the proof of Theorem 3.3.4. O

Theorem 3.3.13 (Construction of symmetric Lévy measures)
Let A be a symmetric measure in M (E) satisfying the following condi-
tions:

(a) A({0}) = 0.
(b) [ A [lz]) A(d) < o0.

Then X € Lg(E).

Proof. 1. Let A€ MP(E) such that [ ||z]|A(dz) < co. Then

Jlizleyiaz) < [ sl xda).
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In order to see this we first establish the inequality

[zl a) < b [ ) o)

valid for all k£ € N. The proof runs by induction. While the case k=1
is clear, we need only treat the step from k to k+ 1. But this is easily
done:

/ ]| A+ (dz) / Iz + yll Xe(de) A(dy)
/ 2]l A¥(dx) A(dy) / Iyl X<(dz) A(dy)
— \(B) / o]l Mo (de) + A (E) / lyll A(dy)

S ME)EANE)*~ 1/||x||>\ dz) + A\(E /Hx”/\ dz)

= (k+ DAE)* | ol Ada).
Finally
/Hx”e( (dz) =e~ E)Zk'/HwH AF(dz)
k>0
_)\E)Zk' (kX(E k 1/||a:||)\dx
k>1

MO 3 ot E) | [l

~ [alatao).
[l x0) = [ sl ofaz) = 0.

2. From the assumptions on the symmetric measure A we now deduce
that A € Lg(E). We have A(CU1) < [(1 A ||lz][)Mdz) < 0o and A =
Al1 + At Without loss of generality we assume that A(CUp) =0. With
Ay = /\|1/” for all n € N we obtain that \; =0 and A, T A. Moreover,

M) = MCUs) <0 [(1A 2] Ado) < o0

hence A\ € M°(E) and A\, — \,—1 € MP(E) for all n > 2.

Here we note that
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Let (X,)n>2 be asequence of independent E-valued random variables
on a probability space (Q,2(, P) such that

PX = e()\n—>\n71) (n>2)

n

Then

n

PZ?:ij = % Py,

j=m
= % e(Aj — Aj-1)

j=m

=e(An — A1) (2<m<n).
In particular

PZ?:Q X; = e(/\n) (Tl > 2) .

/H z": XJ'H dP = / 2]l e(An — Am—1)(dz)

/Hx” W= Am_1)(dz)  (by part 1. of this proof)

SRR NPT
CU/m CUv/(m-1)

<[ e,
Ui/(m-1)

Since fUl [|[z|| A(dz) < oo, Lebesgue’s dominated convergence theorem
yields

lim 2/ A(dz) = 0.
M JUL (m—)

Now, the inequality

n n

1
(l S5]-q) < /| Z o]
€ :
j=m j=m
valid for all 2 < m < n implies that
lim sup P Xil|>¢e| | =0
s e ([ 299
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whatever ¢ > 0. Therefore
m
ZXJ P-stoch X,
j=2

where X is an FE-valued random variable on (£2,2[,P), hence
Z X; N (as n — 00).

It follows that
e(An) =5,
and from Theorem 3.3.7 that A\ € Lg(E) with Px =e()). O

Discussion 3.3.14 of assumption (b) of Theorem 3.3.13.
There exist measures A € Lg(E) with

JanlalP) s = oo
In fact, let I:=1[0,1], E:=C(I) and (2n)n>1 a sequence in C(I)
defined by a:n(O) = xn(2_n) = xn(2_(n_l)) = fn(l) =0, $n(%2_n) =

n~/8 and extended linearly in between these arguments. Then |z,| =
n~1/® for all n € N. The measure

A= e, +ea,) € MO(E)
n>1
is symmetric and satisfies A({0}) = 0. Moreover,
/ l|[|% A(dz) Zn73/42n71/4 =2 Zn =
n=1 n=1

and /\(CU(;) < oo forall 6 €R}.
We now consider sequences (&)n>1 and (&, )n>1 of independent
real-valued random variables on (2,2, P) with

Pe, = Pe, =TI(n %)

for all n € N. Then the FE-valued random variables &,x, and &, xz, are
independent and have distributions

Pe,o, = Pero, =e(n?%,,) (neN).

In fact, if £ is a real-valued random variable on (Q,2,P) with P¢ = II(«)
(=e(agy)) and y € E then

Pey = e(agy),
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since for all a € E/ we have
(Pey)"(a) = / el pe, (da) = / ) .a) ()

= / et p(dt) = / W) T (a)(dt)
= 11(a)" ((y, @) = exp(a(e'®* — 1)) = e(azg,)"(a).
Next we obtain that
PYn L= P&nafn*g;wn
_ e(n’3/4g%) *e(n73/4g%)*
=e(n ey, +e-2,)) (n € N),

where the C(I)-valued random variables Y, := &,2,, — &2, are indepen-
dent (on (Q,2,P)). It follows that

Py v, = X Py, = X e(j73/4(5%‘ +E*€E1))

j=1
Jj=1 Jj=1

= e<2j3/4(5mj + ij)) =e ()\|(n+1)—1/s) —e ()\|6n) ’
j=1
where 6, := (n+1)"%/% forall n € N. But now

160 = &ul > 1] C [6n > 1JU &, > 1],

hence
D P& =&l > 1) <2 P& > 1))
n>1 n=1
:2ZH(n_3/4({2,3,...})) SZZn‘g/Q < 00.
n=1 n>1

Here we use the estimate II(a)({2,3,...}) < a® which is obviously ob-
tained from

H(a)({0,1}) =e™(1+a) > (1-a)(1l+a)=1-a?
for a € RY. Now the Borel-Cantelli Lemma applies and yields
P(limsup[|¢&, — &, > 1]) =0

n—oo

or

P(tm inf{l¢, — €| < 1) = 1.
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Therefore, for P-almost all w € Q there exists an n(w) € N such
that |&,(w) — & (w)] < 1 whenever n > n(w). This implies that for
n>=m2=n(w)

~1/8
)

Yj(w) <m

%

I
3

> () — g w)a

J

since [x; #0]N[zx #0] =0 for j#k. But then

P-a.s.
Sy By
jz1

where Y isa C(I)-valued random variable on (€,2,P), hence

e(AI) =Pyn_ vy, =5 Py .

Theorem 3.3.7 yields that A € Lg(E) with e(\) = Py.
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3.4 The Lévy—Khinchin decomposition

The aim of the subsequent discussion is to establish the canonical decom-
position of infinitely divisible probability measures on a separable Banach
space as convolutions of measures of Poisson type, Gauss measures and of
Dirac measures. The first named measures will be defined via not necessar-
ily symmetric Lévy measures. For symmetric Lévy measures the canonical
decomposition can be derived from the material of the previous section. In
the nonsymmetric case the proof depends on an additional technique: the
centralization of generalized Poisson measures.

For any measure A\ € MP(E) we consider the Bochner integral z()\) €
E given by

xz(A) = —/U1 x A(dx)

Theorem 3.4.1 Let (A)n>1 be a sequence in MP(E) such that the
sequence (e(An))n>1 is relatively shift compact. Then the sequence (e(Ay,)*
sw(,\n))n>1 is Tw-relatively compact.

Proof. Applying Theorem 3.3.3 it suffices to show that the sequence
(e(An]') * €x(a))nz1 is Ty-relatively compact. We may therefore assume
without loss of generality that X,(CU;) =0 for all n > 1. From the
inequalities

1= (e(An) * £4(am)) " (@)| = ‘1—exp</Ul(ei<w’“> —1—i<m7a>)>\n(dx)>‘

< exp (% /U <x,a>2)\n(dx)) —1

valid for all @ € Vi we deduce that the sequence ((e(\,) * sw(,\n))A)n>1
is equicontinuous in C(V7). Theorem 3.3.4 together with Theorem 2.2.12
yield the assertion. O

Definition 3.4.2 For any (bounded) measure A € MP(E) the measure
es(A) == e(A) * e5(n)
is called the exponential of .
Introducing the kernel K by

K(z,a) =" — 1 —i(z,a)1y, (2)
forall z € E, a € E' we observe that

es(M)\a) = exp ( [E K(z,a) )\(dx))
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whenever a € E'.
Clearly, es(\) € I(E) and es(A\) = e(\) provided A is symmetric. In
this case x(\) = 0.

Comparing the Fourier transform of the exponential es(A) of A with
that of the Poisson measure e(\) with exponent A\ the desired general-
ization to nonsymmetric measures A relies on a systematic replacement of
the kernel (z,a) +— cos{z,a) —1 by the kernel K.

Theorem 3.4.3 Let (An)n>1 be a 7y-relatively compact sequence in
MP(E). Then for any § >0 the sequence (r,)n>1 defined by

T, = a:i :2/ x Ap(dz)
Us

for all n € N is relatively compact in E.

Proof. From Prohorov’s theorem 1.3.7 we infer that for ¢ > 0 there
exists a compact, convex and balanced set K C E such that

g
M (CK) < 5

for all n € N. But this implies that

H /Umcx % An{d2)

for all m € N. Thus it remains to show that the sequence (yn)n>1 defined
by

<e€

Yn = / x Ap(do)
UsNK

for all n € N admits a finite e-net. In fact, if this statement has been
established, the sequence (x,)p>1 admits a finite 2e-net, and this being
true for every € > 0 yields the assertion.

In order to finish the proof we just consider an a € E’ such that
[{x,a)] <1 for all x € K. We obtain that

|<ynaa>| < An(l() < An(E) < d:= sup )\n(E),
n>1

hence by an application of the bipolar theorem that y,, € dK for all n € N.
But this implies that (yn)y>1 is relatively compact. O
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Corollary 3.4.4 Let (Ay)n>1 be a sequence in MP(E) such that
An 25 XL

Then for every ¢ € C(X) we have

T ::/ x Ap(dz) — z A(dx)
U5 U5
as m — 00.

Proof. From the theorem we know that (z,)n,>1 being relatively com-
pact admits a subsequence (x,/) such that
(a:n/,a> - <yv a>
for y € F whenever a € E’. On the other hand Theorem 1.2.9 implies
that
(Xprya) — | {x,a) A(dx)
Us

for all a € E'. Since the limits of ((z,/,a)) coincide for all subsequences
of (zn)n>1, the assertion has been proved. O

Facts 3.4.5 of exponentials of bounded measures.

3.4.5.1 For (Ap)n>1 in MP(E) the sequence (es(A\y))n>1 is relatively

shift compact if and only if it is Tw-relatively compact, and both properties

are equivalent to the relative shift compactness of the sequence (e(An))n>1-
This fact follows directly from Theorem 3.4.1.

3.4.5.2 For (A\n)n>1 in MP(E) with A, =~ X and 1€ C(\) we have
es(An) =5 es(A).

This statement is a restricted version of the 7y-continuity of the mapping
A= eg(A) from MP(E) into M'(G) the restriction being crucial.
As for the proof of Fact 3.4.5.2 we just observe that

es(>\n) = e(>\n) * Ez(An) )
where
x(An) = —/ x Ap(dz)
Uy
for all n > 1, and apply Theorem 2.4.12 (ii) together with Corollary 3.4.4.

Theorem 3.4.6 For any sequence (Ap)n>1 i MP(E) with \, =% X
the following statements are equivalent:
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(1) es(\n) =5 (in MY(E)).
(ii) z(An) — (in E) (as n — 00).

Moreover, if either of these statements is available, we have that
es(An) —5 es(N) x e,
where

z = lim z(\,) — z(}\)

n—oo

_ / eAdr) — lim | @ An(dz)
Uy

n—oo U1

= lim lim x Ap(dz) .

sedtyy VT JUsnty
Clearly, if 1€ C(\) then z=0.
Proof. For every n >1 we have that
es(An) = e(An) *e2(n,) -

Now we apply Theorem 2.4.12 (ii) together with Corollary 2.2.4 in order to
obtain the equivalence (i) <= (ii). As to the remaining statements of the
theorem we suppose that

es(An) =5
for some p € MY(E). But then lim, .. x()\,) exists, and
p= Tim () * a0)
=e(A) *€ m_2(0)
= es(A) * € lim_a(An)—z(X) -

The double limit representation of z = lim, o (A,) — () follows from
Corollary 3.4.4. O

Definition 3.4.7 A measure A € M?(E) is called a Lévy measure if
A+ A7 is a symmetric Lévy measure (in the sense of Definition 3.3.1).
The totality of Lévy measures will be abbreviated by L(E).

The following

Properties 3.4.8 of a Lévy measure A are proved similarly to those for
a symmetric one (see Properties 3.3.6).
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3.4.8.1 A\({0})=0.
3.4.8.2 For each § >0 we have that )\(EUg) < 00.

3.4.8.3 For (0n)nz1 in RY with 6, | 0 the sequence (e(/\|5"))n>1 18
relatively shift compact.

3.4.8.4 sup{ Io, (z,a)? N(dz) :a € V1 } < 00.

3.4.8.5 For (0n)nz1 in RY with 6, | 0 the sequence (e(/\|‘$"))n>1 18
Tw-relatively compact.

3.4.8.6 If 0 € M?(E) satisfies o < A, then o is also a Lévy measure.
The only properties deserving additional arguments are 3.4.8.3 and

3.4.8.5. For 3.4.8.3 we note that by Theorem 3.3.7 the sequence (e(A +
A7)[%) 1 s Ty-relatively compact. But since

e(A) < e((A+A7)*)

for all n > 1, the sequence (e(\|°")),>1 is relatively shift compact.
Property 3.4.8.5 is a direct consequence of Fact 3.4.5.1.
Theorem 3.3.7 can be extended to nonsymmetric Lévy measures.

Theorem 3.4.9 (Characterization of Lévy measures)
For any A€ M°(E) satisfying A({0}) =0 the following statements are
equivalent:

(i) N e L(E).
(ii) (a) For each a € E’

/|K(x,a)| Adz) < o0,

and

(b) there exists a measure &(\) € M*(E) such that

éS(/Y)(a) = exp (/K(x, a) )\(dx))
forall a€ E'.

(iii) There ezists a sequence (Ap)n>1 in MP(E) with A\, T\ such that
(es(An))n>1 is Tw-relatively compact.
(iv) For each 6 >0

(a) A(CU5) < oo,

and
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(b) for some (each) sequence (0n)n>1 with &, | O the sequence
(es(\[°"))ns1 is Tyw-relatively compact.

Proof. As the implication (i) = (iv) follows with the help of Properties
3.4.8, (iv) = (iii) is trivial, and (iii) = (ii) is deduced from Properties
3.3.6 (as in the proof of Theorem 3.3.7) by adapting the arguments to the
measures es(A) and the kernel K, it remains to show implication (ii) =
(i). For completeness we prove the full equivalence (i) < (ii).

(i) = (ii). Let X € L(E). From Properties 3.4.8.2 and 3.4.8.4 we
conclude that

/|K(x,a)| A(dz) < o0

for all a € E', since |K(z,a)| < i(z,a)> for all z € E satisfying
||| < 1. Moreover, choosing a sequence (d,)n>1 in RY with 4, | 0
and putting A, := A|°* for all n > 1 we obtain that

lim [ K(z,a) A (dz) = / K (x, a) A(dz)

for each a € E’. Now Property 3.4.8.5 can be employed in order to estab-
lish the 7y-convergence of the sequence (es(Ay))n>1 towards a measure
és(\) € MY(E) such that
@(a) = exp (/K(x, a) )\(dx))
for all a € E'.

(ii) = (1). Let A e M?(E) with A({0}) = 0 satisfy the conditions
(a) and (b) of (ii). Along with A\ also A~ satisfies (ii), hence the function

0 exp (/(cos(a:, &) —1) (A + A‘)(da:))
on E’ is the Fourier transform of the measure &s(\) * &(A~) € M1(E).

This proves (i). O

Definition 3.4.10 The measure &()\) € M (E) introduced in (ii) of The-
orem 3.4.9 is called the generalized exponential of the Lévy measure

A
Clearly, &5(A\) = é&(A) whenever A € Lg(E).

Properties 3.4.11 of the generalized exponential mapping.

3.4.11.1 The mapping & from L(E) into MYY(E) is an involutive
semigroup homomorphism, i.e.
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(a) L(E)+ L(E) C L(E), and
és()\l + /\2) = és()\l) * és()\g)
whenever A1, Ay € L(E).
(b) L(E)” C L(E), and

whenever A\ € L(E).

3.4.11.2 &(L(FE)) C EM(E), i.e. for every X € L(E) the generalized
exponential &s(\) of A\ is (continuously) embeddable with (continuous)
embedding semigroup (€s(N)¢)i>1 given by

8s(A)g 1= &(tN)
forall teR.
3.4.11.3 For any A, 2 € L(E) with A\ < A2 we have

8s(A1) < &(N2).
3.4.11.4 Let (A\n)n>1 be a sequence in MP(E) with X\, T A. Then

& (An) = es(An) =5 &(N).

3.4.11.5 For any sequence (Ap)n>1 in L(E) the sequence (&s(An))n>1
is Tw-relatively compact provided it is relatively shift compact.
3.4.11.6 For any sequence (Ap)n>1 in L(E) such that (&s(An))n>1 i
relatively shift compact the sequence (An|5)n>1 is Tw-relatively compact
whenever § > 0.

While Properties 3.4.11.1 to 3.4.11.4 are obvious (in particular with re-
spect to their analogs in the symmetric case), we need only note that Prop-
erty 3.4.11.6 follows from Theorem 3.3.3 together with Property 2.2.16.5,
and that Property 3.4.11.5 is a consequence of Theorem 3.3.4 in whose
proof the boundedness of the Lévy measures has not been used.

After all these preparations we are ready to approach the Lévy—Khinchin
decomposition. We start with the uniqueness of the decomposition whose
proof relies on a modification of Lemma 3.3.10 and Theorem 3.3.11.

Given A € L(E) and a € E' we introduce the measure A* by

N(B) = / (1 = cos(z, a)) A(dz)
B
for all B € B(E). From Properties 3.4.8.2 and 3.4.8.4 we infer that
X € MP(E).

Lemma 3.4.12 Let A,y € L(E) satisfying A\ = A\§ for all a € E'.
Then )\1 = )\2.
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Proof. The assumption yields the equality
(Aal)® = (haf)
for each 0 > 0 which, once
M= X

has been shown, implies that Ay = Ao. It suffices therefore to perform the
proof of the assertion for A, Ao € L(E) N MP(E). But in this case the
proof of Lemma 3.3.10 takes care of the remaining reasoning. O

Theorem 3.4.13 The generalized exponential mapping &s : L(E) —
MY(E) is injective. Moreover, let A\1,Aa € L(E) and z9 € E such
that

és()\l) = és(/\2) * Egq -
Then A =Xy and xo = 0.

Proof. We modify the arguments applied in the proof of Theorem 3.3.11
in the obvious manner. From the assumption we have that

&A1) (@) = &) (a)e! o)
for all a € E’. On the other hand
K(z,a+b)+ K(z,a — b) — 2K (x,a) = 2/ (cos(z,b) — 1)

whenever =z € E, a,be€ E’. Consequently
esp (2 / e (cos(e,b) — 1) Ma(da))
— exp (2 / 5 (cos(a, 1) — 1) Mo(d))

hence
o (a) — Ns(a) = imh(a, b)

with k(a,b) € Z for a,b€ E’. Butsince k(a,b) turns out to be 0 for
all b€ E' we obtain A} = )\, for all b€ E’, which by Lemma 3.4.12

implies that Ay = Ay and clearly zy = 0. O
Lemma 3.4.14 Let A\ € L(E). Then
lim t2 / K dr) =0

whenever a € E'.



122 The Structure of Infinitely Divisible Probability Measures

Proof. For each x € CU; we have |K(x,a)| <2, hence

lim tQ/CU ‘K(x,%)‘)\(dx)<2}i_r% 2ACU) =0 (a€E).
1

t—0

As a consequence of this it suffices to study the integral

/Ul K (x %) A(de)

for a € E'. If x € U; we have

a (w,a)?
K(03)] <55
’ O 212
and therefore
(x,a)
o () <
Tt 2

forall x € E, a€ E’ and t>0. On the other hand
lim 2K (m %) —0

t—0

forall x € E and a € E’. Property 3.4.8.4 enables us to apply the
dominated convergence theorem, and the assertion has been proved. O

Theorem 3.4.15 (Uniqueness of the canonical decomposition)
Let 01,00 € G(E), M, 2 € L(E) and z1,z2 € E such that

01 % 85(\1) * €5, = 02 % 85(A2) * €y, -

Then 01 = 02, A1 =X and x1 = To.

Proof. By Theorem 2.4.7 there exists for j =1,2 a mapping ¢; : E' —
R4 with the property
g (ta) = t*q;(a)
whenever ¢ € R such that g;(a) = exp(—g;(a)) for all a € E'. From
the assumption we deduce the equality
01(a) &(M)"(a) €z, (a) = 02(a) &(X2)" (a) €x, (a)
and by taking logarithms the equality

—qi(a) + /K(x, a) A1 (dx) + i{z1, a)

— —aa(a) + [ K(2,0) ha(de) +i(oaa)

valid for all a € E’. For given ¢t > 0 we now replace a € E’ by ¢
and multiply both sides of the above equality by t2. Taking limits for
t — 0 the limit relationship of Lemma 3.4.14 implies ¢i(a) = g2(a), hence
01(a) = p2(a) forall a € E’ and therefore by the uniqueness of the Fourier
transform that @1 = g2. Finally Theorem 3.4.13 implies that A1 = Ao

and z1 = xo. O
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Remark 3.4.16 If &(\) ey, € G(E) for some A € L(E) and z¢ € E,
then =0 and z¢ =0.

Theorem 3.4.17 Let (Ay)n>1 be a sequence in L(E) with
&(An) =5 pe MY(E).

Moreover, for every & € RY let there exist an n(0) € N such that
M (CU5) =0 for all n>n(5). Then

(i) pe G(E).
(ii) fi(a) = exp(—3limy—oo [(z,a)? Ay(dz)) whenever a € E'.

Proof. From Theorem 3.3.12 (iii) (obviously valid also for nonsymmetric
Lévy measures) we infer that

o= sup{/ (z,a)* \p(dz) :a € V7, nEN} < 00
Ui

For all a € E' and n > n(d) we therefore obtain that

/ (2, @) An (de) = / (2, @) An(dz) < adal? .
This shows that
lim |<x a)|> An(dz) =0 (1)

whenever a € E’. Along Wlth K we now consider the kernel M defined
by
1 2
M(x,a) := K(z,a) + §<a:,a>

foral z € E, a € E'. Tt follows from the Taylor expansion of the
exponential function that (1) implies

lim M(z,a) \p(dz) =0

n—oo E

for all a € E’. Now we employ Theorems 2.3.7, 2.3.3 and Corollary 2.1.16
in order to obtain that

Logji(a) = lim | K(z,a)A,(dz)

n—oo
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whenever a € E’. The mapping ¢: E' — R defined by

ala) =5 tim_ [ (@,0) Aa(do)

for all a € E' obviously has the property that
g(ta) = t*q(a)

valid for all a € E’, t € R. Consequently by Theorem 2.4.7 p € G(E).
O

Theorem 3.4.18 Let (Ay)n>1 be a sequence in L(E) satisfying
&s(\n) =5 pe MY(E).

Then there exist measures A € L(E), o € G(E) and an element z € E
such that

In particular,
(i) for every d € C(N\) we have that
Anl® S5 A,
(i)

n—oo

—2Log ¢(a) = lim lim sup/ (z,a)* N\, (dz)
510 Us

= lim lim inf z,a)% A\, (dz
i iminf [ (2.0 A ()

holds for all a € E', and
(iii) z admits a representation

z :/ x A(dx) — lim x Ap(dz)
U1ﬁCU§

n—00 Uy ﬂCU5

for 6 € C(A)N]0,1[ which also equals

lim lim x A (dz) .

510
seony 1 JUsnbt,

As a supplement we note that z=0 if 1€ C(N).



3.4. The Lévy—Khinchin decomposition 125

Proof. 1. (Construction of A). From the assumption we conclude that
the sequence (&s(An))n>1 is Tw-relatively compact, hence by Property
3.4.11.6 also (A\n|®)n>1 is Tw-relatively compact (in MP(E)). Next we
show that there exist a subsequence (A,/|°) of (An|®)n>1 and a measure
A€ M?(E) satistying A({0}) =0 and

A |2 25 N0

for each § € C(A\). But then Theorem 3.4.3 implies that (z(An]))n>1 is
relatively compact whenever 6 € C'(A\)N]0,1[, and we may assume without
loss of generality that

x(/\n’|6) — T§
for some x5 € E. From Theorem 3.4.6 we now deduce that
QSO‘n’VS) - GSO‘l(S) *Ezs s
where

zs 1 = x5 — 2(\)%)

= lim (/ x A(dx) —/ x/\n/(daj)> .
n/—o0 U1ﬂCU5 UlﬂCU5

In view of Corollary 3.4.4 zs5 is independent of § and hence can be named
z. We obtain

esAnr %) 75 es(A°) * e,
whenever ¢ € C(A)N]0,1[. Since
es(Anr|) * es(Awrls) = 12,
there exists a measure g5 € M1(E) satisfying
es(Anrls) == 05,
and from Corollary 2.2.4 we infer that
p=es(A) x 05 % e

as long as § € C(A\)NJ0,1[. For any sequence (J;);>1 in C(A) with
§; | 0 the sequence (es(A|%));>1 is relatively shift compact by Theo-
rem 2.2.7, hence Ty-relatively compact by Property 3.4.11.5, and by the
characterization theorem 3.4.9 we obtain that A € L(E) and that

es (A7) 5 & (M)
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as j — oo. Applying Corollary 2.2.4 once more we achieve the 7y-
convergence of the sequence (gs,);>1 towards a measure o € M'(E) and
the representation

In fact, since

as j — oo for a suitable subsequence (A, |%) we deduce from Theorem
3.4.17 that p € G(F) and hence the desired representation of p.
Now we show the remaining statements of the theorem.

(i). For an arbitrarily chosen ¢ € C(X) there exists a subsequence
(Mg )k=1 of (Ap)n>1 such that
AP 75 s € MP(E)

as k — oo. From Property 3.4.11.6 we infer that ()\n|5)n>1 is Ty~
relatively compact. Now we proceed in analogy to part 1. of this proof
with (es(An,))r>1 in place of (es(An))n>1 and achieve the representation

= és(/\(l)) * 9(1) * E,1) .

But then the uniqueness theorem 3.4.15 implies that A(Y) = X\, and again
considering subsequences we obtain that A; = A\|® as the unique accumu-
lation point of the 7y-relatively compact sequence (/\n|’5)n>1.

(iii). The proof runs in analogy to that of (i). We fix ¢ € C(A)N]0, 1],
observe that by Theorem 3.4.3 the sequence (z(A\,|°) —2(A\?)),>1 is rela-
tively compact in F, and passing to suitable subsequences together with
an application of the uniqueness theorem 3.4.15 yields

=28\ xoxe,
with
z:= lim z(\,|°) — z(A]°)

as asserted.
(ii). Foreach 6 € C(A\)NJ0,1[ we have the limit relationships

Al® 5 AP
and

2(al’) = 2+ 2(A).
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Hence we apply Theorem 3.4.6 and obtain
es(nl’) 7= es(A°) ¥ ez,
consequently with the help of Corollary 2.2.4
es(Anls) == o5 ,
where s has been introduced in part 1. of this proof. Then Corollary

2.1.16 yields

Log o5(a) = lim K(z,a) A\, (dz)

n—oo U5

for all a € E'. Given § > 0 and a € E’ we choose a subsequence
(A )k=1 of (Ap)n>1 such that

lim (z,a)?* \,, (d2) = lim sup/ (z,a)* A\, (dz) .
k—o0 Us n—oo Us
Clearly,
. 1
r(d,a) := lim (K(a:,a) + §<x,a>) An, (dz)

k—oo Us

is a well-defined element of C. But then
1
Log ds(a) = r(6,a) — 3 limsup/ (z,a)? \,(dz).
n—oo Us
Moreover, employing Theorem 3.3.4 a Taylor expansion argument yields
the estimate

[r(d,a)] < c(a)d

with a constant c¢(a) > 0, for all sufficiently small ¢ > 0. Taking a
sequence (d;);>1 in C(A) with 6; >0and d; | 0 we obtain

Log o(a) = Jim Log g, (a)

1
= —— lim limsup/ (z,a)* A\, (dz) .
2 J—7X n—oo Uéj

But obviously the function
0 — lim sup/ (z,a)? \,(dz)
n—oo Us

is increasing, thus (d;)j>1 can be chosen in R arbitrarily, and the first
equality in (ii) has been established. The second one is proved similarly. ]
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In the special case of bounded Lévy measures the preceding theorem
can be improved slightly.

Theorem 3.4.19 Let (\y)n>1 be a sequence in L(E) N MP(E) such
that

e(M\n) 25 p€ MY(E).
Then there exist uniquely A € L(E), o€ G(E) and xo € E satisfying
p=6s(\) % px ey .

Moreover, A and p admit the representations given in Theorem 3.4.18,
and

o= lim lim x Ap(dz) .
611  n—oo
seC(n) Us

Proof. Since
es(An) *E_z(An) o s

the sequences (es(An))n>1 and (z(\,)) are my-relatively compact and
relatively compact respectively. Indeed, one just applies Theorem 2.2.3 and
Fact 3.4.5.1. Let (A,/) be a subsequence of (A,) such that

es(Anr) ™ v e MY(E).
Then Theorem 3.4.6 implies that
x(Ap) — 20 € E,
and one obtains the equality g = v *xe_,,. On the other hand we infer
from Theorem 3.4.18 that
p==8(A) *x0xesz,
where A € L(E) with

/\|5 ‘= Tyw— lim /\n/|‘s

for § € C(A\) and
z:= lim z(Ay]%) —2(A°)

n’—oo

for 6 € C(\)N]0,1[. By Theorem 3.3.3 the sequence (An|°)n>1 1S Tw-
relatively compact, thus by the uniqueness theorem 3.4.15 we have

)\n|6 L A|6

as n— oo ((i) of Theorem 3.4.18).
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Moreover, the sequence (z(\,|?))n>1 is relatively compact by Theorem
3.4.3, hence the sequence (z(A\,]°) — #(A\y))n>1 has the same property.
Again applying the uniqueness theorem 3.4.15 we obtain

To:=2Z— 20
= lim (z(\|%) — z(\n)) — z(\%)
whenever ¢ € C(A\)N]0,1[. An application of Corollary 3.4.4 provides us
with the limit representation of z¢ ((iii) of Theorem 3.4.18).

Finally we prove the representation of — Log ¢ ((ii) of Theorem 3.4.18).
Let § € C(A\)N]0,1[. By assumption
e(Aal®) % e(Anls) = p.
But Theorem 2.4.12 (ii) implies that
e(Mal®) == e(A),
thus
e(Mnls) == vs € MY(E)
and
p=wvsxe(A)
(by Corollary 2.2.4). From
2(Aals) = 2(An) — 2(Aal’)
we conclude that
2(Anls) — =20 —2(A°)
hence that
es(Anls) =5 Vs % € _gy—a(n?) -
Now Theorems 3.4.18 and 3.4.15 applied to (es(Anls))n>1 instead of
(es(An))n>1 vield the equality
Vs % €_go—a(n)5) = €s(Als) * 0,
hence the assertion. ]
Theorem 3.4.20 (Lévy—Khinchin decomposition of infinitely divisible
measures)
Let p € I(E) with the sequence (fi1/y)n>1 of its n-th roots. Then

there exist measures X € L(E), o € G(E) and an element zo of E
such that

p=8s(\) % pxegyy .

Moreover, X\,0 and xo are uniquely determined and obtained as follows:
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(n,ul/n)|6 i) /\|6
for all 6 € C(N).
(i)
—2Log ¢(a) = lim lim sup n/ (z,a)? 1 yn(dz)
510 Us

n—oo

= lim lim inf n/ (z,a)? i1 jn (dz)
Us

§l0 m—oo

foralla € E'.
(i) o = lm lim n [, @ pui/m(de).

511 n—oo
s€C(N)

Proof. From the uniqueness of the roots p,,, of pu (Theorem 2.3.5)
we infer that for every n € N the measure

)\n = n(ul/n - ,ul/n({o})g())
belongs to L(E). But Property 2.4.10.2 tells us that
QS(nNI/n) = es(An) * e (n,ul/n({()})&‘o) = es(\n)
for all n € N, and Theorem 2.4.11 implies that
es(An) =5 g

In view of
Anl® = (npayn)l
/ (2,0)* Ma(da) = n / (2, 0)? i (da)
U,; U5
and

/(]533)\n(dx) zn/Uéa:,ul/n(dx)

valid for all a € E', 6 € R} (n € N) Theorem 3.4.19 implies the assertion.
U

Remark 3.4.21 In short Theorem 3.4.20 says that any p € I(E) admits
a Lévy—Khinchin representation of the form

fi(a) = exp {i(wo, a)y — %(Ra, a) +/ (ei<"”7y> —1—-i(z,a)ly, (x)) )\(dx)}

valid for all a € E’, where zy € E, R is a symmetric linear mapping
E' — E and X a Lévy measure.
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One observes that p is symmetric if and only if A is symmetric, and
in this case zg = 0.
On the other hand, if A satisfies the condition

/ ||;v||2)\(dx) < 00,
Ui
then the kernel
(z,a) — % — 1 —i(z,a)1y,

(formerly abbreviated by K) can be replaced by the classical more familiar
one
i(z,a) i<33, Cl>
T,a)r— e -1l — .
() T+ [l

In this case the measure v € I(E) given by

H(a) = eXp{— / (ei<f7a> - %) )\(dx)}

for all a € E' is a translate of & (\).



Chapter 4

Harmonic Analysis of Convolution
Semigroups

4.1 Convolution of Radon measures

We start with an adaptation of the concept of measure given in Chapter 1
to locally compact spaces E. Complex Borel measures p on E are
introduced as complex-valued o-additive set functions g on the Borel-o-
algebra B(E) of E having the property that u(B) is finite for each
relatively compact subset B of E. The totality of complex Borel measures
will be abbreviated by My(E). Notice that measures in My +(G) may
take on the value oo. For every u € My(E) one introduces the total
variation |p| of u by

() = sup { 3 Iu()] <111 < oo, i € B(E)
iel
for all i€ I, UBl-:B},
i€l
whenever B € B(FE). It is shown that |u| € My(E) and, of course,
|| = 0. pe My(E) is said to be regular if for every B € B(F)

|ul(B) = sup{|u|(K) : K € K(E), K C B}
= inf{|u|(0) : O € O(E), O > B}.

The symbol M(E) will serve as a short form for the set of all regular
complex Borel measures in E. Finally, for u € My(E) we set

[lall = 1l (E)

and recognize that the set

MP(E) = {p € M(E) : ||l < oo}

133
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of all finite regular (complex Borel) measures in E forms a normed
vector space over C, with (u,v) — p+v and pur— au as vector space
operations and || - || as the underlying norm. The following sequence of
implications

MY(E) ¢ M?(E) c ME(E) € ME(E) := M"(E)
starting with the set

MY(E) = {5 € M(B) : |lu] = 1}

of probability measures speaks for itself. As for the function spaces
applied in the sequel we have the sequence of implications of vector spaces

C°(E) c C°(E) c C*(E) c C(E),

where the corresponding symbols stand for the complex continuous func-
tions on F which have compact support, vanish at infinity, are bounded
and just continuous respectively. While C(E) carries the topology 7., of
compact convergence and C°(E) the canonical inductive limit topology,
CO°(E) and CP(E) are furnished with the topology of uniform conver-
gence. We note that C°(E)~ = C°(E). For any vector space B over C
the symbols LP(B) or L, (B) will denote the sets of bounded or positive
linear functionals on B respectively.

In the above described extended set-up of measure theory the Riesz rep-
resentation theorem takes on a more general form valid beyond the metric
case.

Theorem 4.1.1 There exists an isometric isomorphism

from MP(E) onto C°(E)* := LP(C°(E)) given by

/ Jdp
for all f € CE).
In fact, to every L € LP(C°(E)) there corresponds a unique p €
MP(E) satisfying L= L,, and

sup{|L(f)| - f € C°(B), /] = 1} = llull-

In particular, (MP(E),|-|)) is a Banach space over C.
It should be noted that a similar correspondence is available for the sets
L, (C¢(E)) and M (E) instead of L°(C°(E)) and MP(E) respectively.
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This correspondence justifies Bourbaki’s introduction of measures on
locally compact spaces E as continuous linear functionals on C¢(E). In
other words, M (FE) will be interpreted as the topological dual C¢(FE)" of
C°(E), and M(FE) will appear as the set of Radon measures on E.

Definition 4.1.2 For any v € My +(E) and p €]0,00[ one introduces
the Lebesgue space LP(E,v) of (classes of) p-times v-integrable complex-
valued functions on E and notes that LP(E,v) is a Banach space provided
p > 1, a Hilbert space for p =2, and that

LP(E,v) =C°(E)~
it ve My(E), ie.if v isregular. Here the closure of C°(E) is taken in
the p-norm topology of LP(E,v).

For u€ MP(E) and v € My (E) the Radon-Nikodym equivalence
is available: p is w-(absolutely) continuous if and only if there exists a
function f € L'(E,v) such that p = f-v. In particular, L'(E,v) is
isometrically embedded into MP(E), i.e.

ol = 1171,
for every pu € MP(E) of the form p:= f-v with f¢& LY(E,v).

On M(E) the vague topology 7, is introduced as the topol-
ogy o(C¢(E),C(E)) for the dual pair (C°(E)',C°(F)) arising from
the normed vector space C°(E). On MP(E) the vague topology
can be compared with the weak topology considered as the topology
o(CP(E)',CP(E)) for the dual pair arising from CP®(E). In fact, 7, is
finer than 7.

Proposition 4.1.3 For any net (fio)aca in ME(E) and any measure
ue ME(E) the following statements are equivalent:

(i) Tw—limg pro = .
(i) 7v—lima po = p and limg [|pall = |-

Proof. Tt suffices to show the implication (ii) = (i). Let (ii) be satisfied
for a net (ka)aca and a measure p in MY (E). We take a function
f € C°(E) and fix & > 0. Since p is regular, there exists a set
K € K(E) such that p(CK) < e. Now choose a function g € C°(E)
satisfying 0 < g <1 and g(z) =1 forall x € K. By assumption we
have

ligl/(l—g)dua=/(1—g)du
<u(CK) <e
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and
ligl/fgdua z/fgdu«

Consequently, there exists an «ag € A such that for all o € A with
a > g the inequalities

/(l—g)dua <e

}/fgdua—/fgdu} <e

hold. But this implies for all o« € A with « > «p that

| [ faua = [ rau <] [ radna— [ foau|+| [ 10 0)dua

and

+‘/f(1—g)du‘
<e(@+2[f1),
hence that
Tw—lim pg = . 0

It follows from Proposition 4.1.3 that on M?'(E) the topologies 7
and 7, coincide.

Further topological properties concern the 7,-metrizability of M, (E)
which holds if and only if E admits a countable basis of its topology, and
the 7,-compactness of M'(E) which is equivalent to the compactness of
E.

From now on let E := G be a locally compact Abelian group. For
every a € G the group translation = +— x+a can be extended to functions
f on G by

Tof(x) := fa(x) == f(z —a)

for all € G and to measures p on G by

Tu(u)(f) : = / f—al) p(de)

~ [ #+a)uian)
for all f e C°(Q).

Definition 4.1.4 A measure p € M, (G) is called a Haar measure on
G if p#0 andif p is translation invariant in the sense that

w(Taf) = u(f)
for all f e C°(G) and a € G.
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Theorem 4.1.5 On any locally compact Abelian group G there exists a
Haar measure.

Proof. 1. Producing the crucial functional.
In the following the space C°(G) is assumed to contain only functions
#0. For f, o€ CS(G) we define

(f:9) ::inf{ch:fQchcpzj for c1,...,¢c, € Ry
j=1 j=1

T1,...,Ty € G, n}l}

and derive the following properties

1) (f:o)=(Tyf:p) forall yedG.

2) (it fore)<(firp)+(fa:9).

(3) (cf ) =c(f:¢) forany ce€RZ.

(4) (fr:e) < (f ) whenever f1 < fo.

(5) (1 :0) > ,‘f

6) (f:9) < (f:9)(W:¢) forany e CL(G).

In these statements f, f1, fo and ¢ are functions in C¢(G).

In order to justify the above assertions it suffices to note that since the
compact support of f can be covered by a finite number N of translates
of the set

[re o) > 5lel},

H
(o) <2y

and hence (f :¢) is well-defined. While properties (1) to (5) are easily
verified, property (6) follows from the additional observation that for

[ < Z ¢j Ya;
=1
and
"r/) < Z d; Py
k=1

with the obvious meaning of the summands involved,

f<ZZ dk(p%JrUk

j=1k=1
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holds.
Now, we fix fo € C$(G) and define
_ U9
D= (e

whenever f, ¢ € C{(G). From properties (1) to (4) we deduce that
I, is invariant, subadditive, homogeneous, and increasing. Moreover, by
property (6) we obtain that

(7) (fol;f) < Lo (f) < (f: fo).

2. A preparative inequality.
We show that given fi, fo € C$(G) and € >0 there exists a V' € 0(0)
such that

Io(f1) + 1p(f2) S Lp(f1 + f2) +€

whenever supp(yp) C V.
In fact, let g € C$(G) such that g(xz) =1 for all x € supp(fi + f2),
and let § > 0. Moreover, let h:= f; + fo +dg and for i =1,2

g
h
with the convention that h; = 0 whenever h = 0. Then h; € C{(G),
hence there exists a V € 2(0) such that
|hi(z) — hi(y)| <0

for z —y eV (i=1,2). Now we take ¢ € C{(G) with supp(¢) C V.
If

h;

n

thcjgpwj

j=1

with the summands as described above, then
fi(x) = h(@)hi(z)
<Y ejpla —a;)hi(z)

<
I
—

NIE

< cj(p(ﬁ—xj)(hi(ﬁj)—f'(s),

<.
I
—



4.1. Convolution of Radon measures 139

since |hi(x) — hi(z;)] < 6 whenever x — z; € supp(yp). But we have
h1 + he < 1, hence obtain

(flﬁp)—f'(f ZCJ hl $j +5 +ZCJ hg {EJ)+5)

1 j=1

<.
I

NE

<

X

Cj(]. + 25) 5

<.
I
—

and taking the infimum over all sums of the form Z;;l ¢j, properties (2)
and (3) imply that
Io(f1) + 1o(f2) < (14 20) 1 (h)

(1+20) (1o (f1 + f2) + 01,(g))

holds. Finally, property (7) yields

20(f14 f2: fo) +0(1+28)(g: fo) <e

once ¢ is chosen sufficiently small, and this proves the assertion.

NN

3. The completion of the proof.

For each f € C{(G) let My denote the interval T f) ,(f fo)} arising
from property (7), and put M :=1I feci(g)M ¢. Clearly, M is a compact
space which by property (7) contains all mappings I, for ¢ € C{(G).
For each V € 0(0) let ¢(V) denote the closure in M of the set of those
I, for which supp(¢) C V. From

()e(V;) o c(ﬂ V;-)
j=1

for neighborhoods V; € U(0) we conclude that the system of sets ¢(V)
(V € 2(0)) has the finite intersection property, hence the compactness
of M secures the existence of an element I of M with I € ¢(V)
for all V € 2U(0) which implies that every neighborhood of I in M
contains mappings I, with arbitrarily small supp(¢). This means that
for any V € U(0), any >0, and all fi,...,f, € C{(G) there exists a
@ € C{(G) satisfying supp(yp) C V' and

[1(f5) — L. (fi)l <e

forall j =1,...,n. From properties (1) to (3) and part 2. of this proof
we deduce that [ is translation invariant, additive and homogeneous.
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Now, any f € C$(G) admits a representation f = g —h with
g,h € CS(G). If, in addition f = ¢ —h' with ¢',h" € C{(G), then
g+h' =h+g', hence

I(g) +I(W)=1I(h)+1I(q'),
and

1(f) = 1(g) = I(h)
yields a well-defined extension of I to a positive linear functional on C°(G)
which by the Riesz Theorem 4.1.1 is a Haar measure. O

Theorem 4.1.6 For two Haar measures p and v on G there exists a
constant ¢ € RY  such that

v=cu.
Proof. Let ge C°(G) with [gdp=1. Then, putting
c ::/ g(—z) v(dz)
G

we obtain for any f € C°(G) that

/G fdv= /G 9(y) (dy) /G f(@) v(da)
- /G 9(y) (dy) /G f(o + ) v(da)

=c [ fdpu,

hence that v = ¢ . In the above chain of equalities the Fubini theorem was
applicable since the integrands of the double integrals belong to C°(G x G).
U

Convention 4.1.7 Since by Theorem 4.1.6 Haar measure is unique up to
a multiplicative constant, one talks about the Haar measure of G and
denotes it by w = wg.
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Properties 4.1.8

4.1.8.1 w is positive on non-emptly open subsets of G, i.e. w(O) >0
for all O € O(G), O #0.

4.1.8.2 w is inverse invariant, i.e. w(—B)=w(B) forall B € B(G).

Definition 4.1.9 A pair (p,v) of measures in M(G) is said to be
convolvable if the integral

/ £ + 1) 1 ® v(d(z, 1))
GxG

exists in C for every f € C°(G). In this case the mapping

= flz+y)pev(dry))
GxG

is a continuous linear functional on C¢(G), hence a measure in M(G)
(=2 C°(G)’); it is called the convolution of p and v and is denoted by
W v,

In the case of convolvability the convolution viewed as a mapping

(V) = pxv

from M(G) x M(G) into M(G) yields a commutative and associative
operation.

The following result subsuming various useful properties of the convo-
lution is easily proved.

Theorem 4.1.10 Any pair (p,v) in MP(G) x MP(G) is convolvable,
and together with convolution p* v and norm || -| the space MP(G)
becomes a commutative Banach algebra with €y as (convolution) unit ele-
ment. In particular,

s vl < el vl

whenever p,v € MP(G).
Moreover, the Banach algebra MP(G) is involutive with respect to the
involution p— p™~ given by
p(f) = u(f~)
for all f € C(G), where f~ = f* with f*(x):= f(—x) forall z €G.
Here, the properties defining the involution read as follows

~

poT =
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(uxv)~ =v~xu™, and

™= el
whenever p,v € MP(G).
For measures p,v € ME(G) the support formula
supp(p * v) = (supp(u) + supp(v))~
holds.
Definition 4.1.11 Applying the convolution to measures of the form p :=

f-wg for fé€ LYG,wg) one obtains a convolution in L*(G,wg) which
for f,g € LY(G,wg) is given by

£r9@) = [ Fle = o) wald)
whenever z € G.

Clearly, together with this convolution and the norm | - ||; the space
LY(G,wg) becomes a closed ideal of MP(G) and therefore also a commu-
tative Banach algebra with involution.

MP(G) and LY(G,wg) are called the measure algebra and the
group algebra of G respectively.

While MP(G) has a unit &9, L'(G,wg) has a unit only if G is
discrete.

For functions f, g in an arbitrary Lebesgue space LP(G,wg) (p €
[1,00]) the convolution fx*g is introduced by

Frat@) = [ fa=vatweldy)
provided that
|11 = vgwlwata) <
for all z € G.

Proposition 4.1.12 For each f € LP(G,wg) (p € [1,00[) the mapping
x = fo from G into LP(G,wg) is uniformly continuous.

Proof. Let f e LP(G,wg) and let € > 0. Since C°(G) is dense in
L?(G,wq), there exists a function g € C°(G) such that

9
- < —-.
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Let K := supp(g). From the uniform continuity of g we deduce the
existence of a neighborhood V € 20(0) such that

9
— Oz < e —

for all x € V. Therefore
€

lg = gellp < 5

and hence
1f = fellp < If = 9gllp + 9 = gallp + l9e — fallp <€
whenever x € V. Finally we note that f, — f, = (f — fy—z)sz, so that
I fo = fyllp <e

whenever y—xz € V. (]

Proposition 4.1.13 Let i be a neighborhood system of 0 € G. For
each U € Ml let Yy be a measurable function on G with compact support
supp(Yr) C U such that Yy >0, Y =v¢u and [y dwg =1. Then

If * o = fllp =0 as U — {0}
for all f e LP(G,wg), pe€[l,o0f.

The family {¢y : U € 4} is said to be an approximate identity in
LP(G, wg).

Proof. By Proposition 4.1.12 we choose U € il such that

If = fyll, =0 as U — {0}

whenever y € G. But for each h € LY(G,wg) (where ¢ is conjugate to
p) Fubini’s theorem and Holder’s inequality imply

| [ vw = o] < bl [ 17 = £yl ) wo(dy)
G G

and therefore

|\wa—f||p</U||f—fy|\pwU<y>we(dy>

<sup [|f = fyll, = 0 as U — {0}
yeU
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4.2 Duality of locally compact Abelian groups

Generalizing classical Fourier theory for Euclidean spaces, two settings can
be chosen in order to establish the appropriate analysis: locally convex
vector spaces FE, the structure underlying Chapters 1 to 3, and locally
compact Abelian groups G, the structure to remain the basis of discussion
in the subsequent chapters 4 to 6. The counterpart of the linear dual of F
will be the group of continuous characters of G.

Definition 4.2.1 Any homomorphism x: G — T is called a character
of G.

The set G” of all continuous characters of G forms a group under
addition in the sense that for y,p € G the sum is given by

(x + p)(z) == x(z) p(z)

the inverse —x of x by

whenever z € G.
In view of the duality between G and G” to be discussed at a later
stage, G is called the dual of G.

In the sequel we shall show that G”* can be furnished with a topology
that makes it a locally compact group so that G and G” belong to the
same category of objects and consequently G := (GM)”" can be formed.

Theorem 4.2.2 There exists a one-to-one correspondence between the
dual G" of G and the space M(L'(G,wg)) of all nonvanishing mul-
tiplicative linear functionals on the group algebra L'(G,wg) of G given
as a mapping

X Tx

with
x(f) 3:/GdewG

for all f e LYG,wg).
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Proof. 1. The mapping f — 7,(f) is obviously linear. Moreover it is
multiplicative, as follows from the following sequence of equalities valid for
all f,g€ LY(G,wg) and x € G:

r(f +g) = /(f  9)(2) X(@) we(dz)

/ a(dx /fy y)wa(dy)

=/g(y)x(y)wc(dy)/fy(ﬂr)x(—x+y)wc(dx)
= Tx(f) Tx(g)~

The nonvanishing of the mapping f — 7,(f) follows from 7, (f) #0 for
some f € L'(G,wg), since |x(x)] =1 forall = € G. One concludes
that 7, € M(L'(G,wg)).

2. Now, let 7€ M(L'(G,wg)). Since LY(G,wg) = L®(G,wg)* and

7 is a bounded linear functional with ||7|] = 1, there exists a function
p € L*(G,wg) with [|¢|| =1 such that
= / fedwa
G

for all f € LY(G,wg). For f,g € L'(G,wg) we have
[rinigeduc = () 7l9)
=7(f*g) = /(f*g)@dwc

:/gde/fy r) we(dz)
_ / 9()7(fy) wa(dy),

consequently

() ely) = 7(fy) (1)

for wg-a.a. y € G. It follows from Proposition 4.1.12 that the continuity
of 7 implies the continuity of y — 7(f,) for each f € L'(G,wg).
Choosing f € L'(G,wg) such that 7(f) # 0 we deduce from (1) that
¢ is wg-a.e. continuous. Hence ¢ can be assumed to be continuous, and
(1) holds for all y € G.
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Now we replace y by x4y and then f by f, in (1) in order to
obtain

T(f) ez +y) = 7(fory) = 7((f2)y)
=7(fz) ely) = 7(f) (x) o(y)

and consequently

oz +y) = o(z) e(y)
for all z,y € G. In particular, ¢* = ¢~ 1. Since |¢| <1 it follows that
|o| =1, hence that ¢ € G" andso 7= 7,.
3. As for the uniqueness of ¢ we just note that

() = 7o (f)
for x,p € G and all f € LY(G,wg) implies that

x(z) = p(x)
for wg-a.a. z € G, but since Yy, p are continuous functions, even for all
z € G. O
For every f € L'(G,wg) the function f = F(f) defined by
f(X) =7y (f)

for all y € G" is said to be the Fourier transform of f.

In terms of Gelfand’s theory as described in Appendix C f is the
Gelfand transform of [ and f — f the Gelfand mapping F on
LY(G,wg). The space M(L'(G,w¢g)) identified by Theorem 4.2.2 with
the dual G™ of G can be interpreted as the Gelfand space A(LY(G,wg))
of LY(G,wg). Since A(LY(G,wg)) is alocally compact space with respect
to the weak topology induced by the set

A(G") == LY G, we)",

G" is also a locally compact space. This topology 7q, sometimes named
the Gelfand topology on G”, admits a neighborhood system of xg € G
of the form

Vfl,---,fnﬁ(xo) = {X S GA : |.]?l(X) - E(XON <e¢ forall i= 1a s 777,},
where fi,..., fn € LY(G,wg) and & > 0.
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From the Gelfand theory we obtain the following essential

Properties 4.2.3 of F.

4.2.3.1 A(G") is a selfadjoint subalgebra of CO(G”) which separates
G, hence

AGM ™ =0%aM).
4.2.3.2 F is a norm-decreasing involutive homomorphism of the group

algebra L*(G,wg) into C°(G").

Theorem 4.2.4 The dual G of a locally compact group G is again a
locally compact group.

Proof. Since we already know that G”* is an Abelian group and a locally
compact space with respect to the Gelfand topology 7¢ it remains to be
shown that the mapping

(X:p) = x—p
from G" x G" into G" is continuous.

1. We prove that the mapping

(z,x) — x(z)

from G x G* into C is continuous.
First of all we note that for every f € L'(G,wg) and = € G

F200 = f() x(2)
holds whenever x € G”. Thus it suffices to show that
(2, %) = folx)

is continuous on G x G" for every f € LY(G,wg). So, take g € G,
Xo € G and ¢ > 0. There are neighborhoods V € Ug(rg) and
W € Ber(xo) such that

Ifo = faoll <e

as well as

| Foo(X) = o (x0)| < €

whenever z € V, x € W. This follows from Proposition 4.1.12 and from
the continuity of f;, respectively. But since

| Fo () = Foo O] < fe = Faoll
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we obtain

| F(X) = fao(x0)| < 2¢
whenever x € V. and x € W, hence the assertion.
In the following two parts of the proof we shall employ the compact
open topology T, in G”.

2. For compact K C G and r >0 the set
Vir ={x€G":|x(z)— 1| <rforallz e K}

is an open subset of G".

In fact, we choose a compact subset K of G, an r > 0 and a
Xo € Vk,». Part 1. of this proof implies that for every xg € K there exist
neighborhoods V € Bg(ro) and W € Vaa(xo) such that |x(z)—1] <r
forall x € V, x € W. Since K is compact, finitely many of these sets
V' cover K, hence the intersection W{ of the corresponding sets W is
a subset of Vi ,. Since Wy € Bar(xo), Vi, is open.

3. The family consisting of the sets Vi, and their translates generate
the topology 7o of G”.

In order to see this we pick a neighborhood V' of x¢ € G and show
that xo + Vi, CV for some choice of K € K(G) and r > 0. Without
loss of generality let xo = 0. From the definition of the Gelfand topology
7¢ in G" we deduce the existence of functions fi,...,f, € L'(G,wg)
and of € > 0 such that

{xeae": |fix) = Fi(0)| <l c V.

But now C¢(G) is densein L'(G,wg), so we may assume that fi,..., f
vanish outside a compact subset K of G. With the choices

maxigi<n || fill1
and x € Vg, we get
.00 - Fi0)] < /K (@) — 1] 1fi(@)] wa (da)
<rllfilh <e,
hence that Vi, C V.
4. The statement of the theorem now follows from the inclusion

(X+Vikz)—(p+ Vi) Cx—p+ Visr
valid for all x,p € G" and any Vi, € Bga(0). O
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Definition 4.2.5 From the proof of Theorem 4.2.4 we learn that on G =
A(LY(G,wg)) the topologies 7¢ and 7., coincide. Therefore we may
consider G” as a locally compact Abelian group furnished with either of
the topologies 7q or 7.,. G will be called the character group or the
dual (group) of G.

Since the norm of the spaces LP(G,wg) for p € [1,00[ is invariant
(with respect to translation in G) we have

I1f* gl < [1£12 119l
whenever f € L'(G,wg) and g € LP(G,wg), ie. L'(G,wg) operates
linearly by means of g+— fxg on LP(G,wgq).
Let ||f|lz denote the norm of the corresponding operator defined on
L*(G,wg) by f € LYG,wg). Then, clearly,
£l < I f1lx s

and

I1f *gllz < [[fll7 lgll2
for all f € LY(G,wg) and g€ L*(G,wg).
The completion of L'(G,wg) (or C¢(G)) with respect to the operator

norm | - ||z is called the extended group algebra of G and will be
denoted by A(G).

Properties 4.2.6 of A(G).

4.2.6.1 A(G) is a commutative Banach algebra containing L'(G,wg) as
a subalgebra.

4.2.6.2 A(G) is an algebra of normal operators on the Hilbert space
L*(G,wg) and hence a commutative C*-algebra.

4.2.6.3 A(G) admits a unit element if and only if G is discrete.
4.2.6.4 For any f€ A(G) and x € G we have

Ixfllr = [ fllr-
For the Gelfand mapping F : f — f on A(G) we quote the following

Properties 4.2.7

4.2.7.1 F(A(G)) is a subalgebra of C°(A(A(G))).

4.2.7.2 F is a norm and involution preserving isomorphism from A(G)
onto C°(A(A(Q))).

4.2.7.3 AAG)) 2 G".
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For the proof of 4.2.7.3 we take f € L'(G,wg) with f # 0. By
Property 4.2.7.2 there exists 7/ € A(A(G)) such that 7/(f) # 0 for all
f € A(G). Now apply Theorem 4.2.2 in order to obtain x; € G" such
that

7()= [ Iide.
For any x € G we put
()= (00 =00 = [ Fedeg
whenever f € L'(G,wg). Since
IT(A) = 17" ((x1 = x) )l

<O =x)fllr = £z
for all f € L'(G,wg), T can be uniquely extended to A(G). Clearly,
appears to be an element of A(A(G)).

Let Ax(G) and A3(G) denote the subsets of classes of | - | r-
Cauchy sequences that contain at least one |- |- or |- ||2-Cauchy sequence
respectively. In the sequel Ao (G) and A(G) will be viewed as subsets
of A(G). As(G) will also be considered as a subset of L?(G,wg).
Properties 4.2.8 of the spaces As(G) and As(G).
4.2.8.1 A(G) * C°(G) C A2(G)
4.2.8.3 A(Q)*C°(Q) * C°(G) C A (G)
4.2.8.4 If f e AG) such that f isreal or f >0, then f(0) is real
or f(0) =0 respectively.

The proof of Property 4.2.8.1 follows for f € A(G) of the form

F=1-lle- tim f,
with a sequence (f,)n>1 in L'(G,wg) from the inequalities

[ g = fm * glla <[ fo = finllz llgll2

and

[ g = frm* glle < | fn = Fallr l9llr

valid for n,m > 1.
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Similarly, Property 4.2.8.2 is implied by the analogous estimates

lfn* gn — i * gl < | (fro = frn) * gnll + | frm * (90 — gm) |l
< fr = Fnllz lgnllz + 1 frll2 |gn — gmll2

and

[ fo * gn = fm * gmllr < |1 fo = fllr lgnllr + (| fmll7 |9 — gmll7 -
Property 4.2.8.3 follows from Properties 4.2.8.1 and 4.2.8.2 with the help
of C°(G) C A2(Q).

Finally, as for Property 4.2.8.4, we assume f 0. Since by Property
4.2.7.2 the Gelfand isomorphism f — f from A(G) onto C°(G") is

involution invariant, \/} = ¢ yields a hermitian function ¢ with gxg = f.
This implies that

£(0) = g % g(0) = / 9(—9)g(y) weldy) = / o) woldy)

— [ s wotn) = [ o) eatn) >

The case of f € A(G) such that f is real follows from the decomposition
f:=g—h, where g,h € A(G) with g,h > 0.

The aim of the following discussion is the proof of Pontryagin’s funda-
mental theorem stating that any locally compact Abelian group G can be
identified as a topological group with its double dual G””*. On the way
to this goal we shall establish two useful tools of harmonic analysis: the
inversion formula for Fourier transforms and the Plancherel isomorphism.

Lemma 4.2.9 Let f e A(G) such that f e CS(G"), andlet ¢ > 0.
There ezist functions f1, fo € Aoo(G) salisfying
(i) fi. fa € Co(GM),
(i) fizf>=fo, and
(iil) f1(0) — f2(0) <e

Proof. (i). Let C :=supp(f). There exists a neighborhood U € U (0)
such that
h(x) - 1] <e

for all he C{(G,U) with [,hdwg =1 and for all x € C. In order to
see this one just chooses

U={zeG:|x(z)—1<e foral xeC}.
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Consequently there exists a go € C{(G) with go(x) > 1 forall x € C,
and for each § >0 thereisa ge C{(G) satlsfymg
146>2g(x)>1-

whenever y € C. Now we define

fi:=f*(g+dgo0)

and

fa:=f*(g9—g0).
Since there exist h,ho € C°(G) such that gy = ho*hy and g =hx*h"™,
we obtain that fi, fo € Aw(G). And clearly, fi, fo € C¢(G").
(ii) follows from

fi=Ffa+0fgo>f1-0+08)=f
and

f=F0+5-8)>fa—5fa=F.
(iii). Obviously,

J1(0) = f2(0) = 26 f * go(0) .
But
(f 90)" = fgo >0

implies f *go(0) > 0. A proper choice of ¢ yields the assertion. |
Theorem 4.2.10 (Inversion)

Let f € Aoo(G) with f e C(G"). Then a Haar measure wgr on G"
can be chosen such that for all x € G the inversion formula

f@)= | f x(@)wen(d)

G/\
holds.

Proof. For every fe A(G) with fe C$(G") we introduce

F(f):=sup{g(0): § < f. f € Au(G)}

= inf{h(0) : >f, heAo(G)},
where the equalities defining the mapping F : C¢(G") — C are justified
by Lemma 4.2.9. Obviously F' is additive and positive homogeneous on

C$(G"). Since ReC®(G") is a vector lattice, F' can be extended to a
linear functional on Re C°(G”") and hence on C°(G").
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Obviously F' is positive, since for every f € A (G) with f>0 we

have F(f) = f(0) > 0.

Moreover, F # 0. In fact, there exist an f € A(G), f # 0 with
fECYGN) anda g€ C°(G) with h:= fxg € Ay(G) and h #0. But
then ¢:=h=*h™~ € Axo(G) and therefore

F(0) = £(0) = hxh™(0) = [[h]3 # 0.

In order to show the translation invariance of F' it suffices to note that
for every x € G/

fx = (Xf)A
and
x(0) £(0) = £(0).
But then there exists a Haar measure wgs € M4 (G") satisfying
F() = [ F00we @)

for all f e A(G) with fe C(G").
For f € Ax(G) with f e C°(G") we have

F(f) = f(0),
hence
f(z) = f-2(0) = F(E)
:/ =z (X) wan (dx)
G/\
:/ FOO x(@) wan (dx)
G/\
whenever z € G. -

Theorem 4.2.11 (Plancherel)

(i) A2(G) is dense in L*(G,wg).

(i) The mapping f v f from As(G) in CO(G) is an isometry onto
a dense subset of L?*(G",wgnr) which can be extended uniquely to an
isometry from L?(G,wg) onto L*(G",wgn).

(iii) For f,g € L*(G,wg) we have

f@mp/ﬁwm.
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Proof. From Properties 4.2.7.2 and 4.2.7.3 we deduce the existence of a
dense subset M of A(G) with M" = C¢(G").
1. We show that the set
N:={fxg:feM, geC(G)}
is dense in L?(G,wg). Since N C A3(G), we therefore obtain that Ao (G)
is dense in L?(G,wg).
For the proof let f € L?(G,wg) and let & > 0. First of all there is a
g € C°(G) with ||f —g|| <e, and for this ¢ there exists an h € C°(G)
with [lg*h —g|l2 < e. Next, for h there exists a k € M such that
[k — k|lT < e. Our assertion now follows from the inequality
[ksg—Fflla<lkxg—hxglla+[hxg—glla+Illg—Fl2
<|[k=hlrllgllz+e+e
<ele+Ifllz2+2).

2. For every f & N we obtain that f e C(G") and fx f~ € Aso(G).
Applying the inversion formula 4.2.10 the equalities

113 = | 1T dwe = 1 5~0)
— [ ) dve = [ Fdue <1713
GA GA
show that f+— f is an isometry on N. But this isometry extends to an
isometry from A>(G) into L*(G",wgn).

3. For the statements (i) and (ii) it remains to be shown that A2(G)" is
dense in L?(G",wg).

In fact, let ¢ € L*(G",wg) with [, p¢dw =0 for all ¢ € As(G)".
Then

/ X@EdWGA =0
GN

whenever Y € G, thus (p¥)" =0 and hence ¢y =0 wgn-a.e. Since
for each xo € G there is a ¢ € A2(G)" such that ¢ # 0 in some
neighborhood of xg, % = 0 wg-a.e., the asserted density property has
been shown.

4. For the proof of (iii) it suffices to refer to the well-known identity
4fg=\f + 9" = |f =g +ilf +igl* = i|f —ig|*
valid for all f,g € L*(G,wg). O
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Theorem 4.2.12 The group algebra L'(G,wg) is regular, i.e. to every
proper closed subset C of G and to every x € C¢ there exists an
f € LYG,wg) suchthat f(C)=0 and f(x)#0.

Proof. Let C be a proper closed subset of G”. We shall show that
there exists a function 1 € L1(G,wg)” satisfying (C) =0 and ¥(x) # 0
for x € U:=0C. Let x =x1+x2 with x1,x2 € G”". Then there are
open sets U; and Us with x; € Uy, x2 € Uz and U; +U; CU. Now
we choose functions f,g € L?(G,wg) with the properties f,g¢€ CL(GM),
fx1) #0, g(x2) #0, f(CUL) = §(CUz) = 0. Applying (iii) of Theorem
4.2.11 we have

(f9)" =f+*4,
hence 1 := (fg)" satisfies the desired conditions: ¢ € LY(G,wg)",
Y(C) =¢(CU) =0 and ¢(x) # 0. O

Theorem 4.2.13 (Pontryagin)

Let G be a locally compact Abelian group with dual and double dual groups
G and G"" respectively. For every v € G let Q, : G — C be defined
by

Qu(x) = x(x)
for all x € G™. Then the homomorphism € :G — G defined by
O(z) :==Qy

for all x € G is a topological isomorphism.
In short: G = @.

Proof. 1. Q as amapping from (G,7) into (G"",7e) is continuous.
In fact, it is sufficient to show that € is continuous at 0 € G. Let C
be a compact subset of G* and e > 0. Then the set

Vo ={xeG" :|x(x) -1 <e forall xeC}

is a neighborhood W € Ugan(0). By Part 1. of the proof of Theorem
4.2.4 the mapping (z,x) — x(z) from G x G" into C is continuous.
Since C is compact, the set

Vi={zeG:|x(x)—1 <e forall xeC}
belongs to V(0), and Q(V) C W.

2. Q is open.
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It is to be shown that to each U € L(0) there exist a compact subset
C of G" and an >0 such that

Ix(z) =1 <e
for all xy € C' implies that = € U.
In fact, we choose g € L?(G,wg) with ||g|]la =1 such that
Hg - gw“ <1

implies x € U. In order to see this, pick V € Ug(0) with V2 C U.
Moreover, take g € L2 (G,wg) with supp(g) C V and |g|l. = 1. If
x ¢V then supp(g) Nsupp(g,) =0, hence

lg—gzll2 > llglla=1,

and we have a contradiction.
Next, let f € LY (G,we) with |[f]1 =1 satisfying the inequalities

1
If*9—gll2<3
and
1
1f * 9o — gall2 < 3"
The triangle inequality immediately implies that
1

1f %9 = f*gall2 < 5

yields x € U. But since

Ifxg—Ff*gulla=If*g— faxgl2
=1(f = fe) * gll2
<f = felrs

we may continue the reduction procedure and obtain that
1
17 = fullr < 5

yields z € U.
Moreover, we have that

If = fallr = sup{[7(f — fa)| : 7 € A(A(G))}
Thus, the inequality

(ol < 5
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valid for all 7 € A(A(G)) implies z € U. But

[7(f = fo)l = [T (F)] Ixr () = 11,

where X, denotes the character associated with 7 by Property 4.2.7.3.
Now applying Property 4.2.7.1 we obtain that f := 7(f) € C°(G"), thus
there exists a compact subset C' of G” such that x, ¢ C implies that

1
< —=.
(Dl < 5
Now, choose ¢ := 3II}HT’ and let € G be such that
Ix(z) =1 <e
for all x € C. Then
1
|T(f - fm)| < g

holds for all 7 € A(A(G)) and consequently x € U.

3. Q(G) is dense in G".

Once we have shown this it will be clear that Q(G) as the image
of a locally compact and hence complete group G is itself complete and
therefore closed in G*”. The proof of the theorem will then be terminated.

Assume that Q(G) is not dense in G"*. Then by Theorem 4.2.12
there exists a ¢ € LY(G",wgn) with ¢ # 0 satisfying @(Q(z)) =0 for
all x € G. Since ¢ #0, thereisa g€ A(G) such that

| #t0it0wen @0 #0.

But C°(G) is dense in A(G), hence there also exists an h € C¢(G) such
that

| et0htowen (@) #0

On the other hand, by assumption we have
| et0itowen @ = [ et / wa(dm)wm ()
= [ r@)( [ o008 00we (@0 )wa(da)
— [ h@)3(@t) wolds) =0,
G

which is the desired contradiction. O
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We draw a few consequences from Pontryagin’s duality Theorem 4.2.13.
Theorem 4.2.14
(i) G is compact if and only if G 1is discrete.
(ii) G s discrete if and only if G" is compact.
Proof. An application of Theorem 4.2.13 reduces the proofs of (i) and
(ii) to those of (i") and (ii’) below.
(i) If G is compact, then G is discrete.

The only subgroup of T whose elements z satisfy |z —1| < v/3 is the
trivial one. Therefore the set

VG’ﬂZZ{XEGAI|X(3})—1|<\/§ for all z € G} = {0}
is a neighborhood in YgA (0). But this means that G is discrete.
(i) If G is discrete, then G is compact.

It follows from the assumption that the function fy on G defined by
fo(0) =1 and fo(x) =0 forall x € G with z # 0 is a unit of the group
algebra L'(G,wg). Consequently, by Preparation C.4.2 A(LY(G,wg))
and by Theorem 4.2.2 also G is compact. O

Definition 4.2.15 The Fourier(-Stieltjes) transform [ of a measure
we MbG) is given by

00 = | X utae)
for all y € G".
The Fourier mapping
F=Fq: MP(G) — C"(G")
is given by
Fp) =i
for all pu € M°(QG).

Properties 4.2.16 of the Fourier mapping.

4.2.16.1 F maps MP(G) into the space C*(G") of uniformly contin-
uous bounded functions on G™.

4.2.16.2 F is a norm-decreasing homomorphism of involutive algebras.
4.2.16.3 F s injective.
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By the isometric embedding of the group algebra L!(G,wg) into the
measure algebra MP(G) analogous properties remain valid for the restric-
tion of F to LY(G,wg). In particular MP(G) and L'(G,wg) are
semisimple Banach algebras.

Proof. We content ourselves with the proof of 4.2.16.3. By Pontryagin’s
Theorem 4.2.13 it suffices to show the injectivity of the inverse Fourier

mapping
F:MP(G") — CP(@)
defined by
Fp) =
for all e MP(G"), where

(@) = For(a) = [ (o) n(ax)

whenever z € G.
So, let € MP(G") such that i =0. For every f¢& L'(G,wg) we

have
” fdp= /GA </ij“(x) wc(dx)> p(dx)
= [ r@wo(an) [ 3@ utn =o.

Since A(G”) is dense in C°(G") by Property 4.2.3.1 we obtain that

/gduzO
G

for every g € C°(G”) which implies that u = 0. O

The following functorial properties of the duality of locally compact
Abelian groups will be useful for its application to harmonic analysis.

Properties 4.2.17 Let G and H be locally compact Abelian groups and
let ¢:G— H be a continuous homomorphism. For every x € H" let

¢"(x) = xop€G".
Therefore, with the notation of Theorem 4.2.13,
Qe (9" (X)) = Qo) (X)

whenever x € G, x € H®. Moreover, ©” is a continuous homomorphism
HN — GM.
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Indeed, the duality " is a contravariant functor in the category of
locally compact Abelian groups (together with continuous homomorphisms
as morphisms).

For any subset M of G let

Mt ={xeG":x(x)=1 forall ze& M}
be the annihilator or orthogonal complement of M.

Clearly M* is a closed subgroup of G”. From Pontryagin’s theorem
4.2.13 we infer that M1+ := (M+)% is a closed subgroup of G. For
N C M onehas M+ c N, and M c M++ which implies

MJ_ B (MJ_J_)J_ — (MJ_)J_J_ B ]\41.7
hence M+ = M+++,
4.2.17.1 The closed subgroup [M]~ generated by a subset M of G
coincides with M*+.

It is clear that Gy := [M]~ C M*+. For the remaining inclusion we
consider the canonical projection 7 from G onto G/G; and take an
element z ¢ G;. Since G separates G (by the Pontryagin theorem
4.2.13) there exists x € (G/G1)" such that yorm(x) # 1. Hence yomw € G"
with xom(y) =1 forall y € M but xyow(x)#1, so v ¢ M++.

As an immediate consequence of this property we note that
4.2.17.2 the mapping

H— H*
is a bijection from the class of closed subgroups of G onto the class of
closed subgroup of G”.
4.2.17.3 (G/H)" and H* are (canonically) isomorphic locally compact
Abelian groups.
Again we define for every x’ € (G/H)" the character xy € G" by
X() =x'(y + H)
whenever y € G. The mapping x' — x from (G/H)" into G" serves
as the desired topological isomorphism.

It follows
4.2.17.4 that H" is isomorphic to G"/H*.

One just has to observe the identifications

G/\/HL ~ (GA/HL)/\/\ ~ (HLL)/\ — H/\ .
4.2.17.5 H is a compact subgroup of G if and only if H* is open in
G".

This statement follows from Property 4.2.17.4 together with Theorem

4.2.14.
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Examples 4.2.18 of locally compact Abelian groups and their duals.
4.2.18.1 (RHN 2 R? so R? is self dual for any d > 1.
4.2.18.2 (TH" =72 ford > 1.

4.2.18.3 (ZHN =T? for d > 1.

In order to establish these identifications the characters of the under-
lying groups have to be exhibited, and the Gelfand topology has to be
recognized as the natural topology in each case.

In this context we mention the evident fact that

4.2.18.4 for locally compact Abelian groups Gf1, ..., G, the identification

n A n
< 11 Gi> =~[]ar
=1 =1

holds.
This property helps to see further special dualities once one accepts the
validity of the following fundamental structure results.

Theorem 4.2.19 Let G be a compactly generated locally compact Abelian
group.
Then

G2RIx7Z°x K,
where d,e >0 and K is a compact Abelian group.
From this theorem follows without difficulty

Theorem 4.2.20 (Pontryagin, van Kampen)
For every locally compact Abelian group G there exists an open subgroup
G1 of G of the form

GlngXK,

where d >0 and K denotes a compact Abelian group.
If, in addition, G is connected, then

G2RYx K,
where d >0 and K s a connected compact Abelian group.

For a proof of these assertions the reader is referred for example to
Guichardet [32].
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4.3 Positive definite functions

The constituents of this title are important tools of the harmonic analysis
of locally compact Abelian groups. For the first definition and its basic
properties we note that a matrix A = (a;;) € C™*™ is said to be positive
hermitian if for all ¢q,...,¢, € C

n
Z Q5 C;Cj >0.
ij=1
If B = (bj;) € C"*" is another positive hermitian matrix, then so is the

product AB = (d;;), where d;; := ay;b;; forall 4,j=1,... n.
Now let G be a locally compact group.

Definition 4.3.1 A complex-valued function ¢ on G is called positive
definite if for all n > 1 and all zq,...,2, € G the matrix (p(z; —z;)) €
C™*™ is positive hermitian.

The totality of positive definite functions on G will be abbreviated by
PD(G). At a later stage we shall exclusively employ the set CPD(G) :=
PD(G)NC(G).

Properties 4.3.2 of a function ¢ € PD(G).
4.3.2.1 ¢~ =¢ and |p| < p(0), in particular ¢ is bounded, and

sup [o(z)] = ¢(0) .
zeG
4.3.2.2 For any z,y € G we have

lo(z) — o(y)]* < 20(0)(0(0) = Rep(z —y)) .
4.3.2.3 If ¢(0) =1, then

lo(z +y) — p(@)e@)* < (1= le(@)*) (1 - o))

4.3.2.4 If Rey is lower semicontinuous at 0, then ¢ is uniformly
continuous.

For proofs of these properties we consider specially chosen positive her-
mitian matrices.

Clearly, ¢(0) > 0. Moreover, for every x € G the matrix

lw(o) ()
px)  ¢(0)
is positive hermitian. This fact takes care of Property 4.3.2.1.
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Next, we consider the case n =3, i.e. for any z,y € G we look at the
matrix

©(0) o(x) o(y)
p(z) ©(0) o(r —y)

ely)  plr—y) (0)
under the assumption that ¢(x) # ¢(y) we choose for A € R the complex
numbers c¢; =1, ¢z = Ap(z) — o(y)|(p(x) — p(y))~1, and c3 := —ca.
The positive hermitian property of the above matrix yields the inequality

©(0)(1 4 2X%) + 2X[o(z) — @(y)| — 2\ Rep(z —y) = 0

valid for all A € R, and since the discriminant of the polynomial in A
occurring in this inequality is < 0, we obtain Property 4.3.2.2.
In order to show Property 4.3.2.3 we observe that a positive hermitian

matrix of the form
1 Z1 Z2

Z1 1 z3

has a determinant > 0, hence
L+ 21023 + 212073 2= |21]2 + |22] + |23]2
or equivalently,
|23 — Z1zo]> < (1 — |21 ?) (1 — |22]?).

Applying this inequality to the matrix in terms of ¢ and employing Prop-
erty 4.3.2.1 implies the assertion.

Concerning Property 4.3.2.4 we note that from the assumption follows
that Rey is continuous at 0. This is a consequence of the equality

{z € G:Rep(z) €]p(0) —,0(0) + [}
={z € G:Rep(z) > p(0) —c}
together with Rey < |p| < ¢(0) (Property 4.3.2.1). But then Property
4.3.2.2 provides the remaining argument.

4.3.2.5 Let H be an open subgroup of G andlet o € CPD(H). Then
the function ¢qo defined by

po(z) = {go(x) if x€ H

0 otherwise
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belongs to CPD(G).

For the proof of the positive-definiteness of ¢y we pick a finite set F
in G and foreach z € F, let ¢, € C. Theset F intersects only finitely
many distinct cosets wy; + H,...,w, + H of H. With the notation
Fr:=Fn(wy+ H) for k=1,...,n we then obtain

Z Z <P0( Csz—Z Z Z cxcy,

zeF yeF k=1 xz€F) yEF}

S Y - e
cEF, yeFy
ST 3T elle—wi) — (y — wi))eaty

z€F, yeF)

> > o= v)cutuCotu, = 0.

u€EFy—wy vEF, —wy

where

Clearly, ¢¢ extends ¢ continuously.

Properties 4.3.3 of the set PD(G).

4.3.3.1 The set PD(G) 1is closed under formation of complex conjugates
and real parts.

4.3.3.2 The constant function >0 on G belongs to PD(G).
4.3.3.3 PD(G) s closed under formation of products.

4.3.3.4 PD(G) is a convex cone closed with respect to the topology Tp,
CPD(G) is a convex cone closed with respect to T, (in C(Q)).

Only Property 4.3.3.3 requires an argument, and this has been quoted
at the beginning of the section.

Examples 4.3.4 Besides the constant function > 0

4.3.4.1 all characters x of G are elements of PD(G).
This follows from the inequalities

Z x(x; —xj)cic; = ZX(%)C >0
ij=1 i=1
valid for all n>1, z1,...,2, € G and cy,...,c, € C.

On the other hand

4.3.4.2 any positive definite function ¢ : G — T is a character of G, as
is evident from Property 4.3.2.3.
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4.3.4.3 The inverse Fourier transform of a measure p € M»(G") belongs

to CPD(G).
In fact, forall n>1, z1,...,2z, € G and ci,...,¢c, € C we have as
in 4.3.4.1 . . )
> it =)o = [ |3 xawe udn) >
ij=1 i=1

hence i € PD(G). The continuity of i follows from Proposition 4.2.16.1.
The converse of this property is the statement of

Theorem 4.3.5 (Bochner)
For every ¢ € CPD(G) there ezists a unique measure 3 := 3, € M>(G")
such that
FB)=F=e.
B is said to be the Bochner measure of . It satisfies ||B|| = ¢(0).
Proof. 1. We first show that ¢ € CPD(G) is of positive type in the
sense that it satisfies
[ peduc =0
for all f € C°(G) and, since C°(G) is dense in L'(G,wg), also for
all f e LY(G,wg). For agiven f e C°(G) the function F on G x G
defined by
F(a,y) = f(x) f(y) p(z —y)
for all (z,y) € GXG belongs to C°(GxG), hence is uniformly continuous.
For K :=supp f we have suppF C K x K, and K x K can be covered
by finitely many open sets U x U such that the variation of F on each
of these sets is less than a prescribed e > 0. By neglecting overlaps we
therefore obtain a partition {En,...,E,} of K and 2y € E; (I=1,...,n)
such that |F(x,y)—F(x;,2;)| < e whenever (z,y) € E;xE; (i,7,...,n).
But then

/ (F* * Fpdw = / F(z, y) we(dz) we(dy)

Z / F(z,y) we(dz) we(dy)

1,j=1

(i, zj) wa(Ei)wa(Ej) + R

E;) f(zj)wa(E;) o(zi —xj) + R

-2
-3 s
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where

>

4,j=1

|R| =

/V/EV(F(x,y)—F(mi,xj))wg(dx)wg(dy) <5wg(K)2.

Since by the positive definiteness of ¢

n

Y fawalB) flz) wa(E)) pla; —a;) 2 0

3,J=1
and e was chosen arbitrarily, the assertion has been proved.

2. Next we construct a linear functional
f / of dwg

on the Fourier algebra A(G") = L'(G,wg)”". Without loss of generality
we assume that ¢(0) = 1. From the Schwarz inequality we deduce that
the positive Hermitian (sesquilinear) form

(f,9) = [f 9l = /w(f* *g) dwg
on LY(G,wg) satisfies

|[fvg]90|2 < [fmf]@ [gag]w

for all f,g € L*(G,wg). Letting g run through an approximate identity
{y U ey} in LYG,wg) with

Vo f—f (in LY(G,wq))
(Proposition 4.1.13) we obtain that

[7/)U7f]<p—>/g0fdwg as U — {0}.

But along with {¢y : U € U} also {¢f; xyy : U € U} is an approximate
identity in L'(G,wg). In fact, if suppyy C U then supp(¢j; * ¢y) C
U—-U, and

2

[t e = [ due| =1.

It follows that
2

Usofdwc < U fls
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for all f € L'(G,wg). For the function h := f* x f we have h* =
Applying the above inequality to the functions f, h, h® := hxh, h(3) =

h*hxh, ...we obtain
[erase| <| [ondue
/(ph(z) dwg

2

N

N

/N
\

€

=
[ V)

o

€

Q

< I,
where ||¢]lcc = ¢(0) =1 has been applied. Now we infer from Theorem
C.6 that
™)) 2n ~ L ~ 1 ~
Jim [[n)) 7 7T = A& = AP = e

Thus the mapping f — [¢fdwe induces a linear functional
fr / ¢fdwa
on A(G").
3. Since by Property 4.2.3.1 A(G") is dense in C°(G”) this linear
functional extends to a linear functional F on C%(G") with ||F| <1

We now apply the Riesz representation theorem 4.1.1 in order to obtain a
measure v € Mb(GA) with ||v|| <1 satisfying

n=[fa= [[ 1@ @ v woln)

for all f e Ll(G wg) or equivalently
o) = [ x(a)v(dy)
for all o € G, hence ¢ = for B:=v*. From 1= ¢(0) = 3(G") <

I8]] <1 we conclude that B3(G") = ||8] = 0 so that 8 € MP(G"). The
desired representation of ¢ has been established. O

Remark 4.3.6 Replacing G by G” and applying the Pontryagin theorem
4.2.13, Theorem 4.3.5 can be rephrased as follows: The Fourier mapping
F := Fg is a bijection of the cone MY (G) onto the cone CPD(G"). In
particular, F maps the convex set M?!(G) onto the convex set {¢ €
CPD(G") : p(0) = 1}.
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We may now deepen our knowledge about this bijection by proving that

Theorem 4.3.7 F is a homeomorphism of the cone (MY (G), ) onto
the cone (CPD(G"),Tco).

Proof. Let (fa)aca be anetin MP(G) such that
fia =5 1€ MY(G).

Then, clearly,

~ A

fia (X) = fi(x)
for all y € G.

1. At first we show that for each € > 0 there exists a V € Uga(0) and
there exists an «g € A such that for all o > ag and for all x1,x2 € G?
with x1 — x2 € V the inequality

lfia(Xx1) = fla(x2)| < €

holds.

In fact, let & > 0 be given, choose § > 0 such that (3 + ||u||) <
and then pick ¢ € C$(G) with 0< ¢ <1 and [(1—¢)dp <4. Slnce
o —5 11, there is an ag € A such that the inequalities

lttall < llull +1

/(1—@)dﬂa<5

are satisfied for all a > ag. Now let V' be a neighbourhood in g~ (0)
of the form V := Vyuppy,s. For a € A and x1,x2 € G with a > ay,
X1 — X2 €V we obtain

i (x1) — fia(x2)| < / (@) — x2(2)] 1o (da)
< / 11— (1 — x2)(@)] 9(2) pra ()
+ / 11— (v — x2)(@)] (1 — 9(2)) pra ()

5/ uadx+2/|1— 2)| o (da)
5l +1) +26 <

and
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2. Next we show that

Tco ~

oo = fi-

Let K be a compact subset of G, and let & > 0. We choose g and
V' as above, and by taking the limits along « it follows that

li(x1) — ilx2)| < e

whenever x1,x2 € G" satisfy x3 —x2 € V. Since K is compact, there
exist X1,...,Xn € K such that K C [J;_,(x; + V), hence there exist
a1,...,an € A with

o (xi) — p(xi)| < €

forall a>«; (i=1,...,n). Let a* € A be chosen such that a* > «;
for i =0,1,...,n. Then, for y € x;,+V and «a > o* we obtain the
estimate

e (X) = AOO] < [Aa(X) = Ba(Xa)] + [fia(xi) — £(x)] + [A(G) — A0
<3¢

and hence that

sup |fa(x) — A(x)| < 3¢
xeK

which is the desired statement.
3. 'We now suppose that
fra T
and show that
Ha - M.
From the hypothesis follows that
lim 1| = lim i (0) = (0) =[]

Therefore, as a consequence of Proposition 4.1.3 it suffices to verify the
limit relationship

Ha > .
For ¢ € C$(G) and ¢ >0 we choose fe C°(G") such that
I = Farfll <e.
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But then

‘/wdua—/wdu‘ < ’/(@—fmf)dua

+‘/fmfdua—/fmfdu‘

+ ’/(fmf - @)dﬂ‘

el el + 1l
+ [ 100 = 4001 7 0] war (@),
hence by assumption
lim sup /wdua —/wdu‘ < 2ellp|
which implies the assertion. U

Theorem 4.3.8 (Sequential continuity of the Fourier transform)
Let (pn)n>1 be a sequence of measures in MP(G), and let ¢ be a
complex-valued function on G” which is continuous at 0 € G such that

fin(x) = #(x)
for all x € G™. Then there exists a measure p € M_?(G) with 1=
such that

Hn - .
Proof. Clearly, fi, € CPD(G") for all n > 1. From Property 4.3.3.4
we infer that
o= lim f, € PD(G"),
and Property 4.3.2.4 yields that ¢ € C(G"), hence ¢ € CPD(G"). Now

we apply the Bochner theorem 4.3.5 and obtain a measure p € MP(G)
satisfying fi = ¢. It remains to be shown that for all ¢ € C$(G")

lim wdun:/wdu.
As in part 3. of the proof of Theorem 4.3.7 with
[ = Farfll <e

for € >0 and f € C°(G") we establish the inequality

/¢dun—/wdu

< elanll + 1) + /G i () — A001 100 wan ()

But the dominated convergence theorem implies

hm/mn — A0 1F (0 won (dx) =0,

hence the assertion. O
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4.4 Positive definite measures

We proceed to the study of Fourier transforms of not necessarily bounded
positive definite measures on a locally compact Abelian group G. Our next
aim will be to prove an analog of Theorem 4.3.7 for nonnegative positive
definite measures on G.

Some measure-theoretical supplements will facilitate the comprehen-
sion.

Definition 4.4.1 A measure p € M(G) is said to be shift bounded if
px C(G) C C*(@) .

It is easily seen that p is shift bounded if and only if the set {To(u) : a €

G} of translates of p is 7y-bounded.

Properties 4.4.2
4.4.2.1 Along with p also p* and p~ are shift bounded measures.
4.4.2.2 If p is shift bounded, also |p| is shift bounded.
4.4.2.3 Any pair (u,v) consisting of a shift bounded measure p and a
bounded measure v is convolvable.
4.4.2.4 A measure p € M4 (G) is shift bounded if and only if for each
set K € K(G) the function

x— u(K +x)
is bounded.

Only Properties 4.4.2.2 and 4.4.2.3 deserve an argument. Concerning
Property 4.4.2.2 we look at the inductive limit representation

C°(G) = lim C°(G,K)
KeK(G)
in the sense of Appendix B.4. Suppose that f € C¢ (G, K). Then for any
g € C°(G) with |g| < f we have
[ glloe < Ckllglloe < Ckllflloo
where Ck is a constant > 0. In particular we obtain for all z € G that

ul f(z) = / () dlid
= sup

/(9*)1 du‘
lgI<f

= sup [u*g(z)]
lgI<f
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which says that |u| is shift bounded.
As for Property 4.4.2.3 we just note that for each f € C{(G) we have

J ([ s+l i = [+ D eitan) < oo,

since |u*|* f is a bounded function on G.

Definition 4.4.3 A measure p € M(G) is said to vanish at infinity if
px C(G) C CU(Q).
With the obvious notation M*®P(G) and M>(G) for the measures
defined in 4.4.1 and 4.4.3 respectively we note that
MP(G) c M®(G) c M*"(G).
Examples 4.4.4

4.4.4.1 The Haar measure wg of G belongs to M*"(G), and
4.4.4.2 wg € M>®(G) if and only if G is compact.

Properties 4.4.5

4.4.5.1 For p € M®®(G) the linear mapping f +— pux f from C°(G)
into CP(G) is continuous.

4.4.5.2 Moreover
wxC°(G) C CY(G)
whenever p € M®(G).

While Property 4.4.5.1 is an easy consequence of Appendix B.6 (closed
graph theorem), Property 4.4.5.2 requires a proof. Given ¢ > 0 and a
compact symmetric neighbourhood Vy € Ui(0). Then Property 4.4.2.4
implies that

= sug|u|(% —supp(f) +z) < o0.
S
Since f € C*(G), there existsa V € U(0) with V C Vy such that

£

F@) ~ F)l < =
for all z,y € G with x —y € V. But for such z, y it follows that

x F() — px F(w)] < /|f<x—z)—f<y—z>| (d2)

g
< Elul(Vo —supp(f) + ) <e.
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As a motivation for the notion of positive definite measures on G we note
that a function ¢ € C(G) is positive definite if and only if it is of positive
type in the sense of the inequality

[etrsdua >0
valid for all f € C°(G). (See part 1. of the proof of Theorem 4.3.5.)

Definition 4.4.6 A measure p € M(G) is called positive definite if
for all f € C°(G) one has

[eranzo

The set of positive definite measures on G will be denoted by My(G).

Obviously M,(G) isa 7y-closed cone in M(G) which is stable under
formation of reflections and complex conjugates.
As first

Examples 4.4.7 of positive definite measures we mention ¢y and wg.

Facts 4.4.8

4.4.8.1 For a function ¢ € C(G) such that ¢ wg € M,(G) it is
necessary and sufficient that ¢ € PD(G).

4.4.8.2 If for pe€ M(G) the pair (u,u™) is convolvable, then px*up™~ €
My (G).

4.4.8.3 If ¢ € CPD(G) with Bochner measure 3 € MY (G"), then for
any [ € C°(G) the function @ x* f* [~ belongs to CPD(G) and has
Bochner measure |f|?- 3

In order to see this we show that the inverse Fourier transform of the
measure |f|?-3 € MY(G") is ¢= f* f~, and this in turn follows from
the subsequent computation valid for all z € G:

For(f12- 5 (x XWf )wc(dy))ﬁ(dx)
( [xwsere-y wc(dy)>ﬁ(d><)

/ o)f * (& — ) we(dy)
= px fx ().
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With this statement as a motivation we proceed by looking at the positive
definiteness of functions p* f* f~ with measures p instead of functions

®.
Proposition 4.4.9 Let pe€ M(G).

(i) pe My(GQ) if and only if px* f*f~ € CPD(G) forall fe C%G).
(ii) If p€ My 4+(G) = Mp(G)N M4 (G), then p€ M™®(G).

Proof. (i). Let p€ My(G) andlet f,ge C°(G). Then px* fx*f~ €
C(G), and

Jurssiangdoe= [+ 9+ (9 duz0
The statement preceding Definition 4.4.6 implies that px f* f~ € CPD(G).

Conversely, if px f* f~ € CPD(G) for all f e C°(G), then pux* fx*
f~(0) > 0 which says that

[ anzo

for all f € C°(G), hence that p € My(G).
(ii). Let p € M,4(G) and f € C$(G). There exists a function
g € C$(G) such that f < gxg™~. It follows that
px f<pxgxg™,
where p*x g g~ € CPD(G) (by (i)) and hence bounded. Consequently
p f € CP(Q), ie pe M®G). O

Theorem 4.4.10 (Existence of generalized Bochner measure)
Let e My(G). There exists a unique measure (3 € M(G") such that
for all f € C(G) the following conditions hold:

DS |f|2d|ﬂ| < 0.
( ) p fx fo(x) = [ x(@)|f(x)]?B(dx) whenever z € G.

B s called the generalized Bochner measure associated with .

Proof. We first note that by Proposition 4.4.9 (i) px* f* f~ € CPD(G)
forall f € C°(G). Now Theorem 4.3.5 provides us with a Bochner measure
Bf € MP(G") satisfying

pox fx f~ =By
Since for f,g € C°(G)
(1f1780)" = px fx [~ x g% g™ = (191°85)"
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the uniqueness of the Bochner measure yields

|F1785 = 131°Bs - (1)
Given 3 € M(G") with the properties (i) and (ii) of the theorem one has
1?8 =5y 2)

whenever f € C°(G). From this we see that the evaluation G(h) of
at h is uniquely determined for every h € C°(G"). One only chooses
g € C°(G) with g # 0 on supph (by applying Property 4.2.3.1) and
observes that

h

where # denotes the function in C°(G") given as

o {300 #0
0 otherwise.

So, given g € C°(G) with ¢ #0 on supph, B(h) can in fact be defined
by the integral representation above, since by (1) this is easily seen to be
independent of the choice of g. Clearly, h +— [(h) is a positive linear
functional on C°(G”), hence by the Riesz representation theorem 4.1.1
B € My(G"). It remains to show that [ satisfies the conditions (i) and
(ii) of the theorem. For this it suffices to establish the equality (2).
Indeed let h € C°(G"), choose again g € C°(G) with g #0 on
supp(h) and apply again (1) together with the definition of 3. Then the
equalities
£12
||f |2h as,

/ FPhds =
G/\ G/\

an 191

= [ hag
G/\

= @

1| dBy

Il
N

imply the assertion. O

Theorem 4.4.11 For any measure p € M(G) the following statements
are equivalent:

(i) 1€ My(G).
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(ii) There exists a measure o € My (G") such that

/ frfdu= [ Faffdo 3)
whenever f € C(G

If (ii) 4s fulfilled, then o is the generalized Bochner measure (3, associated
with .

Proof. (ii) = (i). Let p be a measure in M(G) for which there exists
o € Mi(G") satisfying the equality (3) valid for all f € C°(G). Then
obviously g belongs to M,(G). We now fix f € C°(G) and z € G.
With f replaced by f* (ii) yields

J1iedo = [ 15T ap <.

i.e. condition (i) of Theorem 4.4.10. Moreover, polarization of the equality
in (ii) implies

/f*gwdu=/7cf7fcgda

whenever g € C°(G). Replacing f by f, and g by f shows that
condition (ii) of Theorem 4.4.10 is fulfilled and therefore o = S.

(i) = (ii). If conversely p € M,(G) then the generalized Bochner
measure [ associated with p (by Theorem 4.4.10) satisfies the equality
(3) for each f € C°(G). One needs only replace f by f* and specialize
condition (ii) of Theorem 4.4.10 to x = 0. O

Corollary 4.4.12 The mapping p+— (3, from My(G) into My(G")
established in the theorem (and envisaged to serve as a generalization of the
Fourier mapping) is injective.

Proof. Suppose that measures p,v € Mp(G) admit the same generalized
Bochner measure 3. By the theorem we have that

[rerau=[fera

for all f € C°(G), and by polarization we immediately obtain

[reqan=[reg v

whenever f,g € C°(G). Letting ¢ run through an approximate identity
in C°(G) (see Proposition 4.1.13) we achieve that

[ran= [ rav

holds for all f € C°(G), ie p=wv. O
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Consequences 4.4.13 of the preceding discussion.
4.4.13.1 If p € My(G) then B, € M®(G"). If, in addition, p < wg
then B, € M>(G").
We show the first statement. Clearly,
XU+ f7) = ()« ()™
for all x € G", f € C°(G). Replacing f by Xf in (3) this implies

/ X@)f * () ul(da) = / FOx - 0 Bu(de)

= Bu* [f17(0)-
We observe that
B 1P = ((f = 7))
is a bounded function, since (f* f~)-u € MP(G). But for every compact
C C G" there exists a function f € C{(G) satisfying 1o < f (which
is a consequence of Property 4.2.3.1), or for every function ¢ € C$(G")
there exists a function f € C¢(G) with 1 < |f|%, hence B,xv¢ € C*(G")
for all ¥ € C$(GM).
4.4.13.2 Let p € M,(G) with generalized Bochner measure 3, and let
¢ € CPD(G) with Bochner measure B,. Then ¢-pu € My(G), (Bu,Bys)
is a convolvable pair, and
Bu * Bo = Bo-u -
From 4.4.13.1 we infer that £, € M**(G"). For every f € C¢(G) we
have

[ etars = utar) = | (f 1@ [x@) de))u(dx)

:/(/xf*(xf)wd/ﬁ)ﬁsa(dx)
_ / ( / |?G<xf)|2dﬁu)ﬂw(dx>

= / |.7:Gf|2(x + 0) Bu(de) By (dx),

and since the last double integralis > 0, ¢-p € M,(G). The rest follows
from Theorem 4.4.11.

4.4.13.3 Given p € My(G) with generalized Bochner measure (3, we
have that T\ (B3,) = By for all x € G" if and only if x =1 on supp(p)
for all x € G".
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In fact, for x € G", By = ey, hence fy., = ey *f, = T\, by
Consequence 4.4.13.2. But now Corollary 4.4.12 applies and yields that
T, (B,) = B, if and only if x -p = p holds. This statement, however, is
equivalent to x =1 on supp(u).
4.4.13.4 Since €9 € Mp(G), Consequence 4.4.13.3 implies that

Beo = wn
hence by Theorem 4.4.10 that
Frf @ = [x@IF0P ()

forall fe€C(G) and x € G. In particular, for © =0 we obtain

/ (@) wolda) = / FOOP Bald)

and hence that B, = wgn.
We have regained the classical version of the Plancherel theorem.

Theorem 4.4.14 For any measure u € MP(G) the following statements
are equivalent:

(i) 1€ My(G).
(i) f(x) =0 for all x € GM.

If any of these equivalent conditions is satisfied then
Bu=f-w
Proof. (i) = (ii). For pu€ MP(G) we have |a(x)| < |/u||, hence
J1760PIaGO wen (@0 < el [ 1F00P wen (@) < o0

whenever f € C°(G). From Consequence 4.4.13.4 (with 3, replaced by
wanr) we infer that for all f € C°(G) and z € G

jox [ f () = / (@) F OO0 won (dx) (4)

holds. Thus the measure [i-wgs fulfills the conditions (i) and (ii) of
Theorem 4.4.10 since p € M,(G), B, = - wgr and therefore §, > 0.
It follows that 4 > 0.
(ii) = (i). If conversely i >0 then (4) implies that

[ 157 du= [ Fet(oPat)wen @ >0

for all f € C°(G), hence that p € My(G). O
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Definition 4.4.15 For any measure p € My(G) with associated Bochner
measure (3, € My(G") the generalized Fourier transform of p is
given by

F(p) = Fe(p) == By

Clearly, the generalized Fourier mapping F = Fg : My(G) —
M (G") is additive, positive homogeneous and injective, the latter prop-
erty following from Corollary 4.4.12.

In analogy to Theorem 4.3.7 we now prove

Theorem 4.4.16 F¢ is a homeomorphism of the cone (Mp +(G), )
onto the cone (My . (GN), 1) with Fg' = Fgn.

Proof. 1. Fg maps CPD4(G) into M, +(G"), and
Rescpp, (6) FarFa = idcpp, (@) -
In fact, let ¢ € CPD4(G) with Bochner measure [ := Fge. Then
FarB(z) = FarB(—z) = p(—2) = p(z)

whenever z € G. Theorem 4.4.14 implies that € My +(G”), hence the
assertion follows.

2. Now we show that
FoMp +(G) € My 4(G").

Let p € M, +(G). Given an approximate identity {¢y : U € 4} in
C°(@) for which necessarily

Yy we 5 o
or
Yy =51 as U — {0}

holds (Theorem 4.3.7), for every U € 4 the function 9y, = p* Yy * ¥y
belongs to CPD.(G), hence

Fevu,u = |1ZU|2 - Fap € My 4(G).

This implies that

/g % g™ o[ d(Fap) =0
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forall g€ C°(G") and all U € l. For U — {0} this yields

/g *g~ d(Fep) 20

for all g € C°(G"), and this shows that Fgu € M, +(G").
3. Next we prove that FarnFg =id (on M, 1 (G)). Let pe M, +(G),
{Yv :U e} and Yy, (U € i) be asin part 2. of this proof. Applying
Consequence 4.4.13.2 with G replaced by G” we obtain on the one hand

Far(Fapuu) =Far (vl - Fan)

=Yu * Yy * FarFal,
on the other hand with the help of part 1. of this proof
Far(Fauu) = Yu,u
=Yy * Py *
since ¢y, € CPDy(G) for all U € 4. Consequently
Yu * Yy x FarFap = Yu g * p

forall U € 4 and in the limit as U — {0} the desired identity FarFaou =
1.

4. It remains to be shown that Fg is a homeomorphism. For the
purpose of that proof it is sufficient to verify the continuity of the Fourier
mapping Fg : My +(G) — My +(G"). Employing part 3. of this proof
and interchanging the roles of G and G” yields the final statement.

Let (pta)aca be anetin M, 1 (G) such that

fia —= 1 € My 4 (G).
It is easy to see that this implies
fro % f o [~ 2% ok fx f
for all f € C°(G). By Theorem 4.3.7
s 212 _ BT ~
Tw i1g14|f| Felia = Tw il&fg(ua x [ f~)
=Falp=f*[f7)
= |fI*Fan.

Now, for any ¢ € C¢(G") we choose f € C°(G) such that f(x)# 0 for
all x € supp(¥). The function

) e ¢
X — hix) == {%2 if f(x)#0

0 otherwise
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belongs to C°(G"). Then

lim / WP A(Fana) / WFI? A(Fop)

which implies

hm 1/)d ]-"Gua /’l/)d ]-"Gu
and hence that

FGMaL’fG//“ O

On the way of showing that Haar measures wp of closed subgroups
H of G are positive definite we are starting by studying the invariance
set of a measure on G.

Definition 4.4.17 A measure p € M(G) is said to be a-invariant with
invariance point a € G if

[L%Eq = L.

The totality of all invariance points of g which obviously is a closed
subgroup of G, will be called the invariance group of pu.

Both notions are also employed for functions f € C(G) by considering
f as the measure fwg.

The invariance groups of g and f are denoted by Inv(u) and Inv(f)
respectively.

Finally, u € M(G) is said to be H-invariant for some subset H of
G if H CInv(p).

Clearly, for any closed subgroup H of G Haar measure wgy of H
(viewed as a measure in M (G)) is H-invariant (with supp(wgy) = H).
If € MP(G)\ {0} then Inv(u) is a compact subgroup of G.

In fact, there exists a function f € C°(G) such that g := pu=* f # 0.
For any xo € G with g(xg) #0 we obtain the inclusion

zo +Inv(p) C {x € G:g(x) =g(x0)}-
Since MP(G) € M>=(G), the set {z € G : g(z) = g(x0)} is compact,
hence Inv(u) is compact.
Properties 4.4.18 of invariance groups.
4.4.18.1 For measures p € M®(G) we have that

Inv(p) = (supp(f1))*
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and
Inv(f2) = (supp(p))* -

We only argue in favour of the first equality. By the injectivity of the
Fourier mapping (Property 4.2.16.3) a € G is an invariance point of p if
and only if

x(a)i(x) = ilx)
for all x € G and this in turn holds if and only if x(a) = 1 for all
X € supp(/1) which says that a € (supp(1))*.
4.4.18.2 For functions ¢ € CPD(G) with Bochner measure [, €
M?(G™) we have that

Inv(p) ={z € G: p(z) = ¢(0)}
= (supp(f,)) " -
At first we infer from Property 4.4.18.1 that
Inv(p) = (supp(8;))*
= (supp(8,)) ™" -
Now, any invariance point of ¢ satisfies p(z) = ¢(0). On the other hand,
it o(x)=¢(0) for x € G then Property 4.3.2.3 implies that

el +y) = ely)
whenever y € G. But this yields z € Inv(p).

4.4.18.3 For measure pu € My(G) we have that

Inv(u) = (supp(Fp))*
and

Inv(Fp) = (supp(p))™ .
While the last equality follows from Consequence 4.4.18.3, the first one
requires a detailed proof. From formula (ii) of Theorem 4.4.10 modified by
polarization we deduce that

prxcq* frg™(x) = /x(w)x(a)f(x)g(x) Fp(dx) ()
valid for all f,g € C°(G) and a € G. If a € Inv(u), then this equality
implies that the bounded measures f?} Fup and &, f? - Fu have the same
inverse Fourier transforms and hence are equal. But then x(a) =1 for
all x € supp(Fu) and hence a € (supp(Fu))*. If, conversely, a € G
satisfies x(a) =1 for all x € supp(Fpu), then (5) implies that

pr frg™(x) =pxeq* fxg™(x)

holds for all f,g € C°(G) and all z € G. Letting f and ¢ run through
an approximate identity in C°(G) we achieve p = p*eq or a € Inv(p)
as desired.
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Now, let H be a closed subgroup of the given locally compact Abelian
group G, andlet m denote the canonical homomorphism from G onto the
quotient group G/H. For every H-invariant function f € C(G) there
exists exactly one quotient function f € C(G/H) such that fom = f.
Let wpy be a fixed Haar measure of H. Since, for any [ € C°(G)
the function wpy * f is H-invariant, its quotient function (wg * f) is
uniquely determined and an element of C°(G/H). Consequently we obtain
a mapping o : C°(G) — C°(G/H) defined by

o(f) = (wu* f)

for all f € C°(G) which is linear, positive and continuous (with respect
to the topology 7e,). The transpose o' of o maps M(G/H) linearly
into the set M(G,H) of H-invariant measures in M(G).

Properties 4.4.19 of the mapping o.
4.4.19.1 o is a surjection from C°(G) onto C°(G/H).

4.4.19.2 o satisfies the invariance condition

U(Taf) = Tﬂ(a)a(f)
valid for all f € C°(G), a€@q.

4.4.19.3 Given Haar measures wg and wyg of G and H respectively
there exists a unique Haar measure wg g of G/H such that

UT(WG/H) = wa -

4.4.19.4 Let p € M (G,H). Then there exists a unique quotient
measure (i1 € M{(G/H) (associated with ) such that

fr) = .
More generally,
4.4.19.5 o' s an isomorphism from M(G/H) onto M(G,H).

While Properties 4.4.19.2 through 4.4.19.4 follow from obvious computa-
tions, Property 4.4.19.1 requires a proof. Let h € C{(G/H). Since 7 isa
proper mapping, there exists a compact set K C G with 7(K) = supp(h).

Now we choose ¢ € C°(G) with the property that ¢ =1 on K and
define

@) = {% i g (@) #0

0 otherwise.



184 Harmonic Analysis of Convolution Semigroups

Then f € C$(G), hence

hom(z) if wgx*xv(x)#0
0 otherwise

wH*f(I)Z{

and consequently o(f) = h.

4.4.19.6 Given the Haar measure wg of G and a fired Haar measure
wp  of the closed subgroup H of G there erists a Haar measure wq g
of G/H satisfying

UT(WGv/H) = wqg -

4.4.19.7 For a closed subgroup H of G any Haar measure wy of H
belongs to My(G), and the generalized Fourier transform Fwpy of wp
is a Haar measure of the closed subgroup H* of G.

In fact, for any f € C°(G) we obtain from Property 4.4.19.6 that

/f*fwde = /(wH * f)f dwe
= [1ot)P dveyn,

hence that wgy € M,(G). From Property 4.4.18.3 we infer that Fowgy is
H~t-invariant. The rest is clear.

Properties 4.4.20 (Special case)
Let K be a compact subgroup of G and let wg be the normed Haar
measure of K in the sense that wx € M*(G). Then

wrg =1k,
and
I].K/\ WA = fGWK
is a Haar measure of K.

The normed Haar measure wg of a compact subgroup K of G will
play an important role in the probabilistic implications of this section to
be discussed in Chapter 6.



Chapter 5

Negative Definite Functions
and Convolution Semigroups

5.1 Negative definite functions

In the present section we are going to study a notion dual to positive defi-
niteness in order to obtain an analytic tool for the description of convolution
semigroups of measures on the locally compact Abelian group G with dual
group G”.

Definition 5.1.1 A complex-valued function 1) on G” is called negative
definite if for all n > 1 and for all x1,...,xn € G" the matrix

(¢(X1) + w(Xj) —P(xi — )) ecCcv

is positive hermitian.

Let ND(G") denote the totality of all negative definite functions on
G, and let CND(G") := ND(G") N C(G").
Properties 5.1.2 of a function 1 € ND(G").
5.1.2.1 1(0) >0
5.1.2.2 ¢~ =1 and Revy = (0).
5.1.2.3 /Y| is subadditive.

For proofs we note that Property 5.1.2.2 follows from the fact that for
every x € G" the matrix

P00 +90) —9(0)  Y(x) +9(0) —1/)(x)] C c2x

P(0) + () —v(=x)  ¥(0) +(0) = (0)
is positive hermitian, and that Property 5.1.2.3 is a consequence of the
positive hermiteness of the matrix

v +00) —¥(0)  Y(x) + () — ¥(x — o)
(o) + 1 (x) — ¥le—x) (o) + (o) — 1(0)

c (CQXQ
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valid for all x, o € G*. 1In fact, applying that ¢~ =1 one obtains the
inequalities

[W(x) +¥(0) — (x — 0)I” < (2Retp(x) — ¥(0))(2Re (o) — 1(0))
<Al (o)l,

hence

[W(x + o)l < (VPO + VIv()])?
and this yields the subadditivity of /|¢].

Properties 5.1.3 of the set ND(G").

5.1.3.1 ND(G") is closed under formation of complex conjugates and real
parts.

5.1.3.2 The constant function >0 belongs to ND(G").

5.1.3.3 ND(G") is a 7p-closed convex cone, CND(G") a 7co-closed
convex cone (in C(G")).

The proofs of these properties are obvious.

Theorem 5.1.4 For any complex-valued function ¢ on G the following
statement are equivalent:

(i) ¥ € ND(G").
® @ ¥ >0
(b) ¥ and
(c) for all n>1 xXi....,xn € G" and ci,...,c, € C with
Y ,ci =0 one has

21/) —x;)¢ic < 0.

i,j=1

Proof. (i) = (ii). Given ¢ € ND(G") it remains to show (c). Let
n=1, xi,....,xn €G" and ¢1,...,¢, € C with > ; ¢; =0. Then

0< Y (W) + () — v — x5))eid

n

= 35X ve) + (L o) - 3 vt e

i,j=1
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(ii) = (i). Let ¢ satisfy (a) to (c) of (ii), and assume given x1,...,Xn €
G", c¢1...,cn € C. Considering the sequences {0,x1,...,xn} and
{c,c1,...,cn} with c:=—=3>""  ¢; we obtain from (c) that

C|2+Z¢Xz clc—l—zw —X;) ccj+Zz/J —X;j)¢i¢; <0

3,j=1

and with the help of (a) that

n

D W) + () — v — xp))eies = $(0)lel* >0,

i,j=1

ie. (i). O

Further

Properties 5.1.5

5.1.5.1 If ¢ € ND(G"), then also 1 —(0) € ND(G").
In fact, for x1,...,xn € G, c1,...,¢, € C with Z?Zlci =0 we
obtain that

n

D Wl —xg) = $(0))eie; = Z Y(xi — xj)eit; <0

1,j=1 i,j=1
by assumption. But the function 1t —(0) clearly satisfies the conditions
(a) and (b) of (ii) of Theorem 5.1.4. The theorem implies that it belongs
to ND(G").
5.1.5.2 If ¢ € PD(G"), then »(0) —p € ND(G").

Again, we see that for xi,...,xn € G and ci,...,c, € C with

> ci =0 the positive definiteness of ¢ implies that

D (@(0) = olxi = x5))eies = = > wlxi — x;)eie; <0,
i,j=1 i,5=1

Since the function ¢(0) — ¢ satisfies the conditions (a) and (b) of (ii) of
Theorem 5.1.4, p(0) — ¢ turns out to belong to ND(G").

The following result describes the connection between the sets PD(G")
and ND(G").

Theorem 5.1.6 (Schoenberg duality, noncontinuous case)
For any complex-valued function ¢ on G the subsequent statements are
equivalent:
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(i) ¥ € ND(G").
(ii) (a) ¥(0) 20 and
(b) exp(—ty) € PD(G") for all t > 0.

Proof. (i) = (ii). Given ¢ € ND(G") it suffices to show that
exp(—v) € PD(G"). Let therefore xi,...,xn € G". Since the matrix

(v(xa) +(x;) — ¥(xi — x5)) € C™"

is positive hermitian, also the matrix

(exp(¥(x:) + ¥ (x;) — ¥(xi = x5)))

is positive hermitian. But then we obtain for c¢i,...,c, € C that

n

> exp(—v (i — x;))eid

= Z exp(y(xi) + ¥ (x;) — ¥(xi — x5)) exp(=¥(xi)) exp(=1(x;))eic;
= > exp(¥xi) + ¥0) = Y(xi — x;))did; >0
ij=1

where d; :=exp(—9¢(x;))c; € C for i =1,...,n, and this is the assertion.

(ii) = (i). Suppose now that ) satisfies (a) and (b) of (ii). From (a) we
infer that exp(—t¥(0)) <1 for all ¢ > 0, hence by Property 5.1.5.2 that

%(1 —exp(—ty)) € ND(G")
for all ¢ > 0. Moreover we have that
Y= lim (1~ exp(~t))
on G, hence by Property 5.1.3.3 that ¢ € ND(G"). O
The Schoenberg duality permits to prove two more important

Properties 5.1.7 of functions ¢ € ND(G").

5.1.7.1 (Forming the inverse) If (0) >0 then % € PD(G").
By Theorem 5.1.6 the function exp(—t1) belongs to PD(G”") for all
t > 0. Moreover,

| exp(—t1)| < exp(—t1)(0))
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for all t > 0. Consequently
1 o0
i / exp(—t) dt € PD(G").
0

5.1.7.2 (Approximation) There exist sequences (an)n>1 n Ry and
(Pn)n>1 i PD(G™) such that for the sequence (Vn)n>1 with

¢n = an + (,On(O) — Pn (Tl 2 1)
the limit relationship

Y =T, lim ¢,

n—oo

holds (on G™).
In fact, considering the sequence (¢n)n>1 of functions

o = nexp(—— (b = $(0)))

which by Theorem 5.1.6 belong to PD(G"), and the sequence (an)n>1
of numbers a, :=(0) € Ry we obtain that for any x € G
1 —(0))? —1(0))°
00— i) = L {(d)(x) ) W00 b0, }

n

hence

900 — (0] < - exp(li(x) — B (0))
holds.

We note that given sequences (an)n>1 in Ri and (¢p)n>1 in
PD(G") the sequence (1,)n>1 defined in Property 5.1.7.2 clearly belongs
to ND(G”) as follows from Properties 5.1.3 and 5.1.5.2.

Examples 5.1.8 of functions in ND(G").

5.1.8.1 Any homomorphism A from G” into R belongs to ND(G").
Moreover,

5.1.8.2 given a real function h on G the function ¢ :=ih belongs to
ND(G") if and only if h is a homomorphism.
In fact, for all ¢ > 0 the function
X = @i(x) = exp(=t(x))
is positive definite with |p¢] = 1. But then from Example 4.3.4.2 we
conclude that ¢; € G* and therefore

exp(—ith(x + 0)) = exp(—it(h(x) + h(0)))
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which implies that

h(x + @) = h(x) + h(e)
whenever x,p0 € G".
5.1.8.3 Any quadratic form ¢ >0 on G” belongs to ND(G").
We recall that quadratic forms ¢ on G defined by
a(x + o) +alx — o) = 2[q(x) + o(0)]
for all x,0 € G" have the properties ¢(0) = 0, q(x) = q(—x) and
q(nx) = n%q(x) whenever y € G and n € N. The mapping Q :
GN x G — R given by
Q(x;0) =q(x) +ale) —alx — o)

for all x, 0 € G" is non-negative, symmetric and additive in both variables
the latter property following from the subsequent sequence of equalities
(related to the first variable):

q(x) +q(e) —a(x — o) +q(o) + q(0) — q(o — o)

=q(x) +q(o) +2q(0) — l[Q(X— o+o—0)+tqlx—o0—(0—0))]

2
=q(x) +q(o) — %CI(X — o) +2q(0)
- %[2(1()( + 0 —0) +2q(0) — q(x + )]
= 24(x +0) +20(0) — alx + 0 — ) ~ ale) + 3a(x +0)

=q(x+0)+q(e) —alx+0o -0,

X, 0,0 being taken from G”. But now

n

> la0a) +a0x) — alxi = xi)]eis = Q(x, x) = 0

ij=1

for n>1, x1,....,xn € G", c1,...,¢, €Z and x := >, ¢xi, and
this suffices to see that ¢ € ND(G").
For later application we note that

5.1.8.4 given a constant ¢ > 0, a homomorphism h:G" — R and a
quadratic form ¢ >0 on G” the function
Yi=c+ih+q

belongs to ND(G").
This follows from Properties 5.1.3.
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5.2 Convolution semigroups and resolvents

We are now prepared to discuss the representation of continuous negative
definite functions on G in terms of measures on G. For this purpose
we introduce the subset

M) = (e MY(G) ]l < a}
of nonnegative measures on G bounded by a > 0.

Definition 5.2.1 A (one-parameter) family (u¢)i>o of measures in

Mil) (G) is called a semigroup (of measures) in M_(Fl)(G) if the mapping

t— p; from R into MJ(rl)(G) is a homomorphism (of semigroups).
(1t)e>0 is said to be 7y- or 7y-continuous if this homomorphism is
Ty- OI Ty-continuous respectively. In the case of 7,-continuity

Ho = Ty~ }1_1% 1t
exists, and po is an idempotent measure in MJ(rl)(G).

(t)r>0 is called a convolution semigroup in MJ(rl)(G) if it is -
continuous and if

Mo = €0 -

We then write (pt)i>0 instead of (ut)eso-

Remark 5.2.2 For a convolution semigroup (ut)t>0 in MJ(rl)(G) the
To- and Tw-continuities coincide.

In fact, let (pt)t>0 be 7y-continuous. Then for f € C°(G) with
0<f<1 and f(0) =1 one sees that

< lim inf ]
< limsup [|ef| <1,
t—0
hence by Proposition 4.1.3 that
Tw— %gr(l) Lt = €0 .-
For t,tg >0 and x € G" we have that

[ (X) = futo 0| < Nfbfe—tq) (06) = 1]
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holds. The above limit relationship together with a double application of
Theorem 4.3.7 for ¢t — ty yields the assertion.
By S(G) and CS(G) we shall denote the sets of semigroups and
Lo . (1) o
convolution semigroups in M, (G) respectively.

Theorem 5.2.3 (Schoenberg correspondence)
There is a one-to-one correspondence
(t)iz0 — ¥
between the sets CS(G) and CND(G”") given by
fix = exp(—ti))
for all t>0.

In the situation of this correspondence (ut)i>0 and v are said to be
assoctated (with each other). Symbolically we shall write

(ht)iz0 < .
Proof. 1. Let (u)i>0 € CS(G) and define for any fixed y € G the
complex-valued function ¢, by
Px(t) = e (x)
whenever ¢ > 0. By Remark 5.2.2 ¢, is continuous and satisfies
Px(t+u) =@y (1) ox(u)

for t,u € R} as well as

lim o, (t) = 1.

t—0
Consequently ¢, is of the form

px = exp(—t1)(x))
for some unique ¥ (x) € C (¢t > 0). Clearly the function
X = ¥(x)
satisfies (0) > 0, and the function
X — exp(—=t(x)) = fu(x)
belongs to CPD(G”") for all ¢ > 0. From Schoenberg’s duality theorem

5.1.6 we now infer that 1 € ND(G”). In order to show that 1 is indeed
continuous we look at the equalities

| etmtodr= [ et +v00) de
0 0
1
EERTEY)
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valid for all Y € G* and note that the left hand integral of the first equality
is the Fourier transform of the Radon measure

[ ()

in Mil)(G), and as such it is continuous.

2. Conversely, let 1) € CND(G”"). Then for every ¢ > 0 the function
exp(—ty) belongs to CPD(G") by Theorem 5.1.6. From Bochner’s theo-
rem 4.3.5 we conclude that there exists a measure pu; € M?(G) satisfying
fit = exp(—ty)
for each ¢ > 0. We shall show that (u¢):>0 € CS(G). First ofall ¢(0) >0
implies that ||p]] <1 forall £ > 0. Next we conclude from the equalities
A (X) fis (X) = exp(=t(x)) exp(=st(x))

= exp(—(t + s)1(x))

= fuys(x)
valid for all x € G" that ¢ — p; is a homomorphism from R} into

MJ(:) (@), as follows from the injectivity of the Fourier transform stated as
Property 4.2.16.3. Since 1 is continuous, hence bounded on compact sets,
we obtain that

lim /1, = lim exp(—t¢) = 1
with respect to the topology 7.,. But Theorem 4.3.7 yields
Tw lim i = o
which implies the assertion. U

Corollary 5.2.4 (Schoenberg duality, continuous case)
For any complex-valued function ¢ on G the following statements are
equivalent:
(i) ¥ € CND(G").
(i) (a) ¥(0) >0 and
(b) exp(—ty) € CPD(G") for all t > 0.
Corollary 5.2.5 Let (ut)i>0 € CS(G) and ¢ € CND(G") with

(1t)t=0 < .
Then
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(i) |||l = exp(—t(0)) for all t > 0.

In particular,
(ii) ur € MY(G) for all t >0 if and only if ¥(0) =0.
The proofs of these corollaries are clear.

Application 5.2.6 (Generation of convolution semigroups)
5.2.6.1 (Symmetry) A semigroup (pt)i>0 € S(G) is said to be symmet-
ric if p=p; forall ©>0. Let (ut)i>0 € CS(G) and ¢ € CND(G")
with

()0 < .
Then

(1 )ez0 = .
Clearly (pt)t=0 € CS(G) is symmetric if and only if ¢ s real. For any
(1t)t=0 € CS(G) the convolution semigroup (pe * g )iso s symmetric.

If (pt)e=0 is symmetric, then p € My +(G), since

[ = pg k
for all t>0.
5.2.6.2 (Convolutions) For i = 1,2 let (ugi))@o € CS(G), o €
CND(G™)  with

(V0 < i
and let o; € RY. Then

o111 + agths (Hgll)t * /’ng22)t)t>0 .

5.2.6.3 (Products) For i = 1,2 let G; be a locally compact Abelian
group with dual G;", (ugl))@o € CS(Gy), v; € CND(G;") such that
Vi < (Hgi))»o-
Then the function 1 on G1" x G3" defined by
Y(x1, x2) = ¥1(x1) + ¥2(x2)

for all (x1,x2) € G1" x G2" belongs to CND(G1" x G2), and

1 2
oo e
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Examples 5.2.7 of convolution semigroups.
5.2.7.1 A semigroup in M_(Fl)(G) is called a translation semigroup in
MJ(rl) (@) if there exists a continuous semigroup homomorphism = : R, —
G such that

Ht = Ex(t)

for all ¢t > 0.
One observes that (u:)i>0 € CS(G).
Extending z to a continuous group homomorphism ¢ :R — G by

x(s) if s=0
p(s) = ,
—x(s) if s<0
and looking at the dual homomorphism h := ¢” : G® — R one obtains
that
éa:(t) = exp(—ith)

for all ¢t > 0.
Conversely, given a continuous homomorphism 5 : G" — R and intro-
ducing

z:=Resg, h" 1Ry - GV =G

the translation semigroup (e41))t>0 € CS(G) satisfies the above Fourier
representation. Here Pontryagin’s theorem 4.2.13 has been applied.

In summing up we have established a one-to-one correspondence be-
tween the sets of translation semigroups (e,())i>0 in M_(Fl)(G) and of
continuous homomorphisms h: G* — R such that

(Ez(t))tZO = wv
where 1 :=ih.
5.2.7.2 For p € MY(G) with [|u|| < @ one introduces the convolution

semigroup ()0 in M{"(G) by

t

pe i= e " exp(tp)

with

exp(tp) =Y (tz!)n

n>=0

for all ¢t >0, where uo :=¢go. Obviously

fir = exp(—t(a — 1))
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with « — i € CND(G"), hence

(1t)iz0 < v — 1.

For a:=1 (u)i>o0 is said to be the Poisson semigroup determined
by .

In order to stress the determining measure p we shall write (e(t1)):>0
instead of (pt)t>0. But then (e(tey,))t>0 appears to be the Poisson
semigroup with parameter z, € G.

Let (pt)r=0 be a semigroup in S(G). For every ¢ > 0 we shall
examine the set

Hy:={x € G": u(x) #0}.
Properties 5.2.8
5.2.8.1 H; is independent of t >0 and will therefore be denoted by H.

5.2.8.2 H is an open subgroup of G”.

5.2.8.3 K := H+ = TInv(y) forall t >0, and K will be called the
invariance group of the semigroup (fit)t>0-

5.2.8.4 If (ut)e>0 is symmetric then
watlir% Mt = WK ,
hence (pt)t=0 € CS(G).
More generally,

5.2.8.5 (ut)e>0 € S(G) is Ty-continuous if and only if the limit relation-
ship of Property 5.2.8.4 holds.

5.2.8.6 (ut)t>0 € S(G) is a convolution semigroup (€ CS(G)) if and
only if (ue)i>0 18 Tw-continuous and has invariance group K = {0}.

It suffices to provide arguments for Properties 5.2.8.1 to 5.2.8.4. Con-
cerning 5.2.8.1 we note that from the homomorphism property of ¢ +— py
we obtain that

HSCHt:HntCHS
whenever 0 < ¢t < s and n € N is chosen such that s < nt. The
assertion follows. For 5.2.8.2 we observe that H is a subgroup of G if

and only if 1y € PD(G). In order to show this characterizing property we
assume without loss of generality that (ut)s>0 is symmetric; the general
case follows via symmetrization (see 5.2.6.1) by just looking at the equality

Hi={xeG": (u*p)"(x) #0}
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for ¢ > 0. For symmetric (ut)i~0, however, we have 0 < iy < 1, hence

o~ lim fi1 = lim 47 =1g,

n—oo n n—oo

and from Property 4.3.3.4 we conclude that 15 € PD(G"). Since fi3 >0
in a neighbourhood of 0, H is open (hence closed), thus 1z € CPD(G").
For a proof of 5.2.8.3 one just refers to the fact that supp(fi:) = H and
applies Property 4.4.18.1.
Finally we provide an argument for 5.2.8.4. Since the function t —
ft(x) is decreasing for each x € G" and consequently

—limj, =1
7o fiy e = Lo
holds (by the above limit relations), the continuity theorem 4.3.8 applies,
and together with 4.4.20 it implies that
w— i = .
iy e = i

In the subsequent discussion we shall employ the symbol S(G, K) for the
set of all 7y-continuous semigroups in S(G) admitting K as invariance

group. Clearly, S(G,{0}) = CS(Q).

Theorem 5.2.9 (Generalized Schoenberg correspondence)
There is a one-to-one correspondence
(1t)i>0 < P

between the set S(G,K) and the set CND(H) of continuous negative
definite functions 1 on the open subgroup H := K+ of G" given by

_Jexp(=ty(x)) if xe€H
t(x) = )

0 if x¢H.

Remark 5.2.10 First of all we realize that by 4.2.17.5 K= is indeed an
open subgroup of G”.

Moreover, given any open subgroup H of G" and ¢ € CND(H) the
Tw-continuous semigroup (ut)e>o € S(G) with

(1t)et>0 < 1

has K := H' as its invariance group, hence belongs to S(G, K).

The proof of Theorem 5.2.9 is performed similar to that of Theorem
5.2.3. One just has to observe that in constructing the semigroup (u¢)i>o €
S(G) the functions appearing in the Fourier representation of (p¢)i>0
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belong to CND(G”). But this follows from Property 4.3.2.5, since H is
an open subgroup of G”. O

Remark 5.2.11 For the special choice K = {0}, ie. H = G", the
correspondence theorems 5.2.3 and 5.2.9 coincide.

Until now we studied convolution semigroups corresponding to contin-
uous negative definite functions. A further object to associate with them
is the resolvent family originating from the potential theory of semigroups
of operators.

Definition 5.2.12 A (one-parameter) family (ox)x>o of measures in
MP(G) with [|[Agxl| <1 forall A >0 is called a resolvent (of measures)
in M®(G) if it satisfies the resolvent equation

ox — 0 = (= A)ox * 0,

valid for all A, u > 0.
In analogy to the invariance group of a semigroup of measures we in-
troduce for a resolvent of measures (ox)x>0 in MP(G) the set

Ly:={x€G":0a(x) #0}
for A >0 and show the following

Properties 5.2.13
5.2.13.1 L, is independent of X\ >0 and will therefore be denoted by L.
5.2.13.2 L s an open subgroup of G™.

5.2.13.3 M := Lt =1Inv(gy) for all A\ >0, and M will be called the
invariance group of the resolvent (0x)x>0-

5.2.13.4
Tw— lIm Aoy = wyy .
A—00

For the proofs of these properties we simulate the arguments provided
for the Properties 5.2.8. It suffices to verify that 1, € CPD(G").
In fact

Tp—lim Aoy =1,
A—o00
since

é _ 01
AT I (= Doy
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for all A > 0 by the resolvent equation, and this implies

lim Agx(x) = 1

n—oo

whenever y € L. Property 4.3.3.4 together with the openness of L yields
the assertion.

In what follows we shall use the symbol R(G, M) for the set of all
resolvents in MP?(G) admitting M as their invariance group. An analogue
of the generalized Schoenberg correspondence theorem reads as follows

Theorem 5.2.14 (Resolvent correspondence)
There is a one-to-one correspondence
(1)e>0 < (0a)a>0

between the sets S(G,K) and R(G,K) given by

o0
Qx=/ e Mpupdt,
0

where this equality is understood as an equality of Radon measures on G.
In the case of this correspondence (ui)i>0 and (0x)r>o0 are said to be
assoctated.

Proof. 1. Starting with a semigroup (ut)i>0 € S(G,K) we define
Radon measures oy € M, (G) by

/fdw = /Oooe” (/fdut> dt

for all f € C°(G). Applying the generalized Schoenberg correspondence
theorem 5.2.9 in the sense of

(pt)e>0 < 1

with ¢ € CND(H), where H := K, we obtain that [Agx|| <1, hence
that o) € M?(G), and that

o = —A+7i(x) if ye H
0 if x¢ H.

From this Fourier representation it follows that (ox)x>o is a resolvent
in M"(G), and that it determines the function ¢ as well as the Ty-
continuous semigroup (u¢)t>o uniquely. It is clear that (ox)aso has the
same invariance group as (u¢)s>0, hence € R(G, K).



200 Negative Definite Functions and Convolution Semigroups

2. Now, let x € H := K+. From the resolvent equation we deduce that
the number
_1-2ak)

ox(x)
is independent of A > 0. Consequently 1) := 1, is a well-defined complex-
valued function on H. In the proof of Properties 5.2.13 we showed that

Pa(x)

]]-H = Tpf)\lim )\é) .
On the other hand

Ao0) () = A (1 = Aoa(x))
forall x € H, A >0, hence

P(0) =L () Y00 = lim Aax()¥(x) = lim A(1—=Aax(x))

A—o00

for all x € H, and consequently 1 € CND(H) by Property 4.3.3.4. But
now Theorem 5.2.9 implies the assertion, since

oo A 1
_At A
</0 ! A+

whenever A\ > 0. U

Corollary 5.2.15 A resolvent (ox)x>o0 in MP(G) determines a convo-
lution semigroup (pt)e>o0 M_(Fl) if and only if the invariance group of
(ex)a>o0 equals {0}.

This is immediate from the theorem together with Property 5.2.8.5.

Theorem 5.2.16 (Support correspondence)
Let (put)i=0 € CS(G), and let (ox)r>0 be a resolvent in M>(G) with

(Mt)t;o < (0x)r>0 -

Then for each A >0

(i) supp(or) = <Uosupp(ut)> ;
t>
(i1) supp(ox) is a o-compact semigroup in G with 0 € supp(ox),

and

(iii) S := {U supp(,ut)] 18 o-compact.
t>0
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Proof. Wefix A>0 and fe€ C$(G). Then

/fdQA =0 if and only if /fd,ut =0 forall ¢t>0.
Since by assumption on (f¢)t>0
Tv— }E% Mt = €o,
f(0) > 0 implies [ fdox =0, hence 0 € supp(ex). Similarly, given an
open subset U of G we have
supp(ox) € CU if and only if supp(u:) C CU

for all ¢+ >0, and

supp(on) = <U supp(m))

t>0
as asserted in (i).
From the support formula quoted in Theorem 4.1.10 we conclude that
for s,t >0
supp(fis) + supp(pe) C supp(pes)
hence that

(U Supp(ut)> _

t>0

is a semigroup which we have shown to contain 0. Since every measure in
MP(G) has o-compact support, (i) implies (ii).
Finally,

S:

U Supp(ut)] = (supp(ex) — supp(er))~
t>0

But the set supp(ox) — supp(ox) being o-compact, also its closure and
hence S is o-compact. This proves (iii). O

Theorem 5.2.17 Let (ut)i>0 € CS(G) and i € CND(G") with
(,Ut)t>0 = ¢7

and let S = [U supp(,ut)}_.

t>0
Then
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(i) T:=Inv(y) = {x € G" : ¥(x) = (0)}
and

(i) S=T+, hence T =S+.

Proof. For each t >0 we define the set

A= {x € G" s exp(—tih(x)) = exp(—t1(0))} .
Clearly,

X € Inv(®p) if and only if x € Inv(exp(—tv))
for all ¢ > 0. By Property 4.4.18.2 this implies that

Inv(y) = () Ar = {x € G" : 9 (x) = ¥(0)},
t>0
hence (i).
Moreover, Properties 4.4.18.1 and 4.4.18.2 lead to
Ay = Tnv(jiy) = (supp(e))*

for all t> 0, and therefore to

1
(Inv () = <ﬂ(supp(ut))l>

t>0

11
= <U supp(m))

>0

which by Property 4.2.17.1 yields the assertion in (ii). O

By passing to quotient groups and applying the Pontryagin duality the
discussion starting with Properties 4.4.19 can be extended in an obvious
way.
Properties 5.2.18
5.2.18.1 If (ut)it>o0 is a semigroup in MJ(rl)(G) with invariance group
K, then (fit)t>0 s a semigroup in Mg_l)(G/K) with invariance group
{0} (in G/K).

If, moreover, (ut)i=0 € S(G,K), then (f:)>0 € S(G/K,{0}) =
CS(G/K).
5.2.18.2 Let (oa)aso € R(G,K) and let (ui)i=o € S(G,K) with

(1t)t>0 < (x)a>0 -
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Then (ox)x>o0 is a resolvent in MY (G/K) with
(0x)as0 < (f1t)i>0 € CS(G/K) .
5.2.18.3 Let (wi)i=0 € CS(G) and ¢ € CND(G") with
(1t)ez0 < .

Then the quotient function + € CND(G"/S) corresponds to (ut)e>0
considered as an element of CS(T), where S:=1Inv(¢y) and T :=S*.
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5.3 Lévy functions

In the previous section it was shown that the constant functions, homo-
morphisms and nonnegative quadratic forms on the dual G” of a locally
compact Abelian group G are negative definite. The question arises of
whether these types of negative definite functions can be viewed as building
blocks of general negative definite functions on G”. An answer to this
question can be given within different frameworks. In probabilistic terms
it covers the canonical decomposition due to P. Lévy and A.I. Khinchin of
infinitely divisible or embeddable probability measures on Euclidean space
(see Theorem 3.4.20). In the present exposition we shall present a canon-
ical representation of negative definite functions on the dual G of a
locally compact Abelian group G which by the Schoenberg correspon-
dence provides also a canonical representation of the associated convolution
semigroups on G.

We start with the discussion of a fundamental centering method devel-
oped in terms of a centering function (or local inner product) for G.

Definition 5.3.1 A function g € C(G x G") is called a Lévy function
for G if the following conditions are satisfied

(LF1) For every compact C C G"

sup sup |g(z, x)| < 0.
zeG xeC

(LF2)
g(x,x + o) = g(x,x) + g(z, 0)
and

g(=z,x) = —g(z, x)

forall z € G, x,0€ G".
(LF3) For every compact C' C G" there exists a U := Ug € Ug(0) such
that

x(w) = exp(ig(z, x))

whenever z € U, x € C.
(LF4) For every compact C C G"

lim sup |g(z,x)| = 0.
x—0 xeC



5.3. Lévy functions 205

Examples 5.3.2 of Lévy functions.
5.3.2.1 If G:=R? for d >1 and if for every i =1,...,d a function
¢; € CP(R) is given with the properties that
Git) =t
for all ¢ from some U € Ui (0) and that
Gi(=t) = —Gl(t)
for all t € R, then the function ¢:R?% x R — R defined by

d
g(x,y) = ZQ’(%)%’

for all z = (21,...,24) and y = (y1,...,%4) in R?is a Lévy function for

G.

5.3.2.2 Let G:=T¢ for d >1. Then G can be viewed as the group
{(x1,...,24) ERT 12, €] —1,1] forall i=1,...,d}

with addition modulo 2. Employing for every i =1,...,d the function (;

introduced in the previous example one obtains a Lévy function g for G

by putting
d

g(z,m) =Y Gilw)m;
i=1
for all = = (x1,...,24) € T? and m = (my,...,mq) € Z4.

5.3.2.3 Let G :=Qq" (the dual of the discretely topologized rationals),
¢ € CP(@), andlet xo € Qq with yo # 0 be such that exp(i¢(x)) = xo(x)
forall z insome U € Yg(1). Then the real-valued function g on GxG”
defined by

— e X
g(z, x) = ¢( )XO

forall z € G, x € G" is a Lévy function for G.

5.3.2.4 If G is totally disconnected, then the zero function on G x G"
is a Lévy function for G, since every homomorphism from G” into R is
trivial.

Properties 5.3.3 of Lévy functions.

5.3.3.1 (Products) Let G = Gy x Go be the product of two locally
compact Abelian groups Gy and Ge admitting Lévy functions g1 and
go respectively. Then G admits the Lévy function g given by

g(z,x) = g1(x1, x1) + g2(2, X2)
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whenever x := (x1,72) € G1 x Go and x = (x1,x2) € G1" x G,
5.3.3.2 (Extensions) Let H be an open subgroup of a locally compact
Abelian group G admitting a Lévy function go. Let w denote the
canonical homomorphism G" — H" = G"/H*. Then the function g on
G x G defined by

go(z,7"(x)) if x€H
9(@,x) = .
0 if ¢ H
and all x € G" 1is a Lévy function for G.

In fact, g € C(G x G"), since H is an open, hence a closed subgroup
of G. The remaining properties of g follow from those of gg.

Theorem 5.3.4 On any locally compact Abelian group G there exists a
Lévy function.

Proof. 1. From Property 5.3.3.2 we infer that it is sufficient to prove the
theorem for an open subgroup H of G. Choosing H as the subgroup
generated by an open compact neighbourhood of 0 € G we can apply the
structure theorem 4.2.19 and obtain the direct product decomposition
H2R'xZ°x K

where d,e > 0 and K is a compact Abelian group. But now it is obvious
by Property 5.3.3.1 that we may without loss of generality assume G to be
a compact group, since for R? and Z? Lévy functions exist by Examples
5.3.2.1 and 5.3.2.4 respectively.

2. Let G be a compact Abelian group. For the connected component G
of the identity 0 € G we have

Go" =GN /Got and (G/Go)" = Gyt
by the functorial properties 4.2.17 of the duality. Since Gy is connected and
compact, Go” is a discrete group in which each element is of infinite order.
An application of Zorn’s lemma yields a maximal family {d, : « € A} in
Go" with the following linear independence property: If

!
Z Ng;da;, =0
i=1

for some | € N, ngy,...,nq, € Z and du,,...,do, € {dy : a € A},
then n,, =0 forall i =1,...,1. But then for any d € G¢" there exist
Aoy ooy, €{ds € A} and n,ny,...,n € Z, n>0 such that

k
nd = Z”ida“ (1)
i=1
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where the representation is unique within multiplication by integers. Each
element of Go”" being a coset of Got in G" we take the coset d, and
choose an element Y, € G from this coset. Y, will be fixed for the
moment. One observes that there exists a function h,, € C(G) having
the following properties:

Xao(7) = exp(ihxa(r))

Next we define

forall z € G and a € A.

Now, let x € G* be arbitrary. Then x belongs to some coset of Go»
being an element of G/ Go*. This element d admits a representation
of the form (1) with n,nq,...,nx € Z, n >0 and du,,...,ds, € {da
a€ A} (k>=1). The function ¢ defined by

-y

Jj=1

:|3

JI Xaj

forall z € G, x € G will serve as a Lévy function for G. We shall
show the required properties in

3. First of all g € C(G x G"), since z +— g(x,x) is continuous on G
for each y € G" and G” is discrete. Properties (LF1) and (LF2) follow
directly from the construction.

Since compact sets in G are finite it suffices to prove Property (LF3)
for each y € G". For any y € G" we denote the coset of Gy to which
x belongs, by x. Then (1) can be rewritten in the form

k
nx = anj(aj . (2)
j=1

Clearly, x1 — x2 € Go® whenever X1,X2 € X. Since Got = (G/Gp)" is
totally disconnected, every element of Gy~ is of finite order. Hence for any
X € GoT there exists a neighbourhood V € Ug(0) such that x(z) =1
for all = € V, and consequently, for x1,x2 € x we have xi(z) = xa(x)
for all = in some Vi € U(0).
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But now we refer to the construction of the function h,,_ above. There
exists a neighbourhood Vi € U (0) such that

Xao(7) = exp(ig(, Xa))

for all z € Vo (a € A). For arbitrary y € G* we employ (2) in order to
obtain the representation

nX:Z(Xajl+"'+Xajnj)a (3)

where Xa,15- -+ Xayn; € Xa; for j=1,...,k. For the above discussion
it follows that there exists a neighbourhood V3 € L (0) (depending on
the characters xq;r and Xq j) such that

Xor(T) = Xay ()

forall z € V3 (r=1,...,n;, 7 =1,...,k). Let U; denote the
intersection of all neighbourhoods of type V3 arising from the choices of
the Xa,r (r=1,...,n5, j=1,...,k). Then

Xa;r (%) = Xa, (2) (4)
forall zelUy, r=1,...,n;, j=1,...,k. But (3) and (4) imply that

k
=1
for all = € U;. Since there are neighbourhoods € U (0), on which

Xa,; = exp(ig(-, Xa;))

holds, there is also a neighbourhood € U(0) where

X" = exp(ing(:, x))

is valid. x and exp(ig(-,x)) being continuous and = 0 at the identity
0 of G we obtain the desired neighbourhood U € U (0) such that

x(x) = exp(ig(z, x))
forall z €U, x €GN
Finally we note that Property (LF4) follows from the facts that ¢ €

C(G x G™) and that g(z,x) = 0 whenever either z or x are the
identities of G or G” respectively. The proof is complete. O
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Applying a Lévy function g for G we can provide a new type of
continuous negative definite functions on G which will be crucial for the
canonical representation we are aiming at

Theorem 5.3.5 Let g be a Lévy function for G, andlet pe€ M (G*)
with G* := G\ {0} be such that
/ (I1-Reyx)du < oo
GX

for all x € G. Then the function v, on G defined by

00 = [ (1= x(e) +ig(a ) ()
for all x € G belongs to CND(G").
Proof. Forafixed yo € G" and a compact neighbourhood W € Ugn(0)

there exists by Property (LF3) of ¢ aneighbourhood U = U(W) € Us(0)
such that

x(x) = exp(ig(z, x))
forall x € U and x € xo+W. Then Property (LF4) implies the existence
of a neighbourhood U’ € U (0) satisfying the inequality

|sing(z, x) — g(z,x)| <1—cosg(z, x)
valid for all € U’ and x € xo + W. It follows that for all € U’ and
X €xo+W
1= X(@) +ig(z, )| = 1 = cosg(z, ) — ising(z, x) +ig(z, Y)|
< 21— Rex(z)| (5)

Since p(G*\U’) < oo by assumption, Property (LF1) implies that 1,(x0)
is a well-defined number € C and moreover that there exists a constant
¢:=c¢(xo) = 0 such that

[ ()] < 2Re b (x) + c(xo) (6)
whenever x € xo + W. Since for every = € G the functions
X — 1 —x(z) +ig(z, x)
and
X — 1—Rex(z)

belong to ND(G"), also 1, and Ret), are elements of ND(G"). Here
Example 5.1.8.2 and Properties 5.1.3 applied.
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It remains to show that 1), is continuous. Once we know that Re1,
is locally bounded, inequality (6) justifies the local boundedness of 1,,.
Therefore let 1, be of the form

x— [ (I1—=Rex)du
GX
Let K denote the family of the compact subsets K of G with 0 ¢ K,
and set for each K € K
wr = Resg p.
Clearly ,, € CND(G") for all K € K, hence

Yy = sup P, € ND(G")
KeK

is lower semicontinuous. For every n > 1 theset A, := {x € G" : ¢, (x) <
n} is closed. Since 1, is finite everywhere we have GA =U,>1 An, and
by Baire’s theorem there exists an ng > 1 such that A,, # 0. Let V
be an open neighbourhood € Ug(0) and let x; € A,, be such that
x1+V CA4,,. Since ¢, € ND(G") we obtain from Property 5.1.2.3 for
all xexo+V (xo€G") and x2:=x0— x1 that

V00 = 8ux = x2 + x2)
< VUulx = x2) + \f1ulx2)
¢M(X2) +v/no,

hence that 1, is locally bounded. Since 1, is a complex linear combi-
nation of linear semicontinuous functions, it is locally wgn-integrable, and
given a function f € C¢(G") satisfying f(x) = f(—x) for all x € G"
and [ fdwgs =1 we conclude that

Yux f(X / f(x—o) (/ (1—o(z) +ig(x, 9))#(0133)) wan(do)
- /G (1= x(@) For f(@) + ig(e, ) ul(de)

=00 + | x(@)(1 = For f(@) p(d)

whenever y € G*. But this implies the continuity of 4, since the
last integral in the above chain of equalities is the Fourier transform of the
measure (1 — Fgnf) - p € MP(G*) considered as a measure on G. O
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5.4 The Lévy—Khinchin representation

For any locally compact space E we denote by M€¢(F) the set of Radon
measures with compact support. In the case of a locally compact Abelian
group G with dual G” the set

S:={ocec M (G"NM(G"):0=0"}
of symmetric probability measures on G” with compact support will be
efficiently applied.

Theorem 5.4.1 Let 1 € CND(G"). Then

(i) for any o € S the function o —1p belongs to CPD(G") and
hence admits a Bochner measure s € M_k; (G) in the sense that

Falhe =0 x0—1.
(ii) There exists a measure p € M (G*) satisfying (1 — Fgro) - p =
Resgx pto whenever o € S.
(iii) If ¢ is associated with a convolution semigroup (pt)i>0 in M(l)(G)
according to the Schoenberg correspondence, then

W= vali_{r(l) n Resgx py -

Remark 5.4.2 The relevant references to statements (i) and (iii) of the
theorem are Theorems 4.3.5 and 5.2.3 respectively.

Definition 5.4.3 The measure p established in Theorem 5.4.1 is called
the Lévy measure of the continuous negative definite function 1 or of
the convolution semigroup (t):>0 associated with .

Proof. (Proof of Theorem 5.4.1). Let 9 < (pt)t>0 (via Theorem 5.2.3)
and let ¢ € S. Then for any ¢t >0

1
(1 — ngU) : g,ut S M_}?_(G)
and

Fo |1~ Fana) - juu] 00 =1 [XEI1 - Forole) o)

m(l -/ g(x)o(d@) pe(da)

/ / —0)(z) o(do) ut(dx))

(£t (x) — fie * o(x))

(1 = exp(=ty) * (0 — £0))(x)

wl»—twl»—twl»—t | = =
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for all x € G*. Since

1
7—007}1}% g(l - exp(—t(p)) - 1/} ’

we obtain that
1
}ir%]-'c (1 — Fgno) - THe =txo—1

in either of the topologies 7, and 7¢,. As a conclusion we obtain that
¥ * 0o —1 € CPD(G"), and by an application of Theorem 4.3.7 that

. 1
wa%g%(l — Fano) - THt = Ho s
where pu, € M?(G) such that

flo = *x0—1.

Given ¢ € C{(G) with supp(¢) C G* we choose o € S such that
Faro(z) < 4 forall z in a neighborhood of supp(¢p). The function ¢’
on G defined by

oy % if x € supp(p)
¢'(x) == .
0 otherwise

belongs to C'¢(G), and
. 1 : / 1
fi [ o () =ty [ (1= o))

:/@’dug.

This implies that there exists a measure p € M, (G*) such that
1
p= Ty lim n Resgx pu
and that
(1 —Fgno) - ;o= Resgx pio
holds for all ¢ € S. O

Properties 5.4.4 of Lévy measures.

5.4.4.1 The Lévy measure p of a function ¢ € CND(G") (or of its
associated convolution semigroup in M_(Fl)(G)) has the following properties:
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(a)
/ (I -Rex)du < o
GX

for all x € G".
(b) For every compact neighbourhood V € U(0)

Resgy 1 € MP(G).

While the statement in (a) follows directly from Theorem 5.4.1 by special-
izing o to the measure i(ey +e_,) for x € G", the statement in (b)
makes use of the existence of o € S satisfying

1
1—Fero(z) 2 B

for all z in the complement CV of a compact neighbourhood V' € U (0);
one just applies (ii) of Theorem 5.4.1 and deduces the inequalities

/wdu<2/<ﬁd[(1—fcw)-u]

:2/@dug

valid for each ¢ € C$(G) with supp(¢) C CV.

5.4.4.2 Let 1, € CND(G") be the function introduced for a given measure
w€ My (G*) in Theorem 5.8.5. The Lévy measure of 1, 1is just u, hence
i is uniquely determined by ,,.

In fact, for 0 € S and x € G we obtain the identity

% 5(0) — ) = / x(@)(1 — Foro)(@) p(dz)

GX

and it follows that the measure (1 — Fgnao) - considered as an element
of MY(G) has 1, xo —1, as its Fourier transform.

5.4.4.3 Let 11,1%s € CND(G") (associated with convolution semigroups
(uﬁl)),% and (H§2))t>0 respectively) admit py and ps as their Lévy
measures. Then the function 1 =1 + 12 € CND(G") (associated with
the convolution semigroups (ugl) * uﬁz)),%) admits 1= p1 + pa  as its
Lévy measure.

Example 5.4.5 Let p € MP(G) with |u| < 1. Then by Example
5.2.7.2 1 :=1— f is the continuous negative definite function associated
with the convolution semigroup determined by p. It turns out that the
Lévy measure of % is Resgx p.
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By a simple computation of Fourier transforms and an application of
their sequential bicontinuity (Theorem 4.3.8) one shows that any convolu-
tion semigroup (p)i>0 in Mil)(G) with associated resolvent (gx)a>o
can be obtained as a limit of convolution semigroups (u})¢>o determined
by A20, in the sense that

: A
Mt = T lim pg
A—o00

for all ¢t > 0. It is easy to see that for the Lévy measure p of (ut)i>o0
one obtains

p =7y~ lim Resgx A0 .
A—00

We are now prepared to characterize the two types of continuous negative
definite functions introduced in Examples 5.1.8.2 and 5.1.8.3 in terms of
measures in S,

Properties 5.4.6

5.4.6.1 A real-valued function h € C(G") with h(0) =0 is a (group)
homomorphism if and only if hxo—h =0 forall o€ S.
In fact, for any homomorphism h:G" — R and each o € S we have

[ #@rate) = [ni-0)o™ (o)
- [ o otao).

hence [hdo =0 and consequently
fwou%=/hu—maww

=mm—/uwd@>
= h(x)

whenever x € G". If conversely this latter condition holds for o € S,
then we obtain for x,0 € G" and o := %(EX +e_,) that

0= hxa(e) ~ hle) = 3l(e — )+ hle-+x)) ~ (o).

in particular for the choice p =0 that

[h(=x) + h(x)] = 0.

N~
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Analogously we obtain

1
0=5[h(x— o) +h(x+o)]~h(x),
hence adding the two equalities yields

h(x + 0) = h(x) + h(o)

As an immediate consequence of this property we note that

5.4.6.2 the Lévy measure of a function ¥ € CND(G”) of the form ) := ih
with a continuous homomorphism h: G" — R is the zero measure.
With similar arguments one proves that

5.4.6.3 for a function 1 € CND(G") with Lévy measure p the function
ilmvyp € CND(G") if and only if p is symmetric.
5.4.6.4 A symmetric real-valued function q € C(G") with ¢(0) =0 s

a quadratic form on G” if and only if there exists a constant ¢ € R such
that

qgxo—q=c
whenever o € S. In the affirmative case q >0 if and only if
qxoc—q=0

forall o€S.
For the proof let ¢ be a quadratic form on G”*. Then for o € S and
x € G" we have

gxo(x) = /q(x —0)o(do)

= /q(x + 0) o(dp)

1

- / sla(x — o) +a(x + ¢)] o(do)

- / 900 + 9(2)] o(do)
— g0 + / a(0) o(do)

If conversely g*o —q equals to a constant ¢ € R for all o € S, then for
X,0 € G" and o:=%(g,+¢c_,) Wwe obtain

q*0(x) —a(x) = ¢+ (0) —q(0)

or

la(x +0) +a(x — 0)] —alx) = %[q(g) +q(=0)] = q(o)-

N~
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These equalities also yield the remaining part of the assertion.

As an immediate consequence of 5.4.6.4 we arrive at the assertion that
5.4.6.5 a real-valued function + € CND(G") with (0) = 0 having
Lévy measure p is a quadratic form > 0 if and only if pu is the zero
measure.

In fact, from 5.4.6.4 follows that 1 is a quadratic form if and only if the
measure i, introduced in (i) of Theorem 5.4.1 is supported by {0} for
all 0 € S. But this statement is equivalent to p being the zero measure.

Theorem 5.4.7 (Canonical representation of continuous negative definite
functions)

Let g be a Lévy function for G. For any complex-valued function 1 on
G the following statements are equivalent:

(i) ¢ € CND(G").
(ii) There exist a constant ¢ >0, a continuous homomorphism h : G" —

R, a non-negative continuous quadratic form on G” and a measure
w e Mi(G*) satisfying

/ (1-Reyx)du < oo
GXx
for all x € G" such that

Y(x) =C+ih(x)+q(x)+/m (1= x(z) +ig(x, x)) p(dz) (7

whenever x € G,

Moreover, in the canonical quadruple (c,h,q,p), the objects ¢ :=(0),
q giwen by

g(x) = lim — Red(ny) (8)

n—oo n

for all x € G, and u being the Lévy measure of 1 are uniquely
determined by v, while the function ih depends on the choice of the Lévy
function g.

Proof. (i) = (ii). Let ¢ € CND(G"). The Lévy measure pu of
coincides with the Lévy measure of 1’ := 1 — ¢. Introducing the function

V= =y,
where 1), has been defined in Theorem 5.3.5, we obtain that
"o — 9" = ps({03), (9)
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where p, € M?(G) for o € S has Fourier transform

Folpo) =t *0 -1
(see the proof of Property 5.4.4.2). In fact,
o= = ko~ — (r o — )
= Fa (o ({0})e0 + Resgx pio) — Fa (1 — Foro) - )
= HU({O})~

Now taking real and imaginary parts in the identity (9) we arrive at the
equalities

(Re ") x 0 = Re)” = 1o ({0})
and
(Imy")* o —Imy"” =0

for all o € S. Since " is a difference between negative definite functions
which are equal to 0 at 0, we have that

Im " (0) = Re)”(0) =0
and

Re®)”(x) = Rey)” (—x)

for all y € G*. Application of the characterizations 5.4.6.1 and 5.4.6.4
provides the desired homomorphism h = Im+t” and the non-negative
quadratic form ¢ := Res”. The representation (7) has been established.

(ii) = (1). We are now given the function ¢ represented as in (7) via the
quadruple (¢, h,q, ). Then Example 5.1.8.4 and Theorem 5.3.5 imply that
1 € CND(G"). But by Property 5.4.4.2 together with characterizations
5.4.6.1 and 5.4.6.5 p is the Lévy measure of ¢ and ¢ = ¥(0). It
remains to be shown that ¢ satisfies the limit relation (8). Since h is a
homomorphism and ¢ a quadratic form (on G”), we have

1) = —a(my)

= —(m) — ih(x) -

for all x € G® and m > 1. Hence it suffices to prove that

c 12 Yu(nx)

n? n

n—oo

. 1
lim ﬁmt(nx) =0
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or by the dominated convergence theorem that
.1 .
nlgréo ﬁ(l —nx(z) +ig(z,nx)) =0

as well as
1
11— (@) +ig(z, )| < €1~ Rex(@)

holds for all z € G, n>1 and some constant C > 0. While the above
limiting relationship is evident, the inequality requires a look back to the
estimate (5) in the proof of Theorem 5.3.5 and an argument in support of
the inequality
—3(1—Renx(z)) < C(1 — Rex())

valid for all € G, n > 1. The latter can be established as follows: For
fixed 2 € G and y € G" there exists ¥ € [-m, 7] such that x(z) = e!”.
It follows that

1 1
ﬁ(l —Renx(x)) = ﬁ(l — cos(nv

~—
~—

]

[NJSSET SN TSN

—~
~—
V)

2sin? % 2 sin

n?  2gin?

sin nv 2 2
2
= 1 —cosd
2 ) \az) ! )

—

[SIS3N](SN
N
(V]

since the functions y +— #2¥ is bounded away from 0 on [-Z,Z].
Now, by Property 5.4.4.2 the quadruple (c,h,q,u) is uniquely deter-
mined by % and deserves to be called canonical. (I

Remark 5.4.8 In the special cases of bounded or symmetric Lévy mea-
sures i of 1 the canonical representation given in Theorem 5.4.7 does
not require the use of the Lévy function g which had been introduced in
order to achieve the absolute convergence of the integral defining 1),,.

Discussion 5.4.9 of the classical Lévy—Khinchin formula (See Re-
mark 3.4.21).

In the case G =G" =R? (d > 1) various Lévy functions (apart from
the one introduced in Example 5.3.2.1) can be given. Unfortunately the
classical function g¢ defined by

(z,y)
go(z,y) == ——"
14 [|]2
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for all (x,y) € R? x R? is not a Lévy function in the sense of Defini-
tion 5.3.1. A slight modification of the above approach, however, makes it
possible to obtain the classical analogue of Theorem 5.4.7.

In fact, for a measure p € M, ((R)*) the condition

/ (1 — Ree ®¥)) pu(dz) < oo
(Re)x

valid for all y € R? is equivalent to the condition

/ 2|2 pu(dz) + / u(dz) < oo,
Ui \{0} CUy

where U; denotes the unit ball with center 0 and radius 1. Moreover,
it can be shown that for any compact subset K of R? there exist a
neighbourhood V € Bpa(0) and a constant ¢ > 0 such that

[1— €'Y +igo(w,y)| < cl|z)|?
for all x € V, y € K. This inequality together with the above finiteness
condition is the proper replacement for the canonical estimate (5) in the
proof of Theorem 5.3.5.

With these tools at hand the previous arguments yield the equivalence
of the following statements valid for any complex-valued function ¢ on
Rd

(i) ¢ € CND(RY).
(ii") There is a canonical quadruple (c,h,q, ') asin (ii) of Theorem 5.4.7
with a bounded Lévy measure p' € My ((R%)*) such that

P(y) = ¢ +ih(y) + a(y)
+ KRd)X <1 —eil@my) 4 iz, y) ) 1+ ||33||2 1 (dz)

Ll )l
for all y € R%.

In order to relate Theorem 5.4.7 for locally compact Abelian groups to the
Lévy—Khinchin decomposition theorem 3.4.20 for separable Banach spaces
we proceed as follows. As a direct consequence of Theorem 5.4.7 we obtain

Theorem 5.4.10 (Canonical representation of convolution semigroups)
Let g be a Lévy function for the underlying locally compact Abelian group
G. Then any convolution semigroup (pt)i>0 € CS(G) has a Fourier
representation

fiy = exp(—ti))
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valid for all t > 0, where the negative definite function 1 € CND(G")
associated with (pt)i>o0 admits a canonical quadruple (c,h,q, ) of the
form (7) in Theorem 5.4.7.

The proof of this statement follows from the Schoenberg correspon-
dence theorem 5.2.3 (together with Theorem 5.4.7).

As in Section 2.3 for separable Banach spaces we may also for locally
compact Abelian groups G introduce the notions of infinite divisibility
and embeddability of probability measures on G.

Definition 5.4.11 A measure p € M*(G) is called infinitely divisible
if for every n € N there exists an n-th root of g, ie. a measure
tn € MY(G) such that

n

My = [

pu € MY(G) is said to be embeddable if there exists a convolution semi-
group (p¢)is0 in M*(G) such that pu; = pu.

The sets of infinitely divisible and embeddable probability measures on
G will be denoted by I(G) and EM(G) respectively.

Clearly,
EM(G) Cc I(G),

but the inverse inclusion fails to be true in general. In the special case
G = R?, however, the sets I(G) and EM(G) coincide (see the embedding
theorem 2.3.9 for arbitrary separable Banach spaces).

In what follows we shall establish the embedding property beyond this
special case.
As a preparation the subsequent topological result will be proved.

Lemma 5.4.12 (Existence and uniqueness of the logarithm)

(i) Let S be alocally arcwise connected topological space, and let (fn)n>1
be a sequence of continuous mappings fn: S — C* satisfying

2
n+l = fn

for all n > 1. Then there exists a continuous complex-valued function
h on S with

fi=exph.
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(ii) Let S be a connected topological space, a € S and f:S — C* a
continuous mapping with f(a) = 1. Then there exists at most one
continuous complez-valued function h on S with h(a) =0 satisfying

f=exph.

Proof. (i). Since every connected component of S is open, we may
assume without loss of generality that S is connected. We fix a € .S and
assume that f,(a) =1 for all n > 1. Let
H:={z€C:Rez >0},
and let U, denote the connected component of
{s€eS: fu(s) e H}

which contains a. Then (U,)n>1 is an increasing sequence of connected
open subsets of S. For every continuous arc v : [0,1] — S with v(0) =a
and sufficiently large n we have ~([0,1]) C U, or S =U,>1U,.

Indeed, there exists a continuous complex-valued function ¢ on [0,1]
with fjoy =expy. But then, for large n and ) := 217" the function
fnoy=expty takes valuesin H.

Now, let log denote the principal branch of the logarithm on H and
define h, on U, by

by i=2"""log f,,

for each m > 1. The function h, on U, is continuous and coincides
with hn,41 on U,. Thus there exists a function h on S satisfying
Resy, h = h,, forall n>1. h is the desired logarithm.

(ii). Let h and A’ be two continuous complex-valued functions on
S with h(a) = h'(a) and

f=exph=exph’.

Then the continuous function h’ — h takes only values in 27Z and is
therefore constant. Consequently h’ = h since h'(a) — h(a) = 0. O

Summary 5.4.13 Let S be a connected and locally arcwise connected
topological space, and let a € S. Moreover, let f : S — C* be a
continuous mapping with f(a) = 1. Suppose that for every n > 1 there
exists a continuous mapping ¢, : S — C* such that
9n =1

Then there exists a unique continuous complex-valued function A on S
with h(a) =0 satisfying

f=exph.
In particular f#0 on S.
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Theorem 5.4.14 (Embedding of an infinitely divisible probability mea-
sure)

Let G be a second countable locally compact Abelian group with arcwise
connected dual G". Then

I(G) C EM(G).

Moreover, for each p € I(G) there exists a unique convolution semigroup
(ut)e=0 in MY (G) such that puy = p.

Proof. By hypothesis G is second countable, hence G” is also second
countable (see [63], Chapter 4, 2.3).

Since G” is assumed to be arcwise connected, G’ is connected and
locally arcwise connected (see [16]).

Now, let p be a measurein I(G). Summary 5.4.13 applies to the space
S := G" and to the function f =7 so that fi(x) #0 for all y € GN
and that there exists a continuous branch of logp with logzi(0) = 0.

Consequently we have for the n-th roots u 1 of p that

and hence that

on G”. We see that the n-th roots g1 of p are uniquely determined.
For each r:= % € QF let

Then

1 P

— ~ p ~

e = exp (— logu> = exp (— logu)
q q

on G". For %z%e(@i we get

Qs

/

— P ~\ _ Dy ~)_ —~
[ip = exp ?logu = exp Elogu = iz

q

on G”. The notation u, := fiz is therefore justified, and for all r,7" € Q%
the equalities
(ko * )™ = Ty fi
=exp ((r + ') log i)

—

= Hr+r’
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hold on G”. With pug := ¢y we obtain a (rational) convolution semigroup
(1r)req in MY(G).
Next we show that the mapping

T Ly

from Qi into M!(G) is Ty-continuous.
Let (rp)n>1 be asequence in Qi with r, —r € Q. Then

Teo— lim Ji. = Teo— lim exp(ry, log i)
n—oo n—oo

= exp(rlog i)
= fr

on G". By Theorem 4.3.7 this implies that
Tw— lIm pr, = p.
n—oo
Finally, we prove that (u,)rcq, extends to a unique convolution semigroup
(pt)ter, in MY(G) with p; = p.
Let r, -t € R, with r, € Q) forall n>1. Then
i — exp(tlog 1)

on G". But the limiting function

X +— exp(tlogfi(x))

on G” takes on the value 1 at the unit character 0 of G”, and belongs
to CPD(G") for every t € Ry by Property 4.3.3.4. Thus, by Bochner’s
theorem (Remark 4.3.6) there exists a unique measure pu; € M'(G) such
that

fi = explt o)
on G". Clearly,

(e * pr)" = fiy fir
=exp ((t + ") log 1)
— v
on G" forall t,t' € Ry, hence (u¢)ter, is a convolution semigroup in
MY(G).
The uniqueness of this embedding convolution semigroup follows from
the Ty-continuity of the mapping 7+ p, from Qy into M(G). O
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Combining Theorem 5.4.14 with Theorems 5.4.10 and 5.4.7 we obtain
the following

Theorem 5.4.15 (Canonical representation of an infinitely divisible prob-
ability measure)
Let G be a second countable locally compact Abelian group with locally
arcwise connected dual G".

Any measure p € I(G) with embedding convolution semigroup
(1t)e=0 € CS(G) has a Fourier representation

:&’ = eXP(‘ﬂ’) )
where ¢ € CND(G") associated with (pi:)ter, admits a canonical quadru-

ple of the form (7) in Theorem 5.4.7.

Remark 5.4.16 It is a consequence of a theorem of Dixmier in [16] that the
groups for which the embedding and canonical representation results hold,
are aperiodic in the sense that they admit no proper compact subgroup
and hence are closed subgroups of locally convex vector spaces of the form

R™ x 71

(embeddable into R™*1), where n >0 and I is a countable set.



Chapter 6

Probabilistic Properties
of Convolution Semigroups

6.1 Transient convolution semigroups

The probabilistic notions of transience and recurrence for stationary in-
dependent increment processes can be discussed in terms of convolution
semigroups. This analytic treatment yields further interesting results of
potential-theoretic nature.

Let G denote a locally compact Abelian group. For a convolution
semigroup (u¢)i>0 in CS(G) with associated resolvent (gx)aso and any
function f € C$(G) we observe that the mapping

AH/fdgA:/()ooe_Atut(f)dt

for RY into R is decreasing. Hence the monotone convergence theorem
implies that

m/fdw=/ooout(f)dt<00~

li
A—0

Definition 6.1.1 A convolution semigroup (u¢):>0 in CS(G) is called
transient if

lim /fdm = / pe(f)dt < oo
A—0 0
for all f € C${(G), and in this case
K= T\ﬁ)l\li% ox € M4 (G)

is said to be the potential measure of (¢)i>0.
(t)t>0 is called recurrent if (:)r>0 is not transient.

225
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Discussion 6.1.2

6.1.2.1 Theorem 5.2.16 and its proof imply that the potential measure
k of a transient convolution semigroup (pt):i>0 € CS(G) with associated
resolvent (px)aso has the property that

supp(k) = supp(ox) = (U Supp(ut)>

>0
(for all A > 0) and that supp(x) is a semigroup in G.
6.1.2.2 Let (u¢)i>0 € CS(G) and ¢ € CND(G") with

(1t)is0 < 9.
If (0)>0 then (u¢)iso is transient, k€ MP(G) with
1
1]l = 20)
and
1
R = e

On the other hand we shall see later, that there exist transient as well
as recurrent convolution semigroups (p¢):>o in M'(G) with

(t)e=0 < P

such that (0) = 0. In fact, for transient convolution semigroups (p+):>0
in M'(G) the potential measure & is always unbounded.

6.1.2.3 If G is compact, a convolution semigroup (u¢)i>0 € CS(G) with
(1t)t=0 < 1),

where 1 € CND(G"), is transient if and only if (0) > 0. This equiva-
lence holds true for an arbitrary locally compact Abelian group G provided
there exists a compact subset K of G such that

supp(ut) C K
for all ¢t > 0.

We add an important

Example 6.1.3 Let (ut):>0 be the Poisson semigroup determined by a
measure fi € M_(Fl)(G) introduced in Example 5.2.7.2. We recall that

pie = e~ exp(tp)
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for all ¢t > 0.
(u¢) is transient if and only if the series

E u" is Ty-convergent.
n=0

In this case ), 5, u" € M1 (G), and as such it coincides with the potential
measure £ of (u¢)r>o0-

In fact, for the resolvent (px)x>o with

(0x)xa>0 < ()0

we obtain the following equalities for Radon measures

oo
QA:/ e Me texp(ty) dt
0

o0 tn
_ — (A1)t v o,n
= / e E o w't)dt

0 n>0

1 o0
— n_— n —(A+1)t
= E I n!/o t"e dt

n=0

1 n+1
= Z <)\—+1) e

n=0

hence for A — 0 the assertion.
We note that measures x € M, (G) of the form

n::Zu”

n=0
with u € MJ(rl)(G) are called elementary kernels determined by pu.

Properties 6.1.4 of potential measures of transient convolution semi-
groups (ut)e>0 € CS(G) with associated ¢ € CND(G”") and resolvent
(0x)r>0-

6.1.4.1 For every A >0 we have that

1 ~
§(Q>\ +0.7) € Mp(G),
hence that
1
5(,% +KrY) e My,

and Kk € M*(Q).
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6.1.4.2 Inv(k) = {0}
6.1.4.3 For each A >0 the measure
ARk + €g
is the elementary kernel determined by the measure Aoy.

Both Properties 6.1.4.1 and 6.1.4.3 are proved by taking Fourier trans-
forms. For Property 6.1.4.1 we just note that £(ox + 0%) € Mp(G), since

Fa B(Q,\ + Q/\N)] =Re _|1_ "
_ A+ Rew >0
A+ 2
(see Theorem 4.4.14). The 7,-closedness of M,(G) in M(G) implies
that 1(k+~k~) € My(G), and the assertion follows from Proposition 4.4.9
(ii).
In the proof of Property 6.1.4.3 one verifies the equality
ov = (A=N)"oy" !
n=0
for X €]0,A[ by applying the Fourier transform and then takes the limit
for N | 0.

Terminology 6.1.5 Let 3 € CND(G").

(a) The function i is said to be integrable over some measurable
subset W of G" provided

Y #0 [wgr] on W
and % (defined [wgr] on W) is wgn-integrable over W.

(b) The real function Re i is said to be locally integrable (on G") if
there exists a neighbourhood U € Uga(0) such that

Y #0 [wgr] on U

and Re% is Resy wan-integrable.

We note that Re% is locally integrable if and only if it is integrable over
every open, relatively compact subset of G”.

With this slightly sophisticated terminology in mind we are able to
establish a generalization of Property 5.1.7.1.

Proposition 6.1.6 Let ¢ € CND(G") and assume that i is integrable
over some open, relatively compact neighbourhood € Uaa(0). Then
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(i) % is locally integrable
and
(i) 3 -wan € Mp(G).

Proof. From the discussion 6.1.2.2 we know that it suffices to consider
the case that ¥ (0) =0. Let K be a compact subset of G*. Tf ¢(x) # 0
for all x € K, we have that

1
—— wgn(dy) < oo
i T e @0
Now let 9(x) =0 for some y € K. Then the set

Ky :={x € K:¢(x) =0}

is compact, hence

n
Kl C U (XZ + V) )
i=1
where xi1,...,xn € K1 and V is an open, relatively compact neighbour-

hood € B~ (0) such that i is integrable over V. The set

F=K\{J:+V)
i=1
being compact with ¥ (x) # 0 for all xy € F we see that ¢ # 0 [wgn]
on K, and that

1 1 1
/K —|¢(X)| win(dy) < /F —|1/)(X)| wan (dx) +/G ) —W)(X” wen (dx)

</ﬁ“’ /w (dx) < co.

Here we employed the fact that K7 C Inv(y) which is part of Theorem
5.2.17.

We turn to the proof of statement (ii) of the theorem. For a given
fe€CG™) and n>1 we have

/f P deion 2 0.

u;ii € CPD(G") by Property 5.1.7.1. The function f * fNi
defined [wgn], and

lim fx f~

n—00 ¥+ %_

since

~1
ff ”

[wgr] (on G™).
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But Re® > 0 implies that
1
W< v +-—
n

for all n > 1, hence Lebesgue’s dominated convergence theorem yields the
assertion (ii). O

Remark 6.1.7 Proposition 6.1.6 remains valid if one replaces i by Re
with the modification that (ii) reads as Re% cwan € My (GM).

<=

We are now aiming at a characterization of transience of convolution
semigroups in terms of integrability of their associated negative definite
functions. The following statement takes care of the less sophisticated part
of that equivalence.

Theorem 6.1.8 Let (u¢)i>0 € CS(G) and ¢ € CND(G") with

(Ht)t>0 1.

If (pe)eso s transient, then (ut)e>o is locally integrable in the sense
that Re% 1s locally integrable.

Proof. Without loss of generality we assume that ¢ (0) = 0. We know
that the set

T:={x€G":4(x) =0}
is a closed subgroup of G” and by Theorem 5.2.17 (ii) that
supp(pe) C T+

for all ¢t > 0. Since (pt)t>0 Is transient by assumption, T+ is not
compact, hence T is not open. But a closed subgroup of G” is either
open or a local wga-null set. This implies that @ # 0 locally [wga] on
G". Now, let K be a compact subset of G”. As usual we choose a
function f e C¢(G) with

|Fafl =1 on K.

But then the monotone convergence theorem together with formula (4) in
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the proof of Theorem 4.4.14 yields

1 . 1
~/KReEdWG/\:~/K)1‘IL%Re)‘+deGA

g/ liminf | Fg f]* Re
ar A—0

At

< limi - 2
\hg\n_}élf/aA |Fafl Re)\-i—ib

_ 1
:liminf/ |Fafl*Fa {—(gmt@f)} dwan
A—0 GA 2
... 1 ~ ~
:hg\njgf§/cf*f d(ox + oY)
1
:_/ [ frd(k+rKY) < oo,
2 Ja

where, as in the proof of Property 6.1.4.1, the identity

1 N 1
Fa [5(9A+0A)] _Re/\+w
has been applied (for A > 0), (oa)r>0 and x being as usual associated
with (ut)t>0. O

Corollary 6.1.9 Let p€ M_(Fl)(G) be such that

E u" is Ty-convergent.
n=0

Then Re ﬁ is locally integrable (on G™).

Proof. Welook at the convolution semigroup (u¢):>0 determined by the
measure 4 and its associated function ¢ =1—j € CND(G"). By Exam-
ple 6.1.3 (u¢)e>0 is transient, hence the theorem implies the assertion.

U

The discussion in the remaining part of this section will be devoted to
the implication (inverse to that of Theorem 6.1.8)

(TC) (wt)t>0 locally integrable = (u¢)r>0 transient.

Remark 6.1.10 Until now the implication (TC) is only available in the
special case of a compact group G. See Discussion 6.1.2.3.

In other words, (TC) holds for convolution semigroups (pt):>0 in
MP(G) which are not in M*(G).
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If, in fact, ||| <1 for some ¢ >0, then (u)i>0 Is transient, and
for the associated ¢ € CND(G”) we have Ret > 0 by Corollary 5.2.5
(ii).

For the somewhat lengthy proof of the implication (TC) which in its
course will contain useful side results on transient convolution semigroups
in Mil)(G) we shall prepare several steps of reducing the statement to
be shown and two basic facts from the potential theory of convolution
semigroups in Mil)(G).

Properties 6.1.11 (Reducing the proof of (TC))

6.1.11.1 Let H be a compact subgroup of G and let (fit)i>0 € CS(G/H)
be the canonical image of (pt)i>0 € CS(G). Then (TC) holds for (ut)e>o
provided it holds for (fit)t>0-

In fact, given a recurrent convolution semigroup (u:):i>0 € CS(G),
(fit)¢>0 is a recurrent convolution semigroup € CS(G/H). Since (G/H)"
is isomorphic to the open subgroup H+ of G” by the functorial property
4.2.17.3 and since 1) € CND((G/H)") with

= (ju)ez0
coincides with Resg i1 1, where
Y < (1e)e=0,

Re 3 is not locally integrable.

6.1.11.2 Without loss of generality the given (ut)i>0 € CS(G) can be
assumed to be adapted in the sense that

S = [U supp(ut)] =G.

t>0

In fact, if (u¢)t>0 is not adapted, then we replace G by S. Considering
the canonical surjection 7 : G" — G"/S+ = S" (functorial property
4.2.17.4) we obtain that

Yp=donr
holds for ¢ € CND(G") with 9 < (u)i>0 and ¢ € CND(S") with
P ()0 -

But then Re i is locally integrable on G” if and only if Re i is locally

integrable on S”.
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6.1.11.3 It is sufficient to prove (TC) for adapted convolution semigroups
in CS(G), where G is of the form

G =R?*x 7°

for d,e > 0.
This follows from the structure theorem 4.2.20 which implies that

G/H =R¢ x 7°

for some compact subgroup H of G and integers d,e > 0. In fact,
since every closed subgroup of a group of the form R x Z° is of the same
type (being a closed subgroup of R%t¢), the previous properties yield the
assertion.

Finally
6.1.11.4 it is sufficient to establish (TC) for (adapted) Poisson semigroups
on G =TR4xZe for d,e > 0.

In order to see this one employs the resolvent (ox
(t)e=0 and considers the Poisson semigroup (e(to

A>0 associated with
)i>0 determined by

)
1)
01 € MJ(rl)(G). It is easily shown that (TC) for (put):>0 is a consequence
of the implication

e(to1))t>o0 locally integrable = o7 1is T,-convergent.
= y g 1 g
n>=0

Moreover,
[supp(e1)]” = G

by theorem 5.2.16, once (p¢)r>0 is adapted.

Theorem 6.1.12 (The Choquet-Deny convolution equation)
Let G be a locally compact Abelian group, and let o € MY(G) be a fived
measure with support subgroup

G(0) := [supp(o)] ™ .

Then, for every measure p € My(G) the following statements are
equivalent:

(i) pe M*®(G) and
ko =.
(i1) Inv(w) D G(o).
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Proof. 1t suffices to verify the implication (i) = (ii). Let u € M, (G)
be a measure satisfying (i) of the theorem. For ¢ € C°(G) we introduce
the function f:= f, on G defined by

f(x) = / (@ + ) u(dy)

whenever z € G. Clearly, f is uniformly continuous (with respect to the
uniform structure of G), and it is bounded since p € M*P(G). Moreover,
f satisfies the integral equations

f(z) = / f(@ + 2)o(de)

for all x € G. Then for a € supp(o) the functions T_,f and g :=
T_.f—f areuniformly continuous, bounded and satisfy the above integral
equation.

Now let ¢ € Ry be such that |g| < ¢ and let

1
7= 5 sup g(z).
zeG

There is a sequence (z,)n>1 in G satisfying
lim g(x,) = 27.
n—oo

Then the set {g, : n € N} of functions g, = T 5,9 (n > 1) is
equicontinuous, since ¢ is uniformly continuous. Hence, by the Arzela—
Ascoli theorem there exists a subnet (gn,)aca 0f (gn)n>1 which converges
with respect to the topology 7., towards a function h € C(G) with
|h| < e. Furthermore h satisfies the above integral equation. But then

2v = li N
y alérixg@ o)

= 1. n
lim gn, (e)

= h(e)

= / hdo.
From h < 2v we conclude that h(z) =2y for all = € supp(o). Given
2 € supp(o) we further obtain

2v = h(z) = /h(x +2)o(dz),
hence

hiz+2) =2y
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for all z € supp(o). An iteration procedure yields
h(z) = 2v

for all x belonging to the closed semigroup generated by supp(c) and
therefore

h(ka) = 2~

for all a € supp(c), k> 1. Now, for every [ > 1 there exists an o € A
with

In, (ka) >~

whenever k& = 1,...,[, provided v > 0. But then by looking at the
equalities

Ina (ka) = f(xna + ka + (l) - f(xna + ka)
= f(zn, + (k+ 1a) — f(xn, + ka),

and after summing for £ =1,...,l we obtain
f(xna + (l+ ]-)a’) _f(xna +a‘) > l’y-

Since f is bounded, this yields a contradiction. Therefore v < 0, hence
g < 0. Replacing g by —g one gets —g < 0, thus altogether ¢ =0 or

f=T"uf

for all a € supp(c). From this follows

L/wy+@ﬂmm:1/memw,

hence
H*Eq =M
for all a € supp(o) and finally for all a € G(o). O

Corollary 6.1.13 (Characterizing idempotent measures)
For any p € M2(G)\ {0} the following statement are equivalent:

(1) pxp=p.
(il) u =wpg for some compact subgroup H of G.
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Proof. Again it suffices to show the implication (i) = (ii). Without loss
of generality we may assume that pu € M'(G), since for p€ M (G)\ {0}
one has

[l pall = Wpel [l sl = N all

hence |lu|| = 1.

From the boundedness of p follows that Inv(u) is a compact subset of
G (see the discussion following Definition 4.4.17). Now, Theorem 6.1.12
says that

G(n) € Inv(p),

hence that H := G(u) is a compact subgroup of G and p is H-invariant
on H. Thus p=wpy (the normed Haar measure of H). O

The following result from potential theory of convolution semigroups
goes back to Deny and has been reproved in the book [8] of Berg and Forst.

Theorem 6.1.14 (Existence of an equilibrium measure)

Let G be a locally compact Abelian group, (pt)i>0 @ convolution semi-
group € CS(G) with potential measure k € My(G), andlet W be an
open, relatively compact subset of G. Then there exists an equilibrium
measure v € MY(G) for (w)i=0 which by definition has the following
properties:

(a) supp(y) C W
(b) k*v < wg
(¢) kxy=wg on W.

Corollary 6.1.15 For every o € MJ(rl)(G) and f € CL(G) with
supp(f~) C W we have that

Kxyx(eg—o0)* f(0)=0.
The proof follows immediately from the inequalities
(kxy#(e0 — )% f)(0) = (kxv* f)(0) = (%70 * f)(0)
Z/fwde —/de(/i*v*o) =20,
since

K*xY*0 Swg*0 < wWq -
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6.2 The transience criterion

This section will be devoted entirely to the announced measure-theoretic
proof of the famous transience criterion for convolution semigroups which
for second countable locally compact Abelian groups and with probabilistic
methods has been established by Port and Stone in [62].

Theorem 6.2.1 (The Port—Stone criterion)
Let G be a compactly generated locally compact Abelian group. For any
(1t)t=0 € CS(G) the following statements are equivalent:

(i) (Mt)t>o 1s transient.
(i) (pe)e=0 s locally integrable.

In view of the proof of Theorem 6.2.1 we now restrict the discussion to
adapted convolution semigroups (p¢)i>0 € CS(G) with

(Nt)t>0 P < (0x)r>0 -

Lemma 6.2.2 (The Chung-Fuchs criterion)
Suppose there exists a relatively compact neighbourhood U € Uga(0) such
that
1
1imsup/ Re —— dwgnr < 0.
A—0 U A+ d]
Then (ut)e=o s transient.

Proof. Since (pt)i>o is adapted, we infer from Theorem 5.2.17 that
Y(x) #0 for x # 0. Taking into account that
1 A
Re < + RQe v
A+ ||
the hypothesis of the lemma yields

1
lim su Re —— dwgr < 00
Aaop/c )\+1/) ¢

for all compact subsets C' of G”. It follows that
1
lims Re * [~ dwan <
g [, ey <
for all f e C°(G"). But given g € C{(G) there exists an f € C°(G")
with |f|? > ¢. This implies that

. 1 N . . 1 N
hmsup/ gd[§(gx +03)] < hmsup/ |f|2d[§(gx + o%)]
A—0 G A—0 G

1
= limsu * f~Re —— dwgn < o0,
wsup [ [+ [ Re o due
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where the last equality follows from formula (4) in the proof of Theorem
4.4.14 together with Theorem 4.4.16. So we have

limsup/ gdoy < o0,
A—0 G

hence by monotonicity that the limit

li d
Alg%/cg ox

exists and is finite for all g € C{(G). O

Remark 6.2.3 Applying Theorem 6.1.8 one obtains the converse of the
statement in Lemma 6.2.2.

Lemma 6.2.4 If (u)t>0 s locally integrable and recurrent, then for
every f e CL(G) with f#0 one has

(a) limsup Apx * Y * f* f~(0) = o0
A—0

and
(b) Aoa* oY = f* f~(0) >0 whenever X > 0.

Proof. Since (ut)e>0 is assumed to be locally integrable, we have for all
relatively compact neighbourhoods U € YA (0) that

Rev Rev
——— dwgr < dwan
o O T Sy Tl
1
:/UReEdng<oo. (1)

But we also assumed (u¢)r>0 to be recurrent. This implies by Lemma
6.2.2 that

lim sup At Rey dwga = lim sup/ Re dwgr =00.  (2)
U

A—0 U |A+w|2 A—0 A"”w

Moreover, for f e C{(G) with f#0, andall A >0
Sox+ £ (ox = 170 = A | Jor s 5w

= [ @I dver

A
2
= dwan .
/ |f| |)\+1/}|2 wa >0
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We note that in fact

A A
2 dogn > 2/7d ,
/ P g e >0 | g Qe

where «a is chosen such that f(0) > o > 0 and U is a relatively
compact neighbourhood in Ugn (0) within the set {x € G" : |f(x)| = a}.
Together with (1) and (2) this yields

limsup Mgy * f* (ox * f)~(0) = c0.
A—0 g

Principal Lemma 6.2.5 Let G be a non-compact second countable
locally compact Abelian group, and let (pt)e>0 be an adapted continuous
convolution semigroup in M'(G). Suppose that

(o) (pt)e=0 s locally integrable
and that
(B) there exists an f € CL(G) with f#0 such that

sup oy x fx f7(0) < 00,
A€]0,1]

where

1 ~ ~
oy = 5(@\ +0%) — Ao x 0y € My(G).

Then (pt)iso0 s transient.

Proof. 1. Assuming that (u¢)r>0 is recurrent we infer from Lemma
6.2.4 that with the notation

ax = Aox * oy * fx f~(0)~*
for all A >0 we have
hg\n igf ax=0.
This condition implies that (ax)xea will be bounded for some subset A
of ]0,1] that contains points arbitrarily close to 0. Then (axox)rea is

a T7y-relatively compact subset of M, (G).
In order to see this it suffices to prove that

sup ax(ox + o) (K) < oo
A€]0,1]



240 Probabilistic Properties of Convolution Semigroups

for each compact subset K of G. But this will be clear from the following
reasoning: We choose a compact subset K of G and a number ¢ > 0
such that

Li={xeG:fxf~(x)>c}#0.

Then, for a suitable sequence {x1,...,z,} in G (n>1) we get

K C U(x —
i=1

It follows that

M:

(ex +oX)(K) < ) _(ex+eoX)(zi — L)

1
<= o+ X)) f# [ ().
i=1

Since px+0y € M,(G), Proposition 4.4.9 implies that (ox+03)*f*f~ €
CPD(G), and the above sequence of inequalities can be extended to

.
Il

ol»—‘

for all A €]0,1].

2. The assumptions on G imply that M (G) is 7y-metrizable. Therefore
there exists a sequence (Ag)k>1 in ]0,1] with Ax | 0 such that

ILI{:O ay, =0
and
(Tv—) klggo ax, 0x, =: ¢ € My (G).
From
(5(C+C) % £7(0) = Tim ax (3o, +05,)) * f * £7(0)
= lim ay,0n, «frfr0)+1=1
we conclude that ¢ # 0.
3. The next aim will be to show that

(a) ¢ € M**(G) and that
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(b) ¢ =AC* oy forall A> 0.

This being done Theorem 6.1.12 together with Theorem 5.2.16 (and the
adaptation of (p¢):>0) will imply that
(=cwg
for some ¢ > 0.
Now concerning (a) we just note that (+{~ € M,(G), since px+o} €
M,(G), hence ¢+ (¢~ € M*® and so also ¢ € M*P.
As for the proof of (b) we deduce from the resolvent equation that
(A= Ag)or * ax, 06, < ax,on,
for every A >0 and k> 1. Given XA > 0 we choose ¢ €]0,\] and
suppose that Ay €1]0,e[. Then
(A =)o * ax,on, < ax,0n
hence
(A—e)ox*( <,
and for € — 0 we arrive at
AG*ox < ¢

valid for all A > 0.
Suppose now that A{ x ox # ¢ for some A\ > 0. Since

n

D (o) (C=Aoxx () = ¢ — (o) = <,

k=0
the series > (Aoa)™ norm-converges for A > 0, and
n>1
D)k =11 (Ae)"|
k=0 k=0
A
1€ = Aoa =]

But as in the proof of Property 6.1.4.3 we apply the formula
o = Z(}\ — )\I)QKA—l
n>=0

valid for X €]0,A[ and obtain
: 1 n
lim gy = X Z(/\,Q)\)

AN —0
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which implies the transience of (u¢):>0, hence a contradiction.
4. Now let W be an open, relatively compact subset of G such that
supp(f* f~) C W. Foreach k > 1 we consider the convolution semigroup
(e M!u)i>0 € CS(G) with potential measure o3 and equilibrium mea-
sure 7y, depending on W, the latter existing by Theorem 6.1.14. For
every k> 1 we introduce the measure

Ux, = a;klrykk )

and we obtain

Ua, W)ax, ox, (W) < /

Since

liminf ay, ox, (W) >0,

k—o0
the sequence (v, (W))k>1 is bounded, and since supp(yy,) C W for
all k>1, (Vk)k>1 is norm-bounded. Without loss of generality we may
assume that (vx,)k>1 7v-converges to a measure v € My(G). v is

bounded, since supp(r) C W, and v # 0. The latter statement requires
a detailed argument. First of all we have that

0< UJG(W) = V), kK a)y, Q:k (W)

oy, / / Tw (z +y) v, (dz) o, (dy)

< ay, / </ dV/\k> doy,
w-w \Jw

= A\ VX, (W)Q;k (W - W) .
Since W is relatively compact, there exists a function g € C§(G) such
that
Iwyw-w) <y
which implies that

limsup vy, (W) < klim vy, (9) =v(g).

k—o0

Under the assumption that ¥ =0 we obtain

klim v, (W) =0.
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From

limsup ay, o, (W — W) < hm aAkQAk(g)

k—oo
=("(g9) < o0

we conclude that the sequence (ax, o0y (W — W))k>1 is bounded, so the
product sequence (ay, oy, (W—=W)vy, (W))k>1 tendsto 0 and its members
are not > wg(W) > 0 which provides a contradiction. Consequently
v e MP(G)\ {0}
5. By the resolvent equation
lim Agox, * 0% * (g0 — (A — Ai)or) * v,
= klir{)lo AkON, * Vky * O,

and this limit equals 0. For the latter assertion we need to realize that

A0y, * Uay ¥ 0x < ay Ak(on *wa)
=a; ' Mlloallwe
and to prove that

lim a7\ = 0.
k— o0 Ak k

This limit relationship can be shown as follows: from the proof of Lemma
6.2.4 we infer that

DY
71A :/ 2( ) d N
OV |f| e+ 0] wa

for all k& > 1. The integrands are bounded by | f | and converge (for
k — oo) pointwise to 0 on G"\ {0} (since ¥(x) # 0 for x # 0).
An application of the Plancherel theorem 4.2.11 (iii) yields that it is also
wan-integrable. But then the dominated convergence theorem implies the
assertion.

6. We are ready to finish the proof by establishing a contradiction to the
boundedness of (ay,)r>1-
By the choice of f and W according to 4. of this proof we note that

supp(f * f~)~ =supp(f * f~) CW.

Moreover

[N = Ax)oall <1
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forall A > A (k>1). Corollary 6.1.15 now yields

0%, * (€0 — (A= Ak)ox) xva, = f+ f7(0) 20 (4)
for A > Agp. But oy € M,(G), since
R Re1)
TR

Hence
oxn ¥ [ f7 <oy, * fx f7(0)
and consequently,
Ox, ¥ (€0 — (A= Ar)on) x vy, x f* f7(0)
= [on s Fer)Enle = 0= sl 6)

<o x f 70 laglllleo — (A = Aw)eall -
But this expression admits a bound M (independent of A) for all Ax < A,
since (oz, * f* f~(0))g>1 is bounded by assumption and
lleo = (A = Ax)arll < T+ [[(A = Ax)eall
<1+ [Aaal <2
Now we deduce from (3) that
klin;o Ak 0x, * 0N, * (g0 — (A= Ag)on) *va, * f* f7(0) =0,
whence by (5)
limsup(ox, + 0%,) * (€0 — (A = Ak)or) xva, » [+ f7(0) < 2M

k—o0

and thus by (4)
limsup ox, * (€0 — (A — Ak)or) xva, * fx f7(0) < 2M

k—oo

which together with the resolvent equation implies that

limsup oy * vy, * f*x f7(0) <2M .

k—oo
From 7y—limy_o vy, = v (part 4. of the proof) and the norm-boundedness
of (va,)k>1 we derive

oxxvx fx fY(0) < 2M
i.e.

/Vw*f*fwdg)\<2M
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for all A > 0, in particular for A := A\ whenever k > 1. Consequently
the sequence

<a)\k1/GV~ * f * de(aA,cg)\k)>
k1

is bounded. On the other hand

lim yN*f*de(aAkgAk):/yN*f*f~dC>0,

the strict positivity following from the facts that ( = cwg for ¢ >0 and
that

vk fx fY£0.

But then (a;}}) k>1 must be bounded, and this contradicts the assumption
made in Part 1. of the proof. The demonstration of the lemma is finally
complete. O

Proof of the Port—Stone criterion 6.2.1. By Property 6.1.11.4 it suf-
fices to establish the implication (TC) for an adapted Poisson semigroup
(pt)t>0 determined by a measure p € M'(G), where G is of the form
R? x Z¢ for a,e > 1. For the associated continuous negative definite
function of the form ¥ =1— [ we assume Re % to be locally integrable.
It will be shown that (u¢)i>0 is transient.

1. The case d—+e > 3.

The dual G» = R? x T¢ of G will be interpreted as the subset
Rix | — 7, 7] of R¥*¢ equipped with the Euclidean norm || - ||.

At first we show that there exists a constant ¢ > 0 such that

Rev(y) > clly|? (6)

for all y in a relatively compact neighbourhood U € Bga(0).

In fact, since G = [supp(u)]~, one finds m := d+e linearly indepen-
dent elements x1,..., 2z, € supp(p). Let V:={x € G : ||z|| <7}, where
v :=max{||z;]| :i=1,...,m}. The quadratic form @Q defined by

Q) = /V y(2)? p(dz)

for all y € G" is positive definite, hence its smallest eigenvalue 7 is
strictly positive and

Q(y) = 7ly?
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for all y € G*. On the other hand

Re(y) = /G (1 - cosy(z)) p(de)

<2 [ s (o) ) s

for all y € G". But the modulus of the latter integrand being > 1|y(z)|
if |y(z)] < © we obtain that

Re(y / ly(e

for all y € G, where
W:={zeG:|z| <v, |yl@)| <}

If |yl <% and [z| <+ we obtain [y(z)[ <m. But then

Rew(y / y(@)P p(da) > Syl

for all y in the relatively compact neighbourhood U := {u € G" : ||u|| <
2} € Ve (0). With c:= 27 we arrive at the assertion.
Applying the inequality (6) we now obtain that

1 1
R d/\d+e / / d+e ;
/ ‘Ntv AT Rew e

and the Chung-Fuchs criterion 6.2.2 yields the transience of (p¢)t>0, pro-
vided d+e >3

2. The case d+ e =2. We note that for all A >0

A A
AN, b e </ S AR P
[t » T Reul?
A
< A Y
/U<A+c||y||2>2 (dy)
1
< S
</, T eye () <o

On the other hand we obtain from the hypothesis that
A+ R
sup / Re d\? = sup / ;e;ﬁ d\? < 00
A€10,1] >\+¢ rejoalJu A+
which, again by Lemma 6.2.2, implies the assertion.
3. The case d+e =1, ie. the groups G=R or G=7Z.
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From the principal lemma 6.2.5 we infer that it suffices to establish the
existence of a function f € C§(G) with f# 0 satisfying

sup ox* f* f7(0) < 00.
A€10,1]

At first we observe that for all f € C$(G)

wf*f~<0>=/G(mf>7dwc:/ o e I dwen

G/\
~ 7 Rey 29
= Galf1? dw A:/ ———|f]* dwgn
Jo o ase = || P e
Rev, ; / 1 45
< — | fldwgs = Re —|f|* dwgn .
LA |¢|2|f| G an ¢|f| G

If G =7Z, the last integral is finite, since G" =T is compact.
Now let G = R. For each relatively compact neighbourhood U €
Ui (0) we have that

O\ *f* fN(O) < /G/\ Re$|f|2deA

1 2 1, 2
= Re—fzdeA—i—/ Re—dewGA.
J R + [ Regli

Obviously the integral over U exists. Given a symmetric measure v €
M]i (R) with compact support such that

1 ~
z/éi(u—i-u )

holds we introduce the desired function f on R by

fa) = / & — y| v(dy) — [v]]a]

whenever z € R. Since p # gg, we may assume that v is not a multiple
of ep, hence f(0)# 0. It is easily shown that f € C¢(R) and that

fla) = Sl — (x)

for all = € R*. From the inequalities
0< Il = #le) = [ (1= costam) v(dy)

< [ = costam) n(dy) =1~ Rejp(a)

=Rey(z) <2
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valid for all x € R we conclude that

) ARep(@)? |
| re ()If( PP A ></CU R Ada)

< =
< /C ) <

The proof of the Port—Stone criterion 6.2.1 is complete now also for G = R.
O

Examples 6.2.6 We are considering continuous convolution semigroups
(ut)e=0 in M1(G) with associated continuous negative definite function
1 on G admitting a canonical quadruple (in the sense of Theorem 5.4.7)
of the form (0, h,¢,0). These semigroups determined by

Y =ih+q

with a homomorphism h: G — R and a positive quadratic form ¢ on
G" are called (non symmetric) Gaussian. The subsequent discussion is
designed to study the transience of Gaussian semigroups.
6.2.6.1 Let (e,())i=0 be a translation semigroup in M*(G) as introduced
in Example 5.2.7.1. Recall that the mapping z : R} — G can be extended
to a continuous homomorphism ¢ : R — G. It was shown in Example
5.2.7.1 that (£,())r>0 admits a canonical quadruple of the form (0, /2,0, 0).
Now, the semigroup (e,())t>0 is transient if and only if »(R) is not
compact (in G), and in the affirmative case its potential measure can be
described as the image ¢(k) under ¢ of the potential measure

KR = ]]-Ri - A S M_;,_(]R)
of the translation semigroup (e;);>0 in M!(R). In other words,
p(k) = R‘esgo(Ri) Wo(R) -

In fact, by Appendix A.4.6 a continuous homomorphism ¢ : R — G
admits the following alternative: either (1) @(R) is compact or (2) ¢ is
a homeomorphism onto ¢(R) and ¢(R) is a closed subgroup of G. In
case (1) (eq(t))t=0 is obviously recurrent (see Discussion 6.1.2.3), in case
(2) it is transient, since for every f € C$(G) the set supp(f) Ne(R) is
compact, hence for some ty > 0

/fdf‘:z(t) =fopt)=0

whenever t > tg.
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6.2.6.2 Here we discuss the transience of symmetric Gaussian semigroups
(vt)r>0 admitting a canonical quadruple of the form (0,0,¢,0). More
specifically, we restrict ourselves to the case that G =R? (d > 1) and to
the symmetric Brownian semigroup (v4):>0 given by v = n;- A with

no(a) = ﬁe@ @%)

for all x € R? (¢t > 0).
The following computation shows (by an application of the Schoenberg
correspondence theorem 5.2.3) that the function 1 on R¢ defined by

P(y) = [lyl?

for all y € R? is the continuous negative definite function associated with

(Vt)t>0-
Indeed, for all y € R? ¢ >0 we have

i) = [ epl-ite.y) e (—%) da

(with the obvious notation zj and gy for the k-th component of the
vectors x and y respectively).

Now the Port—Stone criterion 6.2.1 implies that (v¢):>0 Is transient if
and only if d > 3.

This result can also be obtained by an explicit computation of the po-
tential measure. In fact, one easily sees that

0 if d=1,2 forall z € R?,
/mnt(x)dt: andif d>3 for x =0
0 5(7%)||a:||2_d if d>3 and z R z#0.
272 (d—2)
Putting for d > 3
o r'(g)

T 2ni(d—2)
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and

zl|?~% if zeRY, 2 #£0
Nale) := {LH if 2=0 ’

we see that the potential measure
Rd ‘= Cde . )\d

of (1t)i>0 is a multiple of the classical Newton kernel Ny - 2. We also
note that xq € M (R?).

6.2.6.3 Symmetric stable semigroups of order « €]0,2] are given
as families (u&);>0 of measuresin M(R?) (d > 1) admitting a Fourier
representation

1 (y) = exp(—tlly]|*)

for all y € R? t>0. It can be shown that a symmetric stable semigroup
(u¥)e=0 of order « is a convolution semigroup subordinated to the sym-
metric Brownian semigroup (v¢):>0 defined in Example 6.2.6.2 by means
of the one-sided stable semigroup of order 3.

Clearly, the symmetric stable semigroup of order a =2 coincides with
the symmetric Brownian semigroup in M (R?).

Since /jta € LY (R4, \?%), an application of the inverse Fourier transform
(introduced in the proof to Property 4.2.16.3) yields an integral represen-
tation of the A%-density m¢ of u@ as a function in C{(R?). In the

special cases a =1 and o =2 one may compute my explicitly. It turns

out that
d+1 t
1
m;(x) =T ( )
' 2 ) [n(|le)? + )]

whenever z € R%, ¢ > 0. If, in addition, d =1 then (u});>0 reduces to
the Cauchy semigroup.
Since

(1 )ez0 < ¥,
where (y) = |ly[|* for all y € RY the Alocal integrability of i
which occurs exactly in the cases
d=1 and «€]0,1],
d=2 and «€]0,2],
d>3 and «a€]0,2]
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implies the transience of (u$):>0 exactly for these choices of d and a.
For d =1 and a € [1,2] aswell asfor d =2 and a = 2 the
convolution semigroup (uf);>o is recurrent.
In the cases of transience the potential measure kqqo of (uf)i>0 ap-
pears to be the Riesz kernel of order o having a \%-density

d—a
( 2 ) ||$||a_d.

20 4T(5)
For the computation of this density one employs the construction of (u§):>0
by means of subordination.
6.2.6.4 Let (u);>0 denote the heat semigroup in M!(R? x R) defined
by

Ht =V @&y
for all ¢ >0, where (v)t>0 and (e¢)t>0 denote the Brownian and the
translation semigroups discussed in Examples 6.2.6.2 and 6.2.6.1 respec-
tively. One has

(1)ez0 <
with
W(y,s) = |lyll” +is
whenever (y,s) € R? x R.  Clearly, (u¢)s>0 is locally integrable, and
hence the Port—Stone criterion 6.2.1 implies the transience of (u¢)>o0-
The transience of (u¢)r>0 can also be obtained from an explicit com-
putation of the potential measure.

In fact, let (i¢)i=0 <> (0a)ra>0. Then for each g € C°(R? x R) we
have that

_ /Om s Mdg(a;,s)ns(x) da:] ds  (A>0).

But the function k& on R? x R given by
k(. s) = ns(z) if xeRY, seRY
0 if zeR? s¢RS
is locally (A\4*1-)integrable, hence (u;);>0 is transient with potential
measure

K=k AT
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Moreover, x € M*(R? x R).
6.2.6.5 Let G :=Z and let (ut)i>0 denote the Poisson semigroup
determined by the measure
a
= —— ¢, e MY(G
a 7;2 n?2 1ognE (@)

with a suitably chosen a > 0.
Clearly,

S u
n=0

exists, since supp(p™) C {2n,2n+1,...} (n € N). Observe that k(n) =0
for all n < 0. Thus (ut)e>o is transient. Moreover it follows from
Spitzer’s book [79] that x € M*(G).

On the other hand, (u¢)¢>0 being determined by g is associated with
the negative definite function ¥ on T given by

P :=1-4a) = Z W(l —cos(nd)) +1 Z 3 1ogn sin(nd)
n>2

whenever 9 € R (after suitable identification of functions on Z* =T and
on R). A result in Zygmund’s book [102] yields

P(9) ~ iad log |log V|

for 9 | 0, hence i is not integrable over any neighbourhood of 0.

Altogether we have seen that (u¢)¢>0 Is transient, hence Re% is
locally integrable by the transience criterion 6.1.8, but % is not locally

integrable.
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6.3 Recurrent random walks

Until now we have studied convolution semigroups on an arbitrary locally
compact Abelian group G without particular reference to probability
theory. In the case of a second countable group G this reference can be
easily established. Given a convolution semigroup (u:)icr, in M'(G)
there exists by the Kolmogorov consistency theorem a translation invariant
Markov process in G whose transition semigroup (P;)ier, (of Markov
kernels P; on K x B(G)) is related to (u¢)ier, by

Fi(x, B) = pu * ex(B) (D)

for all (z,B) € G x B(G), t € Ry. More precisely, there is a one-to-
one correspondence between convolution semigroups (u:)icr, in M'(G)
and stationary independent increment processes with transition semigroup
(Pi)ter, given by (1).

In the present section we shall study stationary independent increment
processes in G with transition function (P,)nez,, where P, :=P" for
some transition kernel P of the form

P(x,B) := pxe,(B)

for all (z,B) € G x B(G) with a measure p in M1!(G). Such processes
are called random walks in G with law pu.

A sketch of the construction of such random walks now follows. Given
P and a measure v € M!(G) there exists a measurable space (,2) with
Q:=G% and A:=B(G)®?+ and a measure P” on (€2,2) such that
the sequence (X, )nez, of projections X, : G?+ — G (generating the
o-algebra ) forms a Markov chain in G with transition kernel P and
starting measure v. This statement can be made precise by the defining
properties

EY(foXn |%Un) =P(foX,) [P]
for all bounded measurable functions f on G, where A, :=
o({Xo,X1,...,X,}) forevery ne€Z;, and
P”([Xo € B]) = v(B)
for all B € B(G).
In the special case v:=¢, for x € G we shall write E®* and P® in

place of E¥ and P" respectively.
Introducing the shift operator # on Q by

(o, 21y Ty ... ) = (21,2, o+, Tty - - - )
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for all (xzo,21,...,Zn,...) € Q one obtains the Markov property of the
chain (X,)nez, in the form
E“(Z 00" |%,) =E¥(2) [PY]

for every 2-measurable function Z >0 on Q, ne€Z,.

Moreover, it turns out that (X,)ncz, enjoys the strong Markov prop-
erty : Given any stopping time 7 for (X,)nez, then for every -
measurable function Z >0 on

E“(Zo#, | F)=E*(2) [PY],

where 60,, F, and X, denote the 7-shift, 7-past and the 7-stopped
chain respectively.

The random walk in G with law u € M'(G) will be abbreviated by
X (p) if no other specification is needed.

It is easy to see that the random walk X (u) constructed above has
independent increments Z,, := X, — X,—1 (n >1) (with respect to P")
and that these increments are identically distributed with

(P")z, =n
for all n>1.

For a given random walk X () with law p € M(G) we introduce
the notation

S(p) := (supp(p))~

and

Observation 6.3.1 z € S(u) if and only if for each V € B (z) there
exists an n > 1 such that

(V) =P%[X, € V]) >0.

Since G is assumed to be second countable, this implies that

pY ﬂ[XnES(M)] =1

n>1

and, after translation in G,

TN [XneGu]] =1

n>=0
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for all x € G(p). This means that G(u) is an absorbing set of X (u),
hence we may assume without loss of generality that

G(p) =G.
In terms of Fourier transforms this hypothesis can be rewritten as
{x € G":i(x) =1} = {0}.

Indeed, if X (p) is adapted in the sense of the hypothesis, then 1 being
an extremal point of the unit disk, fi(x) =1 implies that x(z) =1 for
p-a.a. x € G, hence for all z € G(p), and thus (by adaption of ) for
all x € G (without exception). Thus y is the unit character 0 in G”.

In the following we shall look at sets of the form

R(B) := limsup[X,, € B|

n—oo

:=[X,, € B for infinitely many n > 0],
where B € B(G).

Definition 6.3.2 = € G is said to be recurrent if for every V € Ug(x)
one has

POR(V)) =1.
z € G is called transient if 2 is not recurrent.

Theorem 6.3.3 (Dichotomy)
For each adapted random walk X(u) in G one has the following alter-
native: Fither

(1) every element of G is recurrent
or
(2) every element of G is transient.

Proof. Let R, denote the set of recurrent elements (for X (u)). Plainly,
R, 1is a closed set, and hence it suffices to show that

Ry —S(p) C Ry
In fact, if this implication holds true, then R, C S(n) and consequently
R,—R,CR,.

So, if R, # 0, then R, is a closed subgroup of G. But R, D —S(u)
implies that R, = G, since X(u) is adapted.
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Now, let z € R, and y € S(pn). We shall show that z—y € R,,. Let
U be a neighbourhood € Vg (x —y). Clearly, U+ (y —x) € V(0), and
there exists a neighbourhood V € B (0) such that V-V C U+ (y — z).
On the other hand, V+y € Us(y), hence there exists a k € Z satisfying

PU((Xk €V +y]) >0,
since y € S(u). Let
A=[XpeV+y.
If we A, the relation X,ix(w) € V + 2 implies that
(Xn+k — Xp)(w) eV4+ax—(V4+y) CU.

As z is recurrent, for P-a.a. w € A there exists an infinity of integers
n € Zy such that X, 1x(w) € V +x, therefore we obtain

P (lim sup[ X4 — Xi € UM A) = P°(4).

n—oo
The sequence (X, —Xg)nez, having the same distribution as (X, )nez,
is independent of A, therefore

P%(lim sup[X,, € U]) = 1

and z -y € R,. O
The dichotomy theorem enables us to make the following

Definition 6.3.4 A random walk X (u) with law p € M(G) is said to

be recurrent if it satisfies (1) of the theorem. Otherwise X (p) is said to

be transient.

A locally compact Abelian group G is called recurrent provided there
exists an adapted recurrent random walk on it, and transient otherwise.

We recall the notion of (first) return time of X(y) into aset B €
B(G) defined by

Re e inf{neN:X,,eB} if (neN:X,,eB}#0)
B 00 otherwise.

It is known that Rp is a stopping time for X (u) (with respect to the
canonical filtration (A, )nez, )-

Theorem 6.3.5 An adapted random walk X (p) with law p € MY(G)
is recurrent if and only if for each neighbourhood V € B(0) one has

PRy < x]) = 1.
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Proof. 1t suffices to prove that the condition is sufficient for X(u) to
be recurrent. Let V' be a symmetric neighbourhood € Ug(0) and let
W be a compact symmetric neighbourhood € B (0) such that W C V.
Clearly, there exists an open neighbourhood U € U (0) satisfying
W+C0v=-w+CVvclU.

It follows that

[Xm+n ¢ V] N [Xm € W] - [Xm+n - Xm ¢ U] ’
hence that

p0<[XmeW]ﬂ ﬂ [Xm+n¢v]>

n=1

< PO <[Xm eWIN () Xmtn — Xm ¢ U])
n>1

= PY([X,, € W])PY([Ry = o)),
since Pg(m+n_X = P , and  Xpin — Xy is independent of X,
(m,n € Z4). But by hypothesis

PO([(Xm € WIN [ [Xmin ¢ V]) =0
n>1

for all m € Z,. Let therefore (W, ),>1 denote an increasing sequence of

compact symmetric neighbourhoods W, € U(0) such that |J W, =V.
r>1
Since

[Xm € V] = lim [X,,, € W,],

T —00

one has
P° <[XmeV]m N [Xm+n¢V]> =0
n>1

for all m € Z. Let now

T e supim20: X, eV} if {m>20:X,,eV}#0

v 0 otherwise

be the last killing time of V. Then

PU(Ty <o) = Y _P[Ty =m

m=>=0
= Z P0<[Xm S V] N ﬂ[Xm+n ¢ V]) =0,
m2>=0 nz=1

hence P°(R(V)) = 1 which implies that 0 and therefore X(u) is
recurrent. O
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If X(u) is arandom walk in G with law p € M1(G) admitting a
transition kernel P we introduce the potential kernel K of X(u) by

Kf(x):=>Y P"f(x)=E" (> foXy)

n>=0 n=0
for all measurable functions >0 on G and all z € G.
Properties 6.3.6 of the potential kernel.

6.3.6.1 K satisfies the maximum principle in the sense that
sup K f(x) =sup{K [f(y) : y € supp(f)}
for all measurable functions f on G.
6.3.6.2 For each measurable function f >0 on G one has
f+PKf=f+KPf,
hence
6.3.6.3 the Poisson equation
(I —-P)Kf=f
is fulfilled whenever K f is finite.
6.3.6.4 For all x € G one has the commutation relationship
T.P = PT,.

The proofs of these properties are straightforward except that of Prop-

erty 6.3.6.1. Let z € G and let R* denote the return time into supp(f)

of the random walk X (u) starting at z. (Here we refer to the sequence
(S%),>0 of shifted sums

n
Spi=> Xp+a
k=1

(n>1) and S§ :==z.) One has

Kf(x)=E® <ZfoXn>

n=0

:Ef( > foXn;R””<oo>

n>=R*

:EI<ZfoXnoﬂRz;R$<oo)

n>0

:EﬂC(EXRI (ZfoXn);Rr<oo>

n=0
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(by the strong Markov property of X (u))
=E°(Kf o Xge; R* < 0),
hence the assertion by taking the supremum over all z € G.
For each pair (z,B) € G x B(G) we set

K(x,B):=Klg(x)
= K *ey(B),

where

K= Zu”

n=0

is the elementary kernel determined by p € M'(G) in the sense of Example
6.1.3.

Theorem 6.3.7 Let X(u) be an adapted random walk in G with law
pe MYG).
Then

(i) X () is recurrent if and only if k(U) = oo for every non-empty open
subset U of G.

(il) X (u) s transient if and only if k(U) < oo for every relatively compact
open subset U of G.

Proof. It suffices to show that X (u) is recurrent provided k(U) = oo
for each relatively compact open neighbourhood U from a neighbourhood
base of 0.

We are retaining the notation of the proof Theorem 6.3.5.

First of all we justify that without loss of generality we can choose U
to be a symmetric relatively compact neighbourhood € U (0). In fact,
let

We have
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hence

N
kn(U) <1+ E° (Z lyoX, OHRu)

n=0
=1+E° [ EXRu Z]onXn :Ry < oo |,
n=0

which follows from the strong Markov property of X (u), and by Property

6.3.6.4 we obtain that
kn(U) < E%kn(U — Xpy); Ry < o0)
< K:N(U - U) )

where U — U is a symmetric relatively compact open neighbourhood
€U (0). Letting N — oo, one deduces that

k(U -U)=00.

Now let U be a symmetric relatively compact open neighbourhood in
U;(0) such that

Kk(U) =o0.
One has
1> P([Ty < o))

=Y P (X €UIN ) [Xinsn ¢ U]

m2>=0 n>=1

and, since y —x ¢ 2U implies y ¢ U (for x € U),

12 P [Xp € UIN () [Ximin — Xm ¢ 2U]

m>0 n>1
It follows that
1> k(U) pO [Roy = 0] ,

and since k(U) = co by assumption, that

PO([Ray = o0]) = 0,
hence that

PY([Roy < <]) =1,
which by Theorem 6.3.5 completes the proof. (]
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Corollary 6.3.8 If X(u) is transient, then

(i) K s a proper kernel in the sense that G = 5, Gn for an in-
creasing sequence (Gp)p>1 in G such that K(-,Gy) s a bounded
function for all n > 1.

(i) K(z,-) € M4 (G) forall z €@G.

(i) The set {K(z,-):x € G} is 7y-relatively compact in My(G).
Proof. From the theorem we infer that there exists an open U € U (0)
such that k(U) < oo. Let V be an open neighbourhood € Us(0)
satisfying V —V C U. Then we obtain for each =z € V' that

K, V)=r(V—-z)<r(V-V)<k(0)
and by the maximum principle 6.3.6.1 that
K(z,V) <k(U)

for all x € G. For every compact subset C of G there is a sequence
{z1,...,2,} in C such that the sequence {V —x;:i=1,...,n} forms
an open covering of C. But then

for all € G which implies all the assertions (i) to (iii) at one time. [

Examples 6.3.9 of recurrent random walks.

6.3.9.1 If G is compact, every (adapted) random walk X (u) in G is
recurrent.
In fact, the potential kernel (measure) x of X(u) satisfies

#(G) = E° Z]lGoXn =00

n=0

for the (relatively) compact open (sub)set G.
6.3.9.2 For the Bernoulli walk X(p) in Z with determining measure

1 1
== —e_,e MY(Z
I 281+2€1€ (Z)
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(arising as the common law of independent Z-random variables Yy (k > 1)

leading to partial sums X, := > }_, Yi (n>1)) one computes
1
S0 = S (10 = S P =) = 3 (7))
n=0 n=0 n=0
where

2n\ 1 2n! 1 1
<n ) 3 = il 2~ U

(by Stirling’s formula), and obtains that x({0}) = co which says that Z
is a recurrent group.

We note (and shall show later) that the random walk X (u) in Z with
determining measure

Mi=Dpe1+qe_1,

where p,q >0, p+qg=1 but p#£q# %, is transient.
6.3.9.3 Considering the random walk X(u) in Z? with determining
measure

1
pi= 700 +E10) + e +E0,-1) € M(Z)
one obtains that

=Y P([X2n = (0,0)))

n=0

:Z Z mljlj (_)2717

n>0i+j=n
where the inner sums
1\* /2n n n
= (3) () 2 (6"
i+j=n

2n\°

n
are asymptotically equal to -~ as n — oo, hence that x({(0,0)}) =
Consequently Z?2 is recurrent.

We are now going to describe the class R of all recurrent (locally
compact Abelian) groups. By a method similar to that applied in the proof
of the Chung-Fuchs criterion 6.2.2 we shall at first characterize transient
random walks in G.

Theorem 6.3.10 For any random walk X (p) with law p € MY(G) the
following statements are equivalent:
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(i) X () 1s transient.
(ii) There exists a neighbourhood W € Uana(0) such that

1
1imsup/ Re — dwanr < 0.
a1 Jw 1=t

Proof. (ii) = (i). For any compact symmetric neighbourhood V €
Ui (0) we have

</V X(@)wen (dX)>2 = /GA x(@) </ Ty ()lv(x — o) wcA(d9)> wan (dx)

— [ X@war (VA (V +30) v (@0,
G/\
whenever = € G. Integration with respect to p yields

[ 006 (V AV 4 1)) i (@)

-/ ( / mwm<dx>)2u<dx>.

This identity holding true for the p™ instead of u, we may multiply by
t" for t € [0,1] and sum over n in order to obtain

/G e VAV ) wen ([dX)

~ 1 =ta(x) ,
=Y o [ ([ 3@ @o) waa).

n=0
Now let W be a symmetric compact neighbourhood € Uga(0) and choose
V € Bea(0) such that 2V C W. The function
X = wer (VO (V+x))
on G’ is zero on CW, hence the left-hand side of the above equality is
a real number

1
< wagn (V)/ Re — dwgn .
wo L—tp

v (/Vy(x)dwm>2

on G is continuous and takes the value wgn(V)? at z = 0, it is
> 1(war(V))? on some neighbourhood U € B(0). As a consequence
we obtain

Since the function

1
2/ Re = d(UGA 2 wGA(V) Ztn PO([XTL € U])
wo L=t n>0



264 Probabilistic Properties of Convolution Semigroups

If, now, X(u) is recurrent, then

lim [ Re —
1 Sy 1—th

and the implication (i) = (ii) has been proved.

dng =00,

(i) = (ii). Let X(p) be transient, and let V' be a compact symmetric
neighbourhood € U¢(0). The function

Yo (Ly % 1y # 10)(y) = /Gwc«wy) A (V +2)) p(de)

is an element of CPD(G) N L'(G,wg), hence it is the inverse Fourier
transform of the function

2
X = MA(X)(/ dec;)
\Y4
and consequently

/ﬂ(X)(/VdeG)?wGA(dX)

= (v s Ly (0) = [ walV 0 (V + ) n(de) < we V(v

As in the first part of this proof we look at this inequality with p™ instead
of p, multiply on both sides by t" for ¢ € [0,1] and sum over n. It
follows that

/GA (/V W“’G)Q % wan (dx) Swe(V) Y " PY([X, € 2V]).

n=0
Now we choose a compact symmetric neighbourhood W € LA (0) and
the neighbourhood V' such that £(2V) < co and Rex(z) > 3 for all
(x,x) € V.x W. We obtain that

1
w V/Re — dwer < 4 t"Pe([X,, € 2V
o) [ Reqtn dugr <43 P, € 21)

n=0
hence that
1
limsup/ Re — dwanr < 0
a1 Jw 1—th
which implies the assertion. U

Corollary 6.3.11 If X(u) is transient, then for every compact neigh-
bourhood W € U (0) the function
1

L=

Re

is integrable over W.
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Proof. Forall te[0,1] and x € G* we have that

and that

lim Re R

— = Re i
t11 1—th 1—4

By the Fatou Lemma together with the theorem we obtain

1—4 11w 1—-th
at first for the neighbourhood W constructed in the proof of the theorem,
but since

1 1
/ Re dwgr < liminf Re ; dwgr < 0
w

1
€ =
1-p
is continuous and # 0 on G"\{0}, also for every compact neighbourhood
W e Uagn (0) O

R

Remark 6.3.12 The Corollary implies that every compact group G is
recurrent (compare Example 6.3.9.1).

In fact, if G is compact, then G” is discrete, so that wga({0}) > 0.
But this contradicts the wga-integrability of Re ﬁ over any compact
neighbourhood € Yan(0).

Applying the characterization theorem 6.3.10 we can now decide on
recurrence or transience of random walks on a significant class of locally
compact Abelian groups.

Theorem 6.3.13 Let X(p) be a random walk with law p € MY(G),
where G has the form

G =R?x7°
for d,e>0. Then
(i) if d+e=1, i.e. G=R or G=1Z, andif

[ el (o) <o
as well as
/xu(dx) =0,

then X (u) is recurrent.
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(i) If d+e=2 and

[ 1af? ulde) < o0

/xu(dx) =0,
then X (u) is recurrent.
(iil) If d+e >3, then X(u) is transient.

as well as

Proof. (i). One easily verifies the estimates
1 1-1¢
e — > = -
1—ti ~ (Re(l—tp))2 +t2(Im 1)

R

and

(Re(L —tf1))* = ((1 —t) + Re(t(1 — p)))?

<2(1 — )% 4 2t%(Re(1 — f2))?
valid for all ¢ € [0,1[. By the assumption on the first moment of p we see
that [ is continuously differentiable and that [i’(0) = 0. Now we apply
the Taylor expansion and obtain the existence of an « > 0 such that for
YyER"ER or yeZ" =T ] —mn] CR with |y| < a we have

[ Tm i(y)| < eyl

as well as
Re(1 - a(y)) < elyl.
It follows that

* 1 * 1
[ R T M > 00 [ s Ny

>1/1a‘ L \y)
T3 ) e 1422 v

1—t

hence that

« 1 T
li Re ———— \(dy) > .
i T R =
Now suppose that X (p) is transient. Then there exists an «g > 0 such
that
1

Re ———
1 —th(y)

>0
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for all y € [—ap, ap] and
(74} 1
lim Re ————A(dy) = M <0
71 —ap 1- tﬂ(y) ( y)

For a < ag, however,
ltlTnll —a Re 1- t/l(y)
but this contradicts the fact that e was chosen arbitrarily.
(ii) is proved similarly to (i) by embedding G" = R? x T® into R*¢ with
d+e=2.

For the proof of
(iii) we embed G” = R? x T® into RI*¢ with d+e > 3 and infer
from part 1. of the proof of the transience criterion 6.2.1 that there exist
a relatively compact neighbourhood U € UgA(0) and a constant ¢ > 0
satisfying Refi(y) > 0 and

Re(1 — i(y)) = cllyl®
for all y € U But then for ¢t <1 we obtain

1 1
/ Re —— M+e(dy) < / Re —— Ad+e(dy)
U

Mdy) < M < o0,

1—ta(y) v 1=y
1 / 1 4
<= | ATT(dy) < oo,
¢ Ju llyl?
provided d+e >3 which implies that all random walks in R? x Z¢ with
d+ e >3 are transient. O

Examples 6.3.14 of groups in R
6.3.14.1 All compact groups belong to R.

6.3.14.2 All groups of the form G = R%xZ¢ with d+e < 2 are elements
of R.

Properties 6.3.15 of the class R

6.3.15.1 Any open subgroup of a group in R belongs to R.
In particular,

6.3.15.2 every subgroup of a discrete group in R belongs to R.

For the proof of Property 6.3.15.1 we start with an adapted random
walk X (p) in G and consider the Markov chain (Z,)nen in an open
subgroup H of G given by

Zn = XR}L{
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where the return times R}, into H are defined recursively by
W =Ry '+ Ruobg1 (n>2)
and
RY := Ry .
Since X (p) is assumed to be recurrent,
PR} < oo]) = 1
for every m € N, (Z,)nen is a well-defined random walk X (v) with law
v:=(Pg, € M'(H).
Moreover, we have

limsup[Z,, € O] = limsup[X,, € O]

n—oo n—o0

for all open subsets O of H. Therefore, the recurrence of X (u) yields
PO(limsup[Z, € O]) = 1

which says that X (v) is recurrent in H.
6.3.15.3 Let H be a compact subgroup of G. Then G € R if and only
if G/H€eR.

In order to see this we take p € M'(G) and let ji denote the image
of p under the canonical homomorphism 7 : G — G/H. Now, for each
compact neighbourhood V € U (0) the sets VH and w(VH) are
compact neighbourhoods in U (0) and in Vg, 1(0) respectively. The
identity

dout(VH) =Y i"(x(VH))
n—0 n>=0

yields the assertion.

Theorem 6.3.16 (Characterization of the class R)
Let G be a second countable locally compact Abelian group which by the
structure theorem 4.2.20 is of the form

G=RIxGy,
where G contains a compact open subgroup K such that
G/{0} x K 2 R? x Gy

with a countable group Go of rank r.
Then G € R if and only if d+r < 2.
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The proof of the theorem relies on

Theorem 6.3.17 (Dudley)
A countable (Abelian) group G belongs to R if and only if rank(G) < 2.

Proof. 1. If rank(G) > 2, then there exists a subgroup of G that is
isomorphic to the group Z?* which by Theorem 6.3.13 (iii) is not recurrent.
On the other hand we infer from Property 6.3.15.2 that G ¢ R.

2. Conversely, we assume that rank(G) < 2. There exists a sequence
(an)nen generating G and such that a,,41 does not belong to the
subgroup G, generated by {ai,...,am} (m >1). From the structure
of finitely generated Abelian groups proved in the book [36] by Hewitt and
Ross we infer that for every m > 1 the group G,, is of the form Z2 x F
or ZxF or F, where F denotes a finite group. Applying Theorem 6.3.13
and Property 6.3.15.3 this implies that all random walks to be defined in
G, arerecurrent (m > 1).

Now we define a sequence (1(™),,>; of measures p(™ € MY(G,,)
by
W () = 4D _ 1
par) = pt(-a1) = 5,

p™ (@) = (1= gm)p ™V (@)

for m>2 and all x € G,,_1, and

m m 1
M( )(am) = ;“( )(_am) = §Qm

(with a proper choice of ¢,,). To every = € G there exists an m > 1
such that = € G,,. The number

pa):= ] 1 —a)u™ ()
i>m+1

is independent of m. If the product [](1 —g¢;) converges, then

i>2
> ulg)= lim > pu(g)
zeG z€Gm,
=1lm [J[] Q-q)=1,
m—>ooi>7n_"_1

hence p € M'(G). Plainly p is adapted. Our aim will be to show that
the numbers ¢; can be chosen such that the random walk X (u) with law
1 is recurrent.
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For every m >1 let X(™ be the random walk with law f,, defined
by the canonical probability measure P( We choose once and for all a
sequence (ry)nen in ]0,1[ such that

H(l—rn) >0

n>1

m)*

Next we choose a number I3 € N and a sequence (« -1))

) jen in 10,1[ such
that

5

[T - STRh (XY = o) > 1

i1 k=1

For ¢»:=ri A agl) the random walk X® in G5 leads to

[T -af) Z Pl (X2 = 0]) > 1

=1 k=l1+1

with the proper choice of I3 and ( : ))]EN With ¢3 :=r; /\ozg )Aa(2) we
obtain the random walk X®) in G3 satisfying an analogous inequality.
The inductive process continues and ends up with the inequality

ln
n n—1
[Ta-af= > PhLoyx Y =0)>1 (2)
Jjz1 k=lp_1+1
together with the definition
qn:—rnl/\a() /\a,(f_)l/\ /\oz(n 1).

The choices taken are justified by the recurrence of the random walks X (™).

It is clear that
H(l — qi) > 0.

i>1
For the potential kernel x of X (u) we have that

e) =Y PYUXy =

k>1

Ly
=Y > PUxe=0)

n>1 k=l,_1+1

In

n>1 k=lp,_1+1 i>n+1
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where the k-th entry in the finite sum can be interpreted as the probability
for X(u) tobein 0€ G at time k without having left G,,_1.
Moreover, by (2) we obtain that

ln
se) =Y > T = a)" Pl (X =0))

n>1 k=l,_1+1 i>n+1

In
>3 S JJa-aM™) P, (X =0)) = oo,

n>1 k=l,_1+1 i>1
thus X (u) is recurrent, and G € R. O
The proof of Theorem 6.3.16 follows from Property 6.3.15.3 together

with the equivalence that R? x G is recurrent if and only if d +r < 2,
where for both implications Dudley’s theorem 6.3.17 is applied.

Remark 6.3.18 If in the theorem 6.3.16 d + r < 2, then G contains
the dense subgroup Q¢ x Gy, which belongs to R. Consequently we have
further

Examples 6.3.19 of groups in R.
6.3.19.1 Q? x K with a compact group K belongs to R.
6.3.19.2 The group Q, of p-adic numbers belongs to R.
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6.4 Classification of transient random walks

In order to study the asymptotic behaviour of random walks with law on a

locally compact Abelian group we need to modify their canonical construc-
tion by compactifying G in the sense of Alexandrov.

Considering a transition kernel P on (G,B(G)) and picking a point

A notin G weextend P to (Ga,B(Ga)), where Ga = GU{A}

and B(Ga) :=0(B(G)U{A}), by
o (A)) = {1 — P(z,G) ?f x4 A
1 if x=A.

In this situation the canonical (product) measurable space will be (€2,%2()
with

Q= GZK and

A= B(Gp) % .

Moreover, the sequence (X,)ncz, of projections X, : Gi* — G will
be supplemented by

Xo(w) = A

for all w € Q. So the measures P for v € M!(G) governing the Markov
chain (X,)nez, with transition kernel P will be interpreted as measures
on the (enlarged) measurable space (£2,%).

We start the discussion by proving some general renewal results for
transient random walks X (y) with law pu € M*(G) admitting a potential
kernel K.

Proposition 6.4.1 Let Fj. denote the set of accumulation points of
Fr ={K(z,-):z € G}

obtained as © — /. Then

(1) F C{cwg :c >0},

(i) Fx >0.

Proof. (i). From Corollary 6.3.8 we infer that Fx is 7y -relatively

compact. Let (z,)neny be a sequence in G with z, — A and

Tv—lim K(z,,')=v € M (G).

n—oo
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Since
Tv—lim €,, =0,
n—oo
the equality
Ex, XK =Eg, T Eg, *K* U
valid for all n € N, leads as n — oo to
V=UrUskp.

Now, the Choquet—Deny theorem 6.1.12 applies (to the adapted random
walk with law g € M1(G)), such that v is p-invariant and hence a Haar
measure of the form cwg with ¢ > 0.

(ii). Let fe CL(G) with f # 0. As asupermartingale (K fo X,),>1
converges to 0 P-a.s., hence there exists an w €  such that

lim KfoX,(w)=0
and

lim X,(w)=A,

where X, (w) # A for every n > 1. But by (i)
7v—lim K(X,(w),") =v =cwg

with v(f) =0, hence v =0. O
Proposition 6.4.2 Let f < CS(G). Then
(i) Kf is uniformly continuous.
(ii)
lim (K f(2 +y) = Kf(x)) =0
uniformly for oll y from any compact subset C' of G.
(i)
hgrilngf(x) =0.
(iv)
1imAKf(x) Kf(—z)=0.
Since (i) implies that the mapping x — K(x,-) is continuous, hence

determining the set Fj, is equivalent to determining the closure Fr of
Fr in My(G) (with respect to ).
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Proof. (i). From the ry-relative compactness of Fx we infer that for
every compact subset C' of G there exists a constant M > 0 such that

K(CE,C) < Mo

whenever = € G. Let H :=supp(f) and let V be a compact neigh-
bourhood in U (0). Since f is uniformly continuous, for any € >0 we
can choose a compact Vi € B(0), Vi C V such that

lflx+y)— flz) <e
forall y e Vi and all x € G. For y € Vi the function
z—g(@) = flz+y)— f(z)
vanishes outside the compact set C':= H+V, and
Kg(x) = Kf(z+y) - Kf(z)
whenever z € G. Now, from the boundedness of K we deduce that
|Kf(z+y) — Kf(z)| <eMc
for all z € G, y € V, and this implies the assertion.

(ii). Proposition 6.4.1 tells us that every sequence in G converging to A
(as n — 00) contains a subsequence (x,)nen such that
7v—lim K(z,, ) = cwg
n—oo

for some ¢ > 0. But then for y € G

i (5 o +9) = K@) = ([ fatea ey - [ ase) =0

which shows that this limit exists. For every € > 0 there exists a compact
subset Cy of G satisfying

K fla+y) - Kf(@)] < 5

whenever z € CC,,.
Since by (i) Kf is uniformly continuous, for each € > 0, every y € G
has a neighbourhood U, € Ue(y) such that for z € U, we have

K f@+2) = Kf(z+y) < 5
uniformly in = € G. But then
|IKf(x+2)—Kf(z)|<e
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whenever z € U, and z € 0C,. Covering the given compact set C by
finitely many of the sets U, for y € G yields the assertion.
(iii). With the abbreviation

a:= ;rengf(x)

we have that
a < P"K f(x)
forevery n > 1 and all x € G. Letting n tend to oo this yields a = 0.
Now let K f be strictly positive. Then
im inf K =0.
hrni in f(x)=0
If Kf 1is not strictly positive, then there exists x¢p € G such that
K f(x9) =0, hence that
for every n € N. But for any compact subset C of G there exists an
n € Zy such that
Pn($0,80) >0,
hence there is an x € CC' with K f(x) = 0. Thus, also in this case we

arrive at the assertion.

(iv). Fixing £ > 0 we obtain from (ii) that there is a compact subset C.
of G such that for z € CC. and for every y € D := supp(f) we have
Kf(z) < Kf(z+vy)+e,
hence
Kf(z)Kf(y)
Kl
By the maximum principle 6.3.6.1 we obtain the validity of (1) for all x €

CC. andall y € G.
Now (iii) provides us with a point y. € D such that
Kf(y:) <e.
Replacing y by —x 4 y. in (1) this yields
Kf(x) Kf(—z+ye) <2|Kflle.

<Kf(z+y)+e (1)

But

lim Kf(—2) = Kf(=2+ye) =0,

thus (iv) has been established. O
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Theorem 6.4.3 There exists at most one measure p#0 in Fp.

Proof. We assume that there exist two non-zero accumulation points in
Fi. Then there exists a function f € C$(G) with D := supp(f) such
that the set

{Kf(z):z€G}

admits two limit points > 0 as x — A, where the smaller one will be
denoted by [. Fixing ¢ > 0 we now construct inductively a sequence
(Tn)neny In G such that the support of the function

z—g(a) = fo) + fle+z)+- 4+ flo+ )

is contained in (J]_,(—z; + D).
In fact, the construction starts with xzg := 0. Then, by Proposition
6.4.2 (ii) and (iv) we choose z1 € G such that

Kf(ay) <1+,
Kf(-m) < 55
K (@) = Kf(ar+2)| < 5
and
[ f(—ar) = Kf (4 2)] < o5

the latter two inequalities hold true for all = € D. Since the sets D U
(—x1+D) and DU(z1+D) are compact we can choose zg € G satisfying
analogous inequalities with z; replaced by z», 22 by 23 and D by
DU(—z1+ D) and DU (21 + D) respectively, and so on until we arrive
at an x, € G satisfying the inequalities

Kf(en) <1+ ——

2n+1’
€
Kf(—zn) < PYESR
€
K f(zn) = K f(zn +2)| < ot T
and
€

(K f(~0n) = K f (o +2)] < 5y -



6.4. Classification of transient random walks 277

the latter two inequalities being valid for all z € U?;Ol(—:vi + D) or
x € ') (z; + D) respectively. Clearly,

supp(g) C | J(—=: + D).
1=0

Now, let x € —z, + D for some 1< p<n. Then
Kf(z+azp) < K Sl
Kf(@+apyi) = Kf(@pri) + Kf(@ + 2pyi) — Kf(@pa)

.
2

(p+i)+1 2(p+i)+1

whenever i =1,...,n—p, and
Kf(x+zp—) =Kf(z—p),

whenever z =x, +x +2p—; €2p—; +D and ¢=1,...,p, so that
€ €
Kf(—l‘p)+Kf(Z—JUp)—Kf(—l’p)<ﬁ‘Fw-

Forming the sum over all these inequalities we obtain that
Kg(z) <||Kf]|+nl+e

for all z € |J"y(—z; + D). The maximum principle 6.3.6.1 implies that
this inequality holds for all = € G. Another application of Proposition
6.4.2 (ii) yields
limsup Kg(z) = (n+ 1) limsup K f(x),
T—A — A

hence

. nl_ | |Kfll+e
1 K <
iy R

for every n € N. Since [ was the smallest of the presupposed two
accumulation points > 0, the desired contradiction has been achieved. [

The previous theorem justifies the following

Definition 6.4.4 A transient random walk X(u) in G with potential
kernel K is said to be of type I if

T\,ngILHZK(x,-) =0.

X(p) is said to be of type ITif Fj. contains a measure cwg # 0 (for
¢ >0).
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Remark 6.4.5 Theorem 6.4.3 implies the dichotomy that every random
walk in G is either of type I or of type II.

Clearly, any symmetric random walk X(u) in G in the sense that its
determining measure p € M'(G) is symmetric, is of type I.

In view of a general approach towards characterizing random walks of
type I we first treat the special (classical) cases G =R and G =Z. We
shall apply the symbol A for the Lebesgue measure on R as well as for
the counting measure on Z. The Alexandrov compactification Gao of G
will be understood as G U {—o00, c0}.

Concerning the renewal of the groups R and Z we first prove

Proposition 6.4.6 Let G be R or Z, andlet X(u) be a transient
random walk in G with potential kernel K. Then

(i)

Tv— lim K(Qj,) :C:t/\-

r—Fo0
(ii) At least one of the constants cy and c— equals 0 the other one
being >0 or =0.

Proof. 1. Let G = Z, and suppose that there exist two measures in
Fi (as x — 00). By Theorem 6.4.3 these are the measures 0 and cwg
for ¢ > 0. But then for any function f € C{(G), any ¢ > 0 and for
sufficiently large = we have either

Kf(z) > cwa(f) —«
or
Kf(x)<e.
Consequently there exists a sequence (z,)nen in G with z, — oo satisfy-

ing the above inequalities with « replaced by z,+1 and x, respectively,
for all n € N. Hence Proposition 6.4.2 (ii) implies a contradiction.

2. For the case G = R we note that if there are two measures 0 and
cwg for ¢ >0 in Fj, then for any f € C{(G), cwg is contained
in Fj whenever c€ [0,we(f)], since Kf is continuous by Proposition
6.4.2 (i). The desired contradiction follows from Theorem 6.4.3. O

A function f on R is called directly Riemann integrable (R-integrable)
if the series o(f,h) and &(f,h) defined below converge and if for every
e>0

E(f7h)_g(fvh) <e
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whenever h > 0 is sufficiently small. Here, for h >0 we define U, (f,h)
and U, (f,h) as the minimum and the maximum of f taken over [(n —
1)h,nh] (n € N) and set

h):=h i ut)

h=—o00
respectively. Clearly, the set R(R) of R-integrable functions on R con-
tains C°(R). For functions f on R that vanish on ] — c0,0[, decrease

on [0,00[ and satisfy f(oo) =0 the series ¢ and @ either both diverge
or both converge. Thus f € R(R) if and only if f & L*(R,\).
Proposition 6.4.7 If f € R(R), then Kf is bounded, and

hlf Kf(x)=cx A(f).

Proof. 1. We first show the assertion for functions of the form

fn = ]]-[(n—l)h,nh[
for fixed h € R} (n € N). By the maximum principle 6.3.6.1 there exists
a constant M > 0 such that Kf, < M forall n € N. Let (an)nez
denote a sequence in R such that > a, < oo. Then for

f= Z Gn fn
we obtain that
Z arK fr(z) < Kf(z) < Z apK fo(x) + M Z ag
k=—m k=—m |k|>m

for all x € G and m € N, which implies the boundedness of K f.
The asserted convergence follows from the 7y-convergence of the potential
kernels K(z,:) as z — 00 (xz — —00).

2. Let now fe€R(R), f>0. Setting

n=—oo

we immediately see that

Kf<K[f<KF,

hence that
lleI:l Kf(z) < hmlanf( ) <limsup K f(z) < hgl K f(x)
r—+o0 r—+o0 2—~+00 r—+o0

and finally that
cr o< hmlanf( ) < hmbupKf( )<cxT

1}—?00

for all = € G. This implies both assertions of the Proposition at once. [
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It follows the computation of the constants c4 and c_.

Proposition 6.4.8 Let X(u) admit a first moment in the sense that

[ lal (o) <o,
i which case the mean

m = /m,u(dx)
(of X(u)) exists. Then X(u) is of type I

Moreover,

(1) m#£0, since X(u) is transient.

(2) If m>0 (m<0), then co = L and ¢ =0.

(3) If supp(p) C Ry (= Ry U{oo}), then c- = L (and, of course
Cy = O)

Proof. (1) follows from Theorem 6.3.13.
In order to show the main statement and (2) of the Proposition we need
to introduce two auxiliary functions ¢ and & on R and R2 by

w([—z, o0]) if <0
g(z) == .
—u(] —oo,—z[) if >0
and
1 if <0, y>—x
Elx,y) == -1 if >0, y<—=x
0 otherwise

respectively. An application of the Fubini theorem to the integral

| F) M) )

for which

/wmwummmwz/ Iyl p(dy) < oo
RQ

holds, yields that

/ g(z) A(dz) =m.
Consequently, g € R(R) and so Kg is bounded by Proposition 6.4.7. For
h:=T1j_,0 we have

Ph(z) = p(] = o0, —a[)
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whenever z € R, hence
(I-Ph=yg.

Applying the Choquet—-Deny theorem 6.1.12 to the measures p:=1-X €
M®*®(R) with

l:=h—Kg

and o := pu € M'(R) we obtain that [ is constant = a [A. Now
sequences (z,)eny and (yn)neny in R can be found which converge to
—oo and oo respectively and which satisfy [(x,) = l(y,) = a for every
n € N. On the other hand we have

h(zn) = Kg(zn) + l(zy) ,

where z, denotes either x, or y,. In the limit for n — oo we obtain
from Proposition 6.4.7 that

l=c_m+a
and
O=crm+a

according to the choices (z,)neny and (yn)nen respectively. But ¢y >0

is impossible, since this yields ¢ =0, a =1, hence m < 0. We therefore
1

have ¢y =0, hence @ =0 and consequently c_ = --.

As to the proof of (3) we first observe that the statement is true for
m < oo by what we just showed. In the case m = oo we note that g
vanishes on ]0,00[, Kg is the smallest positive solution of the equation

(I -Ph=g,

and therefore Kg < h (or even Kg = h [wg]). Moreover, for every
n € N the function

gn = gli_n,0 € R(R)
and
Kg, < Kg=h.

In the limit for © — —oo this inequality leads to

c_ /OO gn(z) A(dz) <1

— 0o

for all n € N. But this is a contradiction unless c_ = 0. O
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Given a random walk X (u) in G with law p € M'(G) and transition
kernel P one introduces for any stopping time 7 for X(u) the stopped
transition kernel P, by

P,(z, B) := P*([X, € B])

forall z € G, B € B(G). In the special case that 7 is the (first) entry
time (or hitting time) Hp of X(u) into the set B € B(G) defined by

inf{n€Zs: X,(w)eB} if {(n€Zs:X,(w)eB}#D
Hp(w) = .
o0 otherwise,
the strong Markov property of X (u) implies that
PuyKf=Kf (2)

valid for all measurable functions f >0 on G with f=0 on CB. In
fact, for such f and z € G one has

PHBKf(x) = Ew(KfoXHB)

—E°® (anfoXHB>

n=0

EXHB<ZfoX)>

n=0

ZfoXn+HB>
n=0
Z foX, )

n>Hp

ZfoX)—F( > foXn)

n=0 n<Hp

ZfoX)

n=0
In the following we shall write H, instead of Hg,

=FE

/\/\/—\/—\/—\

Properties 6.4.9
6.4.9.1 If
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then
Ty— lirEI Py (z,-) =0.
In fact, if supp(p) C Ry, then by Proposition 6.4.8.3
lim Kf(z)=0,

and since K f > f, this yields the assertion. Let us now suppose that pu
is not carried by RY. We define a sequence (7,,)nen of stopping times
7 for X(u) by induction as follows:

T0:=0,

inf{lneZy: X, >X,_,} if {neZs:X,>X, }#0
Tk =

00 otherwise
for k > 1. Clearly, the random variables X, — X, _, (k > 1) are
independent and equally distributed with distribution

p =P (0,:) = Py, (0,-).

Thus the sequence (X, )rken forms a random walk X (p’') in R with
supp(p’) C RY, and since p' > ResRi 1, we obtain that

/Oooxul(dx) =00.

Now the distributions of entry into R with respect to X (u) and X(u')
coincide. The first part of this proof applied to p’ instead of pu yields
the assertion.

6.4.9.2 If

and if m >0, then
P*([Hy < x]) =1
for all z €R.
For the proof we assume that m™ < oo; the case m™ = oo can be
treated by truncating X(p). Since m™ < oo, the strong law of large
numbers implies

1
lim —X,, =m [PO] .

n—oo N

Thus
lim X, =00 [PY],

n—oo

and the assertion follows.
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Theorem 6.4.10 (Renewal under non-existence of first moments)
If the transient random walk X () in G=R or G=17Z admits no first
moment, then it is of type L

Proof. The arguments will be carried out for G = R.
We suppose that c¢_ > 0, hence c; =0, and that m™ = co. Then

by (2)
Kf(x) = / Py, (2. dy) K f(3)

holds for each function f € C§(R) vanishing on | —o00,0[ and all z € R.
From cy =0 we infer that given ¢ > 0 there exists an a > 0 such that
Kf(y)<e forall y e R with y > a. But then

Kf(z) < /OaPH+(x,dy)Kf(y)+€

for all z € R. Moreover,

7y~ lim Py, (z,-) =0, (3)

r——00

thus K f(z) < 2¢ for sufficiently small « € R. This, however, contradicts
the assumption that c_ > 0. It follows that m™ < oo, hence that
m~ = co. Replacing X(u) by its dual in the sense that p € M!(R)
is replaced by up”™, the above assumption is equivalent to supposing that
c. =0, ¢, >0 and m~™ < oo, m™ =o0. Then by

P*([Hy < o0]) =1
for every x € R, (2) and (3) we obtain

0=c_-A(f)
= lim Kf(z)

r——00

= lim . Py, (z,dy) K f(y)

r——00

= lim Kf(y)

y—00
=cy - A(f).

This is the desired contradiction. O

The previous theorem extends to random walks in groups of the form

G=Rx K and G =27 x K, where K 1is a compact group. We shall

prove the extension only for G = R x K, where wg is chosen to be
A®@wg with wx € MY(K). Let p denote the canonical projection from
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G onto R. Then we shall employ the convention that = — +o00 (—00) in
G provided p(z) — 400 (—o0) in R.

Theorem 6.4.11 Let GEXRXx K or GEZXx K, andlet X(u) be a
random walk with law p € M*(G) which is of type IL

Then

(i)
[ @)l utae) < .
i) 1
m:= [ p(z)pu(dz) >0,
/
then
Ty— lim K(x,):{ol Zf A=oc
rz— A E)\ Zf A = —00.

For A <0 there are symmetric limit relations.

Proof. From Proposition 6.4.1 we infer that for every sequence in G
there exists a subsequence (z,)neny with z, := (Yn,kn) € R x K such
that

7v—lim K(z,, ) = cwg

with ¢ > 0. Let f e C{(G) be constant on the K-cosets of G. Then
(ii) of Proposition 6.4.2 leads to

lim Kf(x,) = lm Kf(yn,0).
Ty — 00 Yo, —> 0O

Now we consider the random walk X (i) with law i := p(u) € M(R).
With the suggestive notation for f and K we obtain

Kf(yn,0) = Kf(yn)
for all n € N, and by the discussion starting with Proposition 6.4.8 we
have

Jim_GF() = ey - M)

where c; > 0 if and only if

“+o00
/ ly| i(dy) = /G |p(x)| u(dz) < oo and > 0.

— 00

As

A(f) = walf),

the theorem has been proved. O
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The final step of our analysis will be to establish the renewal of random
walks for general locally compact Abelian groups.

We note that the (locally compact Abelian) group G remains to be
second countable. The function f appearing in the proofs is always taken
from C§(G) and # 0.

Theorem 6.4.12 Let Gi be a compactly generated, non-compact open
subgroup of G such that G/G1 is infinite.
Then all transient random walks in G are of type I.

Proof. We suppose that the given random walk in G with potential
kernel K is of type II and at the same time that there exists a sequence
(zn)nen in G such that
7v—lim K(z,, ) = cwg
n—oo
for ¢> 0. The aim is to derive a contradiction.

Given the sequence (z,)nen we may assume without loss of generality
that the Gj-cosets Gi1+x, of G (n € N) are pairwise disjoint.

In fact, if there is no subsequence of (x,)nen with this property, then
there exists a Gi-coset containing infinitely many x,, hence (,)nen
is contained in one (and the same) Gi-coset. Now we choose a sequence
(yk)ken In G such that the cosets G1+yr (k € N) are pairwise disjoint.
From (ii) of Proposition 6.4.2 we infer that for every k € N we have that

lim Kf(z, +yk) = cwa(f),

n—oo

hence that

1

(K f(@n, + 1) = cwa(f)l < 5

for some ny € N. The sequence (zj)ken Wwith zg := z,, +yr fulfills the

requirements.

Since (G is compactly generated and non-compact, there exists an

x € G1 such that nz — A as n — oco. Applying properties (ii) and (iv)
of Proposition 6.4.2 one obtains

lim K f(nx)=0

n—oo

or

lim Kf(—nz)=0.

n—oo
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Without loss of generality we restrict our subsequence arguments to the
first limit relationship. For every n there is a smallest integer m,, such
that

Kf(zn +n'z) < %Cwe(f)

whenever n’ > m,. This follows again from (ii) of Proposition 6.4.2. But
for fixed 1
lim Kf(z,+lz) = cwa(f),

hence m, > 1 for sufficiently large n. We obtain, for such n,
Kf(xn +mpr —2x) > %cwc(f)
and
K f(xn +mpz) < %ng(f) .

Since G; 1is open, hence G/G; is discrete and every subset of G is
contained in the union of finitely many G;-cosets of G,

lim (z, + mpz — ) = A.

Consequently,
nli»néo Kf(zy, +mpr —z) = cwa(f)
and
nlingo Kf(zp+myz)=0.
By Proposition 6.4.2 (ii) this is a contradiction. O

Corollary 6.4.13 If G =R x 7¢ x K with d+e>1 and a compact
group K, then all transient random walks on G are of type L

Proof. From the proof of Theorem 6.4.11 we infer that it suffices to
consider groups of the form G =R x Z¢ for d+e > 1. If e>1, the
above theorem yields the result. If, however, G = R% for d > 1, then
G = Un>1 G, for an increasing sequence (G )nen of compact subsets G,
of G suchthat CG,, is connected (n € N). Suppose that for f € C$(G),
f #0 we have

IlirilAKf(x):a#O.

Then every point in [0,a] is a limit point of K f(z) (for =z — A). But
this contradicts the statement of Theorem 6.4.3. ]
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Theorem 6.4.14 If every element of G is compact, then all transient
random walks in G are of type I.

Proof. As in the proof of the previous theorem we assume that there is
a random walk of type Il in G and aim at deriving a contradiction. Let
(n)nen be a sequence in G such that

7v—lim K(z,, ) = cwg

n—oo
with ¢ > 0. For every n € N the set S := {kz, : Kk € N}~ isa
compact subsemigroup, hence a subgroup of G. Indeed, if 0 is not an
accumulation point of S, then S will be discrete. Since S is compact,
this is a contradiction. But 0 being an accumulation point of S, —z is
also one. This shows that S = —S, hence that S is a group.

As a consequence of this we may also choose a sequence (kp)peny in N

such that

lim &k, z, = —2, .

p—00

Thus, for every ¢ >0 thereis k, € N satisfying
K f(knza) < Kf(=2a) + =
By (iv) of Proposition 6.4.2
lim K f(—z,) =0,

n—oo

hence

lim K f(kpzy,)=0.

n—oo
Now we choose a constant M such that M > ||Kf||V +cwe(f). For
sufficiently large n > 1 and the largest positive integer m,, < k, the
inequalities

A wa(f)?
K nin 2 Y
and
A walf)?
imply that

K f(muwa) K f(20) < M(e + K f((mn + L)an)).

Furthermore, for sufficiently large n we have that

Kf(z,) > %cwc(f)
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which leads to

2M
Kf(mpx,) <

cwa(f)
< sewa(f) +

(K f((mn 4+ )ay) +¢)

2Me
cwa(f)

cwa(f) + 5€

<

N~ N~
—

and
A wa(f)?
8M?2
Now, by an appropriate choice of ¢ we arrive at the inequalities

0<a< Kf(myz,) < <cwe(f)

—e < Kf((mp+ D)zy).

and
0<vy<Kf((my+1)xn) <0 <cwel(f)

with constants «, 3,7 and §. Since z, — A as n — oo, at least one
of the sequences (mpx,)neny and ((my +1)x,)nen admits a subsequence
(Yn)neny with gy, — A. But the sequence (K f(yn))nen has at most 0
and cwg(f) for ¢ > 0 as accumulation points. This shows the desired
contradiction. g

Theorem 6.4.15 (General renewal theorem)
Let G be a second countable locally compact Abelian group, and suppose
that there ezists a random walk of type I in G. Then

G=ZRxK or GEZXK,
where K is a compact group, and the renewal results of Theorem 6.4.11
apply.

Proof. From Theorem 6.4.14 we infer that there exists a non-compact
element y € G. Since by Appendix A.4.5 G admits a compactly generated
open subgroup G7, the subgroup

Ga = [G1 U {y}]

is non-compact, compactly generated and open. Thus, by Theorem 6.4.12
the group G/G2 must be finite, hence G itself compactly generated. But
then, by the structure theorem 4.2.19

G=R*xZ°x K
with a compact group K. Corollary 6.4.13 implies the assertion. g



Chapter 7

Hypergroups in Probability Theory

Hypergroups are locally compact spaces with a group-like structure on
which the bounded measures convolve in a similar way to that on a lo-
cally compact group.

Prominent examples of hypergroups are locally compact spaces on which
groups operate such as orbit spaces, double coset spaces and spaces of con-
jugacy classes. In hypergroups Dirac measures convolve to measures with
not necessarily singleton support, a fact which necessitates developing an
extended harmonic analysis for which only a restricted duality theory is
available. This restriction, however, has suprising implications to probabil-
ity theory, i.e. to the dynamics of random walks and more general processes
with independent increments in a hypergroup.

Although the idea of an abstract convolution goes back to J. Delsarte’s
generalized translations studied in connection with second order partial
differential operators in the late 30s, a useful general approach has been
proposed only around 1975 as an axiomatic setting due to C.F. Dunkl, R.I.
Jewett and R. Spector.

The reader who aims at learning more about the analysis on hypergroups
and applications to probability theory than the present survey can provide
is invited to consult the monograph [10] published by the author together
with W.R. Bloom in 1995.

7.1 Commutative hypergroups

We begin with the definition of a hypergroup and first constructions of ex-
amples arising from groups. Then we introduce the generalized translation
and give some implications to basic facts of harmonic analysis. For the
analysis part we restrict the discussion to commutative hypergroups and
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292 Hypergroups in Probability Theory

their duality properties.

I Introduction to hypergroups

In order to present the axioms of a hypergroup some topological
preparations are needed. As for general terminology we start with a
locally compact (Hausdorff) space E and introduce the symbol KC(E) for
the family of nonempty compact subsets of E. For A, B C E we consider
the family

Ka(B):={CeK(E):CNA#0, CcC B}.
Then K(E) can be given the topology generated by the subbasis consisting
of all families Ky (V) for which U and V are open subsets of E. This
topology v introduced by E. Michael in 1951 as the finite topology enjoys
the following
Properties 7.1.1
7.1.1.1 If E is compact, then K(E) is (mm-) compact.
7.1.1.2 K(E) is a locally compact space.
7.1.1.3 The mapping

x — {z}
is a homeomorphism of E onto a closed subset of K(FE).

7.1.1.4 The family of nonempty finite subsets of E is dense in K(F).

7.1.1.5 If W s a compact subset of K(E), then the union of all sets in
W' is a compact subset of E.

Definition 7.1.2 If (E,d) is a metric space, one can introduce a metric
on K(E) as follows: For A€ K(E) and r € R} we define

Vi(A):={y € E:d(z,y) <r for some z € A}
and for A, B € K(F)
0(A,B):={reR}:ACV,(B), BCV,(A)}.

o is called the Hausdorff metric, and the corresponding topology with
basis consisting of the sets

N,(A) := {B € K(E) : d(A, B) <}

for A€ K(E), r € R is said to be the Hausdorff topology 7u on
K(E).
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It is easily verified that 7y and 7\ coincide.

Definition 7.1.3 A hypergroup is a locally compact space K together
with a convolution #* viewed as an associative bilinear mapping

(V) = pxv
from MP(K) x MP(K) into MP(K) satisfying the following axioms

(HG1) * is continuous with respect to the topology 7, in MP(K).

(HG2) For z,y € K the convolution &, * ¢, belongs to M!(K) :=
MY(K) N M (K.

(HG3) The mapping

(z,y) — supp(e, * &y)

from K x K into K(K) is 7y-continuous.
(HG4) There exists a unit element e € K such that

Ee ¥ Ep —Ex X Ee = &g

for all z € K.
(HG5) There exists an involution

T =
on K extending to
po
on MP(K) such that
(€xxey)” =€y *ey-

and
ecsupp(eg xey) <= =y
whenever z,y € K.

A hypergroup K is called commutative if its convolution is commutative
in the sense that

Eg ¥ Ey = Ey ¥ Ey

for all z,y € K, and hermitian if its involution is the identity.
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Given a hypergroup (K,*) the space (MP(K),*) is an involutive
Banach algebra.

Remark 7.1.4 Due to the 7y-denseness of the set of finitely supported
measures in  MP(K) the convolution * is uniquely determined by its
values on the Dirac measures, i.e.

prw(f) = /K /K T f(y) () w(dy)

whenever u,v € MP(K) and f € CP(K). Here

T$f(y) = Eg ¥ 5y(f)
for all f € CP(K), y € K defines the (a-left) translation operator T<
on CP(K). The operator T® can be extended to the space B(K) of
Borel measurable functions on K and also to the space M (K) of all not
necessarily bounded measures on K. The abbreviation

flxxy) =T"f(y)

properly interpreted for f € B(K), z,y € K is in common use.
For A,B C K one defines

AxB:= U{supp(sw xey):x €A, ye B}

and works with this convolution of sets similar to sums of sets in the group
case.

Before we enter the basics of harmonic analysis of commutative hyper-
groups we present

Examples 7.1.5 of hypergroups arising from groups.

We first note that every locally compact group G is clearly a hypergroup
whose convolution structure is derived from the natural translation, i.e. the
pointwise operation in G.

In fact, for z,y € G

Ex ¥Ey = Equy -

In contrast to the deterministic operation of a group the hypergroup op-
eration is a stochastic one in the sense that it is executed as a probability
measure.

We recall a few notations from group theory.

A continuous action of a topological group H (with neutral element
e) on a locally compact space E is a continuous mapping

(z,s) — 2
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from E x H to E such that
and

whenever xz € E, s,t € H.
The orbit of x € F under H is defined by

o= {2°: s € HY},
the totality of orbits by EH.

Let G be a group. A mapping « : G — G is called affine if there
exist ¢ € G and ¢ € Aut(G) such that

a=co.

If G and H are topological groups, a continuous affine action of H on
G is defined as a continuous action

(z,s) — 2
of H on G such that the mappings
T — z’

(s € H) are affine.
Now suppose that E is a locally compact space, H a compact group,
and that the mapping
(2,5) — a®

is a continuous action of H on E. Then E is a decomposition of FE
into compact subsets and a closed subset of K(E). On EH the quotient
topology and the relative topology coincide, and E¥ becomes a locally
compact space. The canonical projection

x»—>xH

is a continuous open mapping from FE onto EH.

7.1.5.1 Theorem. Let G be a locally compact group and H a compact
group. Suppose that

(z,s) —

is a continuous affine action of H on G. With the convolution given by

EgH * EyH 1= // E(wsyt)H wH(dS) wH(dt)
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for x,y € G and the quotient topology G satisfies axioms (HG1) to
(HG3) of Definition 7.1.5.

7.1.5.2 Corollary. If
(z,s) — 2
is a continuous action of H on G such that each of the mappings
x—z’

belongs to Aut(G), then GH s a hypergroup with identity el = {e}
and nvolution

z i () = (a7 HH .

The convolution of GH takes the form

EgH * EyH = / E(zsy)H wH(ds)
H

:/ 8($yt)H wH(dt).
H

7.1.5.3 Special cases.

(1) Let G be a compact group and let
GY :={2% .2 € G}
denote the set of conjugacy classes
¢ = {t7lat . t € G}

of G furnished with the quotient topology. Then G is a commutative
hypergroup with identity {e} and involution

T (a:G)f = (xil)G

the convolution being of the form

E4G *EyG :/ E(t_la:ty)G CUG(dt)
G

for all z,y € G.
(2) Let
G//H :={HzH : z € G}

denote the double coset space associated with the pair (G, H) furnished
with the quotient topology. Then G//H becomes a hypergroup with
identity H = HeH and involution

z— (HxH)” := Hz 'H .
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Its convolution appears to be

EHeH * EHzH = / €Hztyr Wi (dt)
H

whenever z,y € G.
G//H is commutative if (G, H) is a Gelfand pair in the sense that the
subalgebra of H-biinvariant functions of L'(G,wg) is commutative.

Examples of double coset hypergroups

(2.1) Let G :=M(d) be the motion group of R? and H := SO(d)
the special orthogonal group (d > 1). Then G/H = R? and
G//H 2 R,. R, carries the Bessel-Kingman convolution in-
herited from the group convolution on M(d). (See 7.2.10.1.)

(2.2) Let G :=80¢(d) be the Lorenz group of dimension d+1 and
H := SO(d). Then G/H = H? which denotes the hyperbolic
space of dimension d, and G//H =R, where the convolution

on Ry gives rise to a Jacobi hypergroup structure on Ri. (See
7.2.10.2.)

(2.3) For G :=S50(d+1) and H :=S50(d) (d > 1) weobtain G/H =
S, the d-dimensional sphere, and the Gegenbauer hypergroup
G//H = [—-1,1]. (See [10], 3.3.2.)

(24) If G := Aut(I") foragraph I" and H := H,, the stabilizer of the
knot ¢ty € T' under the action of G on T', then G/H =T, and
G//H = 7Z, provides a Cartier hypergroup. (See [10], 3.3.20.)

IT Some analysis on hypergroups

For developing harmonic analysis on any kind of algebraic—topological
structure a canonical invariant measure has to be established. In the con-
text of a hypergroup K we introduce (left) Haar measures as nonzero
measures in My (K) which are T”-invariant for each = € K.

Theorem 7.1.6 Haar measures exist on hypergroups which are either dis-
crete or compact or commutative.
They are unique within a positive constant and have full support.

In what follows we shall fix for a given hypergroup K just one Haar
measure and denote it by wgk.



298 Hypergroups in Probability Theory

Examples 7.1.7

7.1.7.1 On a discrete hypergroup K a Haar measure wg can be nor-
malized to satisfy

wr({e}) =1
in which case 1
wrelleh) = —

for each z € K.
7.1.7.2 If K is a compact hypergroup, wpg is necessarily bounded, it
can be normalzed to satisfy
wig(K) =1,
and it is an idempotent in M*(K).
Moreover, any hypergroup admitting a bounded Haar measure must be
compact.

Remark 7.1.8 Given a hypergroup K with a fixed Haar measure wg
one can carry out the analysis in part analogous to the group case. The
Banach spaces LP(K,wgk) (1 < p < o0) of p-times wg-integrable function
classes can be furnished with a convolution as long as it is defined by

f*g(x):= /K(Tzf)gdwK

for f,g€ LP(K,wk), v € K. L'(K,wg) is in fact a Banach subalgebra
of MP(K) and as the hypergroup algebra of K the essential tool for
developing a duality theory of hypergroups.

From now on all hypergroups to be considered will be
commutative.

Definition 7.1.9 A continuous function x on K is called multiplica-
tive if x(e) =1 and

x(@*y) = x(z) x(y)
holds for all z,y € K.
If in addition

x(z7) = x(z)
for all = € K, then x is called a semicharacter.
A bounded semicharacter is said to be a character of K.
By K* and K" we denote the sets of multiplicative functions on K
and characters of K respectively.
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Definition 7.1.10 The set K’ of all characters of K can be given the
compact open topology 7., in order to become a locally compact space.

K” is called the dual space of K. The indicator 1g serves as the
unit character 1 of K.

In general K” does not admit a convolution structure, hence cannot
be a hypergroup. The hypergroup property for K" would require that for
X,0 € K" there exists a measure fi,,, € M'(K") satisfying

X(@) @) = [ o) i ofde)

for all x € K. Only in this situation a convolution in MP(K) can be
defined by setting

Ex ¥ Eg 1= fly,0
whenever x,p € K, and it can be attempted to verify the axioms of a
hypergroup with 1 as the unit and some involution.

Hypergroups K with the property that K’ is also a hypergroup
are called strong. For strong hypergroups K the double dual space
KM := (K™” can be formed, and

K c KM.
If K= K", then K is called a Pontryagin hypergroup (with refer-
ence to Pontryagin’s duality theorem which is valid for all locally compact
Abelian groups).

Despite the lack of a dual within the category of commutative hyper-
groups a generalized Fourier transform can be introduced.

Definition 7.1.11 There is a bijection
X = Ty

between the dual K" of K and the symmetric part Ag(L'(K,wg)) of
the Gelfand space A(L'(K,wk)) of LY(K,wk) given by

(f) == /KdewK
for all f € LY(K,wg). The mapping
X = f(z) =7 (f)

on K" serves as the Fourier transform of f € L'(K,wk). More
generally one introduces the Fourier transform

X = H(x)
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of e MP(K) by

=
<
[
S
I
o,
=

for all y € K.
The Fourier mapping

p—

is a norm-decreasing involutive algebra isomorphism F from MP(K) into

CP(K).

By the isometric embedding of the hypergroup algebra L'(K,wx) into
MP(K) similar properties remain valid for

ReSLl(K,wK) F.

In particular, MP(K) and L'(K,wg) are semisimple Banach algebras.
On LY(K,wg) the Fourier mapping enjoys the Riemann-Lebesgue
property, i.e.

FLNK,wg) C C°(K").

A categorial property of significance is the duality between compact and
discrete hypergroups: if K is compact, K’ is discrete; if K is discrete,
K is compact.

It is a surprising fact that, for commutative hypergroups without any
additional assumption on their dual space a Plancherel-type theorem holds.

Theorem 7.1.12 (Plancherel-Levitan)
There exists a Plancherel measure wx € M (K”") such that

/K|f|2dwK:/KA |fI? dmic

for all fe LY (K,wx)N L*(K,wk).
In particuler, the Fourier mapping F can be extended to the space
Lg(K, wK).

Discussion 7.1.13 In general suppmx is a proper subset of K”, and
it is this behavior that leads to additional efforts in developing harmonic
analysis on a commutative hypergroup. The structure of suppwx is yet
to be properly understood. Still supp 7k can be described in terms of the
(left) regular representation

= A(p)
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on MP(K) defined by

AMw)f =p*f
with

jox f(x) = /K Fly™ * ) u(dy)

for all fe€ L*(K,wk), =€ K.
The regular representation is a faithful norm-decreasing involutive rep-
resentation of MP(K), and

S:={x € K" [500)| < M@ for all ue M"(K)}

is a nonempty closed subset of K.
It follows from the construction of the Plancherel-Levitan measure that
in fact

S =supp 7k .
The following

Consequences 7.1.14 of the Plancherel-Levitan theorem justify the no-
tation of a regular dual

K~ =S =supprg
of K.
7.1.14.1 F s injective on K=, i.e. for p,v € MP(K) with

Resg~ ji = Resg~ U
we have p =uv.
7.1.14.2 K~ separates the points of K.

We stress again that generally
~ A
K~G K

and that K~ doesn’t even contain the unit character 1. Exceptions
to this deviation from the group case are compact hypergroups for which

K~ =K holds (see Remark 7.2.6).
Moreover,

7.1.14.3 If K" admits a convolution and 1 € K~, then K~ = K".
Consequently,

7.1.14.4 If K" is a hypergroup then

TK — WKA .
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Definition 7.1.15 Dual to the Fourier transform 71 of p € MP(K) there
is the inverse Fourier transform & of o € MP(K”) defined by

o) = [ vt

for all x € K, which can also be evaluated for measures o := k- -7g €
MP(K”") to serve as the Fourier transform of k € L*(K", 7).
Properties 7.1.16 of the inverse Fourier transform.

7.1.16.1 The corresponding Plancherel-Levitan equality reads

/|k|2dw,<=/ k[2 dric
K KA

for every k€ LY (K", mx)NL*(K", mk),
7.1.16.2 the inverse Fourier mapping o +— & is injective on MP(K"),
7.1.16.3 for fe LY (K,wrx)NC(K) with fe L'(K" nx) one has

f=0",

and

7.1.16.4 for fe LY (K", mg)NC(K") with fe L'(K,wk)
f="

holds on K™.
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7.2 Decomposition of convolution semigroups of measures

In this section we shall apply harmonic analysis on a commutative hyper-
group K to convolution semigroups of probability measures on K, a
useful measure-theoretic tool for studying stochastic processes in K. For
the reader’s convenience we start by presenting two basic constructions of
convolutions on the sets Z; and Ry which will yield polynomial and
Sturm—Liouville hypergroups respectively.

I Constructions of hypergroups

Construction 7.2.1 Let (an)nez,, (bn)nez, and (cn)nen be sequences
in RY, Ry and RY respectively satisfying the relations
ap+bg=1
and
anp +b,+c, =1

for all n € N. We define a sequence (Qn)nez, of polynomials on R by

Qo(z) =1

Qix) = —(z — by) 1)

ao

Ql(m) Qn(x) = anQn—Q—l(x) + ann(x) + CnQn—l(x) (n S N)

for all € R. A theorem of Favard yields the existence of a measure
7 € MY(R) with the property that

/Qn ) Qun(2) 7(d2) = Smonn

with s, >0 (see [14]). Hence the sequence (Qn)nez, Iis orthogonal with
respect to m, but not orthonormal, although
Qn(l) =1

for all neZ,.

Properties 7.2.2 For all n,m,k € Zy with [n—m|<k<n+m we

have the real linearization
n+m

Qn(@) Q(z) = > gln,m,k) Qu(x) (2)
k=|n—m|
(x € R), where g(n,m,k) € R.
Moreover, g(n,m,|n —ml|) # 0 and g(n,m,n+m) # 0. The co-
efficients g(n,m,k) can be recursively described in terms of the initial
sequences (an)nez,, (bn)nez. and (cp)nen.
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Theorem 7.2.3 Let (Qn)nGZ+ be an orthogonal sequence of polynomials
defined by the recurrence relation (1). Assume that one has a nonnegative
linearization of the form (2) in the sense that

g(n,m,k) >0
forall nym,k €Z, with |n—m|<k<n+m.
Then a convolution *q, can be introduced in M*'(Zy) by

n+m

En *(Q,) Em ‘= Z g(n,m, k) ek

k=|n—m|

for m,m € Z4 which yields a hypergroup (ZJr, *(Qn)) with unit element
0 and involution n+— n™ :=n.

The hypergroup (Zs,*(q,)) is said to be the polynomial hyper-
group induced by the polynomial sequence (Q;)ncz, -

Properties 7.2.4 of polynomial hypergroups.

7.2.4.1 From the above cited Theorem of Favard follows that every com-
mutative hypergroup (Zy,*) with 0 as unit element and the identity as
involution satisfying

{n—1,n+1} Csupp(e1 x&,) C {n—1,n,n+1}

for all n € Z, isin fact a polynomial hypergroup induced by some orthog-
onal polynomial sequence.

7.2.4.2 In accordance with Example 7.1.7.1 the Haar measure of a poly-
nomial hypergroup (Z.,x*) takes the form

1
w({n}) = e e (00D
_ 1t 1
~g(n,n,0) s,

whenever n € Zy.

7.2.4.3 Concerning the dual of (Z4,*) we introduce for every z € R
the mapping

oy 2y — C
defined by
az(n) := Qn(x)
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for all © € R and observe that with the notation
D:={zeR:|Qnx)| <1 foral neZi}
we obtain
{az ;2 €D}y =7, .

In fact, the mapping x — o, from D into Z is a homeomorphism
admitting « — aga(l) + by as its inverse, and D is a compact subset of
the interval [1 — 2ay,1].

7.2.4.4 For the polynomial hypergroup (Zi,*(q,)) the Plancherel-
Levitan theorem of 7.1.12 takes on the following form:

3 ) wiin)) = [ 1))

for every f € LY(Z,) := (Y (w), where 7 is the orthogonalization measure
of the polynomial sequence (Qn)necz,, with

suppr = {z € D+ || < INF - )| for every | € £'(w)}.
(See 7.1.13.)

Examples 7.2.5 of polynomial hypergroups are Jacobi polynomial hy-
pergroups (Zy,*(g,)) where

Qn = ngaﬂ)

forall n€Zy, a>p>-1, a++1=>=0, are the Jacobi polynomials
introduced recursively via (1) by

 2a+1
ao.—70+ﬂ+2,
bo'ziﬁ_a
T a4+ p8+27
S 2n+a+ 0+ (n+a+1)(a+5+2)
" 2n+a+B+2)2n+a+ B+ 1)2(a+1)]
b (1 e
" 2(a+ 1) 2n+a+B+2)2n+a+p))’
and
Cp 1= 2n(n + B)(a +5+2) (n eN).

Cn+a+B+1)2n+a+6)2(a+1)
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The Jacobi polynomials st‘ ) are orthogonal with respect to the measure
m(dx) := cap Lj_1,1) (1 —2)% (1 + a:)ﬂ dz
with
o Fla+6+2)
P Qe T (a+ NI(B+ 1)’
where 7 serves as the Plancherel(-Levitan) measure corresponding to the
Haar measure w of the Jacobi hypergroup given by

w({0}) =1,
(n} _Cnta+pH+1)(a+B+ 1), (a+1),
w(inh) = @+ B+l (B+ n
whenever n € N.

From the asymptotic behaviour of the gamma function one deduces that

w({n}) = O(n***),

hence that
suppm =D = [-1,1].
Moreover, for all a > a > —1 and either G > —% or a+ 3 >0 we have
the existence of a convolution e,%e, € M'([—1,1]) such that
QD@ Q) = [ QP (e s)
[71)1]
for all z,y € [-1,1]. Endowed with this convolution [—1,1] becomes
a compact hypergroup. Since [—1,1] has been identified with D = Z%,
the resulting dual Jacobi polynomial hypergroup (Z/,%) is in fact a
Pontryagin hypergroup.
7.2.5.1 Subexamples of Jacobi polynomial hypergroups are the ultras-
pherical hypergroups which appear for the parameters a = 3.

Further specialization yields the Chebyshev hypergroups of the
first kind for o = —%, of the second kind for a = %, and the
Legendre hypergroups for a = 0.

For integer parameters

d—
a=p0= TB for d>2
one obtains the identifications
Z = (SO(d)//SO(d — 1))"
and
Z = S0(d)//SO(d — 1) .
(See 7.1.5.3 (2.3).)
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Remark 7.2.6 There are polynomial hypergroups (Z4,*) which are not
strong. In particular for the Cartier hypergroups of 7.1.5.3 (2.4) and for
the Karlin—-McGregor hypergroups

suppm # D 2 Z) .
(See [91] and [52] respectively.)

Construction 7.2.7 A function A € C(R;) N CHRY) is said to be
admissible if

A(z) >0 foral ze€R}

and if there are constants ¢ > 0, ag > 0 and a function a3 € C*(]—¢,e])
satisfying

AI (67))

Z(f) = +zon(z)
whenever z €]0,¢[. In the singular case ap > 0 we assume in addition
that a7 1is even.

There is a Sturm—Liouville operator associated with an admissible

function A defined by

for all f e C*RY), z>0.
Moreover we introduce the differential operator ¢4 on C?((R})?) by

for all u € 02((Ri)2), x,y >0, where LQ denotes the Sturm—Liouville
operation taken with respect to the j-th variable of the function at eval-
uation.

Definition 7.2.8 A hypergroup (R4,x*) is called a Sturm—Liouville
hypergroup if there exists an admissible function A such that for each
even function f € C*°(R) the function

(@,y) ~up(z,y):= [ fdes xey)
Ry
on R?2 satisfies uy € C?((RY)?) with
éA(Uf) =0

and

(uf)y(2,0) =0
whenever z € R;.



308 Hypergroups in Probability Theory

Properties 7.2.9 of Sturm-Liouville hypergroups.

7.2.9.1 For each hypergroup (Ry,x) the boundary point 0 is the unit
element and the hypergroup involution is the identity. Consequently, each
hypergroup (R4, %) is commutative.

7.2.9.2 The Haar measure of a Sturm—Liouville hypergroup (R, *) with
admissible function A is of the form
wi=A-Ar,,
where Agr, denotes the Lebesgue measure restricted to R.
In fact, the admissible function A is unique.

7.2.9.3 Let A be an admissible function such that there exists a function
B € CYR,) with the properties that (3(0) > 0 and that the functions

A/
-0
and

2 A’
g2 8

are decreasing. Then there exists a Sturmezouville hypergroup (R4, %4)
whose convolution * depending on A and [ satisfies

supp(es * &) C [l —y|,z +y]
forall z,y € R,.

7.2.9.4 The generalized translation operator T associated with a Sturm-—
Liouville hypergroup (R,*4) commutes with the (Sturm-Liouville) oper-
ator Ly in the sense that
T Laf =LAT*f
for all f € C*(Ry) with f/(0)=0 and = €R,.
7.2.9.5 Let (Ry,*4) be a Sturm-Liouville hypergroup satisfying the as-
sumptions of Property 7.2.9.3.
By
1 A’
= — lim — >0
0:= 5 lim —(z)
we denote the index of the hypergroup (R, *4).
The multiplicative functions x on (Ry,xa) are exactly the solutions
of the eigenvalue problem

Lax = Sx X
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with x(0) =1 and Xx'(0) =0, for some s, € C.
But then the dual ]Rfr coincides with the set

(X eRLNC*(Ry): sy € Ry}
or after reparametrization via
)\i + 0% = E
where A\, € C with Im A, >0, with the set
{(x eRE NC*Ry): A\, € Ry U0, 0]}
Moreover,
RY ={x e R} : A\, e R;}.
We shall identify R} and R} with R;Ui]0, 0] and Ry respectively.

It is to be observed that for general Sturm-Liouville hypergroups the
Plancherel measure 7 associated with the Haar measure w cannot easily
be computed. For special cases explicit computations will be taken up later.

Examples 7.2.10 of Sturm—Liouville hypergroups.
7.2.10.1 For
A(z) = z?oH!

whenever =z € Ry, with o > —% one obtains the Bessel-Kingman
hypergroup (R.,*,) whose convolution is given by

fotagy(d2) = Kal(oy, 2) A L (d2),
where

_ Tt [y (@)
Ka(z,y,2) = T (%) T (a+ 1) 2201 (xyz)?e

for all z,y,z € RY.
The characters of (Ry,*,) of the form ¢, with A € Ry are given
by

ox(z) == Ja(Ax)

for all = € Ry, where J, denotes the (complex-valued) modified Bessel
function of order « given by

,_ (D) D(a+1) o
Jalz) = ;0 2k kI T(a+ k+1)
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for all z € C. It turns out that
R/_’\_ = R+
and since ¢ =0,
R} =R7.

In particular, the Bessel-Kingman hypergroup (R, *,) is selfdual, hence
Pontryagin, and the Plancherel measure m is proportional to the Haar
measure w.

For a::g—l, d> 2,

Ry =2 M(d)//SO(d)
appears as the motion group quoted in 7.1.5.3 (2.1).
7.2.10.2 Let >0 > —% with « # —%. Then the function
z — A(z) := sinh®** ™z cosh? ™ &
on Ry defines the Jacobi hypergroup (of noncompact type) (R, *q ).
Its index is
o=a+f+1,

and the characters are the Jacobi functions which can be identified with
the elements of the dual space
of (R+,*a7ﬂ).

For Jacobi hypergroups the Plancherel measure (associated with the
Haar measure w) has been computed as

m(dX) = O )|2)\R+ (dx)
with
i 14iA
MU
eN) = cap(N) = AN
' Var (a+5+1+1>\) I (a B+1+1,\)
V2r 27T Do+ 1)
N +iA i
r(e)r (52 -0)
for all A€ R+
For 3= —21, hence p=a+1 5, we obtain hyperbolic hypergroups.
Further spec1ahzat10n to «a := —(d —2) for d > 2 yields hyperbolic

hypergroups of rank 1 which are double coset hypergroups of the form
SO¢(d, 1)//SO(d) .
(See 7.1.5.3 (2.2).)
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In this context we quote an important structural result as

Theorem 7.2.11 Let G be a locally compact group and H a compact
subgroup of G such that the double coset hypergroup G//H is homeomor-
phic to Ry. Then (G//H,*) is a Sturm—Liowville hypergroup (R, *4)
of noncompact type, and the corresponding 5 types of admissible functions
A contain those of Examples 7.2.10.1 and 7.2.10.2.

(See [10], 3.5.89.)

II Convolution semigroup of measures

We are now ready to study one-parameter families of measures on an
arbitrary commutative hypergroup (K, #) and to step herewith into prob-
ability theory on hypergroups.

Definition 7.2.12 A family (p)i>0 of measures in M1(K) is called a
(continuous) convolution semigroup on K if

Ps * ps = ps4¢  forall st >0,
Mo = €o
and if the mapping

T Lt

from R, into M!(K) is continuous, where M?!(K) carries the weak
topology Ty .

In order to represent convolution semigroups on K in terms of (gener-
ating) functions on K” we recall the notions of positive and negative defi-
niteness for Abelian groups which carry over to commutative hypergroups.
For the duals of commutative hypergroups we need stronger notions.

Let

M,o(K") :={p=ce1 +grxg € MP(K"): c€C, ge C(K")}
Definition 7.2.13 Let ¢ € C(K").

(1) ¢ is said to be strongly positive definite if

pdu >0
K/\

holds for every pu € M,.(K") with [ > 0.
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(2) v is called strongly negative definite if (1) > 0,

»(X) =¥ (x)
for all y € K and
$du <0
K/\
whenever € M,.(K”) with >0 and f(e) =0.

The sets of strongly positive and strongly negative definite functions on
K" will be abbreviated by SPD(K”) and SND(K”) respectively.

Remark 7.2.14 The strong notions of definiteness are motivated by the
fact that they do not depend on the behavior of the functions outside K™\
{1}, hence the Bochner and Schoenberg representations (to be quoted
below) can only be expected to hold on the regular dual K.

Clearly, for strong hypergroups K the strong notions coincide with the
usual ones. (See [10], 4.1.1 and 4.4.1.)

Theorem 7.2.15 (of Bochner for K")
For every v € SPD(K") there exists a unique measure p € MY (K) such
that

=1 wg-locally almost surely.
If, in addition, 1 € C(K"), then
Resg~ i = Resg~ 9.

Conversely, given p € MJE(K) the Fourier transform [ of p always
belongs to SPD(K").

Theorem 7.2.16 (Schoenberg correspondence)
For every convolution semigroup (ut)i>o on K there exists a unique
1 € SND(K") with (1) =0 which satisfies

fir = exp(—tip)

for all t>0.
Conversely, given a ¢p € SND(K”") with (1) = 0, there exists a
unique convolution semigroup (ue)i>o on K such that

Resg~ i = Resg~ exp(—t))

for all t>0.
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Canonical decompositions of convolution semigroups on commutative
hypergroups K can be given in terms of Poisson and Gaussian semigroups
([64]) or in terms of their strongly negative definite functions on K" ([10],
4.5).

In the following we shall discuss the first mentioned type of canonical
decompositions.

Definition 7.2.17 A symmetric abstract Lévy measure A\ € M, (K)
is defined by the Fourier transform

X exp (/(Rex—l)dA)

of a generalized Poisson measure e¢()\) (related to \) € M}(K). In
general the integral in the Fourier transform need not exist as a real number.
If, however,

/(Rex—l)dA<oo

forall x € K", then the family (e(t\))
convolution semigroup on K.

On the other hand one introduces the exponential of a measure p €
M2 (K) by

>0 forms a generalized Poisson
=

exp() = 3 2ot

k>0
with % :=¢e.. If u({e}) =0, then p is an abstract Lévy measure in
the sense that p+ p~ is a symmetric abstract Lévy measure, and

e(p) = e 1" exp(u).

With this definition of e(u) for arbitrary p € MP(K) the measure e(y)
becomes the Poisson measure and (e(m)) +>o the Poisson semigroup
with exponent g respectively.

Given an arbitrary convolution semigroup (ft):>0 on K, there exists
a unique measure A € M4 (K") such that

1
A= TV*%LI}%gReSKX Mt -

A is called the Lévy measure of the convolution semigroup (ft):>0
provided A({e}) =0 and

o1
T\,f}gr(l)ERest e = Resgx A
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Now, the definition of a Gaussian convolution semigroup (v:):>0
by the requirement

1
}E% ;Vt(EU) =0

for every open set U of K with e € K is well motivated.

Gaussian measures on K are introduced as measures v € M!(K)
with the property that there exists a Gaussian convolution semigroup
(V)0 on K with vy =wv.

It can be shown that Gaussian convolution semigroups are exactly the
convolution semigroups on K with Lévy measure A = 0.

The proof of this equivalence makes use of the notion of the (infinites-
imal) generator L of a convolution semigroup ()0 on K defined

by
L li 1( )
= Tco— - * -
¥ T tg% P Ht * @ — @

for all ¢ in the domain

1
D(L) := {(p eC(K): Tcoflil% ;(,ut *p— ) exists}

of L.
It turns out that a convolution semigroup (u+)r>0 with generator L
is Gaussian if and only if L is local in the sense that
supp Lf C supp f
for all f e D(L)NC*(K).
Theorem 7.2.18 (Canonical decomposition of convolution semigroups)

Let K be a second countable commutative hypergroup and let (pt)i>o0 be
a convolution semigroup on K with a symmetric Lévy measure A. Then

(i) A is a symmetric abstract Lévy measure with
/(1 —Rex)dA <

for all x € K, and (e(t)))
on K.
(ii) There exists a Gaussian semigroup (vi)i>0 on K such that

i>o s a generalized Poisson semigroup
=

e = vy * e(tX)

for all t>0.
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Remark 7.2.19 If the Lévy measure A of the convolution semigroup
(t¢)e=0 in the theorem is not symmetric, but satisfies the condition

/|1—X|d)\<oo

for all y € K", then the decomposition in (ii) of the theorem remains
valid.

Application 7.2.20 Concrete canonical decompositions of convolution
semigroups on a commutative hypergroup are given in terms of their as-
sociated strongly negative definite functions or generators. Concerning the
correspondence of the latter objects we note that for every x € K"

Lx = =y (x)x
on K.
We close this section with Schoenberg representations in the sense of
Theorem 7.2.16 of convolution semigroups on the Jacobi polynomial hyper-

groups, the dual Jacobi hypergroups (7.2.5) and the Bessel-Kingman hyper-
groups (7.2.10.1).

7.2.20.1 On the Jacobi polynomial hypergroup (K, %) = (Zi,*q ) with
a> > —% or a+ 0 >0 any convolution semigroup (it)i>0 has a
Lévy measure X € My (Zy) which is symmetric and bounded. (fit)t>0
admits a Schoenberg representation of the form

fir = exp(—typ)  (t=0)
on (K"%)=([-1,1],%a,3) with
d() =Y (1= Q%P (x)) A({n})
n>=1
whenever x € [—1,1].

7.2.20.2 Convolution semigroups (ut)i>0 on a dual Jacobi polynomial
hypergroup (K", %) = ([—1,1],%q4.,3), with Lévy measure X € My ([—1,1])
admit a Schoenberg representation of the form

fir = exp(—ty)  (t>0)
on (K,x) = (Zy,*qp), where

with
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for all neZy.

7.2.20.3 If (u)t>0 1is a convolution semigroup on the Bessel-Kingman
hypergroup (Ry, o) (o> —1) with Lévy measure A € M (RY), then
its Schoenberg correspondence reads as

fir = exp(=typ)  (£=0)

with

Q=+ [ (-pela)Ade)  (c30)
R+

forall €€ Ry.

There are similar representations of convolution semigroups on higher-
dimensional hypergroups such as polynomial hypergroups in several vari-
ables ([100], [11]), local Sturm—Liouville hypergroups, disc hypergroups, two-
dimensional Jacobi hypergroups, Laguerre hypergroups ([65]) and expected
desirable extensions to matriz—cone hypergroups ([73], [92]).

Discussion 7.2.21 More on Gaussian convolution semigroups on a
Sturm-Liouville hypergroup (R4,%*4).

At first we note that the Sturm-Liouville operator —L 4 is the generator
of a Gaussian convolution semigroup (v¢)i>0 on Ry, and that each
Gaussian convolution semigroup (v¢)i>0 on Ry is of the form

Mt = Vet (t > 0)

for some ¢ > 0, with a Schoenberg representation of the form

fir(€) = exp(—ct(€* + %) (t>0)

whenever ¢ € Ry Uil0,p0]. If ¢ =1, then the Gaussian convolution
semigroup (v4)i>0 on Ry is called normalized.
For each ¢ > 0 the measure vy appears as the normalized Gaussian
measure with parameter t.
In case of a Bessel-Kingman hyper(gl)roup (R4, #o) with a > —% the
«

normalized convolution semigroup (v, )i>0 can be given explicitly by

() _ L L oat1 —22
v (dx) = 22a+1I‘(a—|—1)t0‘+1m e % dx (t>0).

For t = %, %(a) is called the Rayleigh distribution on R, which in

the special case « := % — 1 can be interpreted as the radial part of the
normal distribution on R%.
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Any Gaussian process associated with the Bessel semigroup (ﬂ§“> )t>0
with

i) = 2

for all ¢t > 0 is called a Bessel process of order a > —%. Note that
the radial parts of d-dimensional Brownian motions are Bessel processes

of order o = % — 1 in the traditional sense.

Remark 7.2.22 Convolution semigroups on an arbitrary commutative
hypergroup enjoy a wide range of applications which can hardly be indicated
in the present exposé. We refer the reader to the problem of embedding
infinitely divisible probability measures into convolution semigroups and to
the réle that convolution semigroups play in the theory of potentials and
Dirichlet forms ([10] 5.3, 6.4 and 6.5 respectively).
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7.3 Random walks in hypergroups

This section is designated to discussing random walks in a commutative
hypergroup. There are at least two different ways to introduce discrete
time stochastic processes: the purely measure-theoretic one in terms of
Markov kernels and the probabilistic one which makes use of a randomized
summation of hypergroup-valued random variables. The construction of
randomized sums will depend on a concretization of the underlying hyper-

group.
I Transient random walks
Let K be an arbitrary hypergroup.
Definition 7.3.1 A triplet (Z,v,®) consisting of a compact space =, a
measure v € M'(Z), and a Borel-measurable mapping
P AXxKXxE—-K
is called a concretization of the hypergroup K if
v({z €2 : ®(x,y,2) € A}) = (g4 x&y)(A)
for all z,y € K and A€ B(K).

It can be shown that for second countable hypergroups K there always
exists a mapping

®: K xKx|[0,1] - K
such that ([0, 1], Ajo,1, ®) is a concretization of K.

Examples 7.3.2 of concretizations.

7.3.2.1 Let G be a locally compact group with (deterministic) multipli-
cation and convolution . Then the triplet (Z,v,®) with

= {e},

Vi=¢€¢

(1]

and

O(,y,e)i=a-y

for all z,y € G is a concretization of G.
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7.3.2.2 Let G be a locally compact group and H a compact subgroup
of G. We consider the double coset hypergroup K := G//H. The triplet
(Z,v,®) with

=:=H,

Vi=wy
and

®(z,y,h) == H(x) ho(y) H
forall z,y € K, h € H and a measurable mapping ¢ : K — G satisfying

Ho(xz)H ==z

for all = € K is a concretization of k.

7.3.2.3 A concretization of the Bessel-Kingman hypergroup (R, *,)
(7.2.10.1) is given by the triplet (=2, v, ®), where

=[-1,1],
=g- /\E

(1]

AN

with
9(6) = ca(l =€) 2
for all £ € Z, and

O(x,y,8) = Va? +y* — 2xy

whenever z,y € Ry, £ €=.

7.3.2.4 For the Jacobi hypergroup (Ry,%*4,) with a> 0> —% we have
a concretization (2, v, ®), where

=:=[0,1] x [0,7],
vi=g-\
with
g(r,9) ==cqp (1 — p2)a Bl p284 1 in20 9
for all r€[0,1], ¥ €[0,7] and
®(x,y, (r,0)) := % arcosh (2 cosh® # cosh®y + 2r? sinh® x sinh®y

+ rcosd sinh(2z) sinh(2y) — 1)

whenever z,y € Ry, (r,d) € Z.
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Employing the concretization of the hypergroup K we introduce the
randomized sum of K-valued random variables.
Let (Z,v,®) denote a fixed concretization of K.

Definition 7.3.3 For any two K-valued random variables X and Y on
a probability space (Q,2(,P) and an auxiliary Z-valued random variable
A on (Q,2,P) such that A is (stochstically) independent of the (K x K)-
valued random variable X ® Y and distributed with law v we define the
randomized sum of X and Y by

A
XFY :=d(X,Y,A).

Clearly, X —1|\— Y is a K-valued random variable on (Q,%,P).

The desired consistency of the randomized sum of K-valued random
variables with the convolution of the hypergroup K is justified by the
following important

Fact 7.3.4 Given K-valued random variables X and Y and a Z-valued
random variable A on (Q,2,P) with law v such that X,Y and A
are independent we have

P A :Px*Py.
X4Y

We note that forming randomized sums is generally not an associative
operation although convolution of distributions is. While the randomized

A
sum X + Y depends on the choice of the applied concretization of K
A
the joint distribution of the random variables X, Y and X + Y does not.

Now we are ready to introduce random walks in K and to describe
them by means of randomized sums of K-valued random variables.

We return to the assumption that K is a second countable commutative
hypergroup.

Definition 7.3.5 A sequence (Sp)n>0 of K-valued random variables
on a probability space (Q,%2,P) is said to be a nonhomogeneous ran-
dom walk in K with law sequence (i,)n>0 in MY(K) if it forms a
nonhomogeneous Markov chain with starting measure py and transition
probabilities given by

P(Sp, € A| Sn—1 =2) = (un x2)(A) (n>=1)
whenever A € B(K) and z € K.
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For a law sequence (g,)n>0 With p, :==pu € M1(K) forall n > 1 the
sequence (Sp)n>0 is called a (homogeneous) random walk in K with
law p.

For the two types of random walks in K we apply the notation X ((ur,))
and X (u) respectively.

Fact 7.3.6 FEvidently, for any random walk X ((pn)) in K

n

Ps, = >k u;
j=0

for all n>1.

It should be noted that given a sequence (fin)n>0 of measures in
M'(K) the associated sequence (P,),>0 of Markov kernels defined by

P, (z, A) := pp, x,(A) (n>0)

for all =z € K, A € B(K) generates a canonical Markov chain
(Q’ Ql? Pua (Sn)n>0), where

m;:o(U a(so,sl,...,sn)>

n=0

and P” is a probability measure on (Q,2) for every starting measure
v € MY(K). In fact,

PY(So € A) = v(A)

for all A c A
We adopt the convention P* for P*r (z € K).

Construction 7.3.7 of a random walk X((u,)) in K in terms of
randomized sums.

Let (E,v,®) be a concretization of K. Let (X,)n>0 be asequence of
independent K-valued random variables on a probability space (2,2, P)
with Px, = p, for all n > 0, and let (A,)n>1 be a sequence of
independent Z-valued random variables on a probability space (€/,2’,P")
with Py = v forall n > 1. Suppose that the random variables
constituting the sequences (X,)n>0 and (Ay,),>1 are all independent.
Then the sequence (Sy)n>o0 defined by

So = Xo,

Ay
S1:=Xo + X1,
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and

An
Sn =Op-1 + Xn

is a random walk X ((p,)) in K. In the applications we shall employ the
notation

nA
Sp=:Y X; (n>0).
j=0

From the canonical construction of Markov chains we know that one
can consider the random variables X, as the coordinate maps on the
probability space (Q,2,P) with Q := K%+ A := &0 B(K) and
P:=Q >0 Hjs and analogously we can look at the random variables A,
as the coordinate maps on (Q',2,P') with Q' :=Z", A" := ®,., B(Z)
and P’ := X =1V Hence for each n > 0 the K-valued random variables
S,, are defined on the probability space (2 x ', A® A, P@P’), and for
w=(w,w) €N xQ wehave

A (w) Az (w') Ap—1(w’) Ay (W)
Spw) = Xo(w) + Xi(w) + -+ + Xpq(w) + X,(w).

The subsequent discussion will be devoted to the asymptotic behavior of
random walks in K. We start with the properties of recurrence and tran-
sience and proceed to establishing two pearls of probability theory within
the framework of hypergroups: strong law of large numbers and central
limit theorems.

Given a random walk X(p) in K and A € B(K) we introduce the
function hq on K defined by

ha(z) :==P%(S, € A infinitely often)

:P””(ZleS,L:oo)

n=0

for all z € K.

Definition 7.3.8 An element x € K is said to be recurrent if for every
neighbourhood V € U(z)

hv(ﬁ) = ].7

and it is called transient if there exists a neighbourhood W € U(z) such
that

hw(l’) =0.
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We note that a random walk X (u) in K is called adapted provided
[supp ]~ = K,

and spread-out if for some p € N, some constant ¢ > 0 and some open
subset V #£0 of K we have

W= cly wg .
Theorem 7.3.9 of dichotomy.
Let K be a second countable commutative hypergroup. For a random walk

X(u) in K with an adapted and spread-out law p € MY (K) there are
only two possibilities:

(1) Every x € K is recurrent
or

(2) every x € K s transient.
Moreover,

(1) Case (1) occurs if and only if X(u) is Harris recurrent in the
sense that for every A € B(K)
wr(A) >0 implies ha=1
whereas
wr(A) =0 implies ha=0.
(2") Case (2) occurs if and only if for every compact C € B(K) the
function
e U, €)= S (0 ) (A)
n>=0

on K s bounded.

Definition 7.3.10 A random walk X (u) in a second countable commu-
tative hypergroup K with law u € MY (K) is said to be transient if
every point x € K is transient in the sense of Definition 7.3.8.

A not necessarily spread-out random walk X (u) is called weakly
transient provided

Ule,C) < o0
for every compact C € B(K).

Finally we call a hypergroup K transient if every random walk X (u)
in K with adapted and spread-out law p € M!(K) is transient.
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One observes that transience of random walks in K implies weak
transience, and that the reverse implication holds if X (u) is adapted and
spread-out.

In order to test the transience of a hypergroup we need an analogue of
the well-known Chung—Fuchs criterion for locally compact Abelian groups.

Theorem 7.3.11 Let K be a second countable commutative hypergroup
which is either discrete or strong, and let X (u) be a random walk in K
with law p € MY(K). Then X(p) is weakly transient if and only if there
exists a neighbourhood N € Vg (1) such that

1
limsup/ Re ———— mx(dy) < o0
v v 1= th(x) b

Corollary 7.3.12 Under the assumptions on K as in the theorem a
random walk X (p) with symmetric law p € MY(K) is weakly transient

if and only if
1
— dy) <
/N 1—7i(x) mc(dy) < o0

for some neighbourhood N € Vg (1).

A sufficient condition for a hypergroup to be transient is provided by
the following

Theorem 7.3.13 Let K be a second countable commutative hypergroup
such that 1 ¢ K~. Then every random walk X(u) with adapted law
p € MYK) is weakly transient, hence transient.

Examples 7.3.14 of transient hypergroups.

7.3.14.1 Let (Zy,*(q,)) be a polynomial hypergroup, where the defining
polynomial sequence (Qn)n>0 satisfies the recurrence relations (1) in 7.2.1
(involving sequences (an)nez,; (bn)nez, and (cn)nen in RY, Ry and
RY respectively).

The following statements are equivalent:

(i

) (Zy,%(q,)) is transient.

ii) The simple random walk X(e1) in Z4 is transient.
i)
)

—

(iii fllﬁwh (dz) < 00.

(iv) > s1 —anwz+({n}) < 00.
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7.3.14.2 Jacobi polynomial hypergroups (Z4,*q,3) (see 7.2.5) are tran-
sient if and only if o > 0.

7.3.14.3 Let (R4,*4) be a Sturm-Liouville hypergroup with index .
The following statements are equivalent:

(i) (Ry,*4) is transient
(i) [y & 7w, (dz) < oo,

Moreover, Theorem 7.3.13 implies that (Ri,%4) is transient provided
o> 0.

The notion of transience can be extended to convolution semigroups
on a commutative hypergroup K. It gives rise to an extended potential
theory.

Definition 7.3.15 A convolution semigroup (u¢)i>o in MY(K) is said

to be transient if
/ / fdusdt < oo
0 JK

for any f e C{(K). In this case the functional

fH/Om/deutdt

on C$(K) defines the potential measure x € M (K) of (u)i>o0.

It is easy to see that for any u € MP(K) the Poisson semigroup
(e(tu))t=o0 with exponent g is transient if and only if

Z/deu”<oo

n>=0
for all fe CL(K). If (u)i=o0 is transient, then the potential measure of
(e(tu))t=o0 has the form
=Y

n=0
The connection between transience of convolution semigroups on and ran-
dom walks in K becomes evident by the fact that an adapted and spread-
out random walk X (p) with law p € MY (K) is transient if and only if
the Poisson semigroup (e(tp))t>0 with exponent p is transient.

In order to present a hypergroup analogue of the famous classical Stone—
Port criterion for transience of convolution semigroups on a commutative
hypergroup K we rely on a majorization property (MP) which reads
as follows:
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(MP) For every f € C$(K) thereexistsa g€ C°(K") such that f < g.
Clearly, the classes of discrete, compact, strong and dual hypergroups enjoy

(MP).

Theorem 7.3.16 Let K be a commutative hypergroup, and let ({4)i>0
be a convolution semigroup on K admitting a Schoenberg representation
in terms of a function v € SND(K").

(i) If (pe)eso 1s transient, then
1
Re " € Li (K" 7mK).
(ii) If K satisfies (MP) and
1
(4

then (pe)e>o s transient.

€ Llloc(K/\vﬂK)v

IT Limit theorems for random walks

Stating strong laws of large numbers and central limit theorems for
random walks in a second countable commutative hypergroup K requires
the use of moments of K-valued random variables.

We assume to be given measurable locally bounded real-valued functions
m1 and mo on K satisfying the equalities

mi(x xy) =m(z) +mi(y)
and
ma(z xy) = ma(x) + ma(y) + 2ma(x) mi(y)

valid for all z,y € K; they are called moment functions for K of order
one and two respectively.
For the discussion in this section we shall assume that

2
mi] < ma.

Definition 7.3.17 A measure pu € M'(K) is said to admit a moment
of order j=1,2 if m; € L'(K, ). In this case we write

E.(u)i= [ mudn
K
and

Vel o= [ made— B >0
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for the modified expectation and variance of p respectively.
Similarly moments of order one and two are introduced for K-valued
random variables X on a probability space (2,2, P) by

E.(X) := E(my 0 X)
and

V.(X):=E(maoX)—E.(X)?>0
respectively.

Properties 7.3.18 of moments.

7.3.18.1 Given a concretization (Z,v,®) of K, K-valued random vari-
ables X,Y and a E-valued random variable A such that X,Y and A
are independent. Then
(i) Eo(X 4 V) = E.(X) + E.(Y) provided E.(X) and E.(Y) esist.
(i) V(X —? Y)=V.(X)+V.(Y).
7.3.18.2 Let (Sn)n>0 be a random walk X ((prn)) in K.
(i) If E.(X,) exists for all n > 1, then
E(my0S, | Sne1) =myoSp—1+ Ex(pin) [P].

(ii) If V.(X,) ezists for all n>1, then

E(v(Sn, Ex(Sn)) [ Sn-1) = v(Sn-1,Ex(Sn-1)) + Valpn)  [P],

where

v(z,y) :=ma(z) — 2ymq(x) + y?

forall z,y € K.

7.3.18.3 Let (Sn)n>0 be a random walk X((prn)) in K.
(i) If Ei(un) exists for all n >0, then

(my oSy, — E*(Sn))n>0
is a martingale, and

(m1 0 Sa)

n=0
is a submartingale provided E,(u,) =0

for all n>0.



328 Hypergroups in Probability Theory

(i1) If Vi(un) exists for all m >0, then
(U(Sna E. (Sn)) - V*(Sﬂ))n>0
is a martingale, and
(U(Sna E*(Sﬂ)))n>0

is a submartingale.
Property 7.3.18.3 implies immediately the following

Theorem 7.3.19 Let (Sp)n>0 be a random walk X ((pn)) in K with
law sequence (pn)n>o in MY(K), andlet (rn)n>1 be a sequence in R’
with

lim r, = oc0.

n—oo

Suppose that

Vi (pin
Z (5 ) < o0
,

n>1 n

Then
1

EU(SW E.(Sn)) — 0 [P].
If, in particular, (Sp)n>o0 is a random walk X (p) with law pe M*(K)
such that V.(u) < oo, then

1
Smio Sy —~Edu) [Pl

Examples 7.3.20 Choices of moment functions.

7.3.20.1 Let (Zy,*(q,)) be a polynomial hypergroup, where the defining
polynomial sequence (Qp)n>0 satisfies the recurrence relation (1) in 7.2.1
(involving sequences (an)nez,, (bn)nez. and (cn)nen in RY, Ry and
RY respectively). We assume that the sequence (Qn)n>0 is normalized
in the sense that Qq(z) =« for all z € [—1,1], that the limits

a:= lim a, €]0,1],
8= lim b, € R,
~v:= lim ¢, €]0,1]

exist, and that the inequality « >~ holds.
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A change of variables yields a new polynomial sequence (Rp)n>0 de-
fined by

R, (z) = Qn,2ayz + )
for all x € R with

Rn(ﬂio) =1
for
_1-p
Ty = B a’y'

Choosing the unique ¥y € iR with cosvy = zy the mappings

Ay
k—mj(k) =7 <@> Rk(cosﬁ)b:ﬁo

from Z, into R (j =1,2) are moment functions for (Z4,*q,))-
For Jacobi hypergroups (Zi,*q,3) one calculates

kE(k+14+a+03)

e

whenever k € Z,..

7.3.20.2 Let (Ry,x4) be a Sturm—-Liouville hypergroup with defining
Sturm—Liouville operator L4 and index g > 0.

We know from 7.2.9.5 that for every A € C the solution ¢, of the
eigenvalue problem

Lagx = (\* + 0*)pa
with ¢x(0) =1, ¢4(0) =0 is a multiplicative function on Ry and that
{SDA HP S IRJr U 1]07 Q]} = RJr U 1]07 Q]

forms the dual R} of Ry, the unit character i, being identified with
ip.

It can be shown that the mappings

d J
eeme) = (5 ) P @y

from R, into R (j =1,2) are moment functions for (R4, *4). Moreover,
mo >0, m =0 if 0=0, and my(z) ~x, ma(z) ~2? (as x — o0) if
o> 0.

mp and mso can be represented in closed form as

() = 29/; @/Oyfl(z)dzdy
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L [T ARA
ma(z) = 8o / / / ) Aly) Afw) 47 dud

+2/Ow/0ng;dydz

respectively, whenever = € R;.

and

The connection between mj; and mo becomes apparent from the

ma(z) = /OI (/: %) (2 4+ 4 0 () A(u) du

valid for all x € Ry.
In the case of a Bessel-Kingman hypergroup (R4, *,) we obtain

formula

for all x € R;.

Theorem 7.3.21 Strong laws of large numbers

7.3.21.1 for polynomial hypergroups.
Let (Zy,%q,)) be a polynomial hypergroup satisfying the assumptions of
7.8.20.1, and let a > 7.

Then for any random walk (Sp)nso0 in Zy with law p € MY (Zy)
such that E.(u) < oo we have

S Ep) [P

7.3.21.2 for Sturm-Liouville hypergroups.
Let (Ry,*4) be a Sturm—Liouville hypergroup with index o > 0.

Then for any random walk (Sp)n>0 in Ry with law p € MY(R,)
such that E.(u) < oo we have

S B [P

For both classes of hypergroups the strong laws of large numbers remain
valid if & =~ and ¢ = 0 respectively under additiongl conditions involving
the speed of convergence to 0 of (an—cp)n>1 and ’:((j)) whenever n — oo

and x — oo respectively.

Theorem 7.3.22 Central limit theorems

7.3.22.1 for polynomial hypergroups.
Convergence to the Rayleigh distribution; polynomial growth:
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Let (Zy,*q,3) be a Jacobi polynomial hypergroup. Then for any random
walk (Sp)nso in Zy with law p€ MY(Zy) satisfying
0<o?:=V.(n) <o

we have

(@)

1 is the Rayleigh distribution introduced in
2

where the limit measure -y
7.2.21.

We note that the above statement says that the standardized random
variables with values in a Jacobi polynomial hypergroup converge in distri-

bution to a Gaussian measure on the Bessel-Kingman hypergroup.

Convergence to the Rayleigh distribution; exponential growth:
Let (Zy,%q,)) be a polynomial hypergroup satisfying the assumptions of
7.8.20.1, and let « > ~y. Moreover, suppose that

Z nmax(0,b, — bp11) < 00.

n>=1
Let (Sp)n>0 be a random walk with law p # e9 € MY (Zy) satisfying
E.(p) < oo and 0 < o0?:=V,(u) <oo. Then

P ) 2 N(0,1).

1 (ml 05, —nE.(n)

ov/n

7.3.22.2 for Sturm—Liouville hypergroups.
Convergence to the Rayleigh distribution; subexponential growth, i.e. p=0:
Suppose that

exists. Then for any random walk (Sp)n>o0 in Ry with law pe MY(Ry)
satisfying
0<o?:=V.(n) <o
we have
P Tw, (@)

1 —_—
gﬁsn 7% )

where « = %

Convergence to the Rayleigh distribution; exponential growth, i.e. o > 0 :
For any random walk (Sp)n>0 in Ry with law p€ MY (Ry) satisfying
0<o?:=V.(n) <o

we have
T N(0,07).
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In contrast to the central limit theorem cited in 7.3.22.2 for outer stan-
dardized randomized sums of the form

PR

j:1

\ ‘
[

with some real-valued function f >0 on N, one may also look at such
theorems for inner standardized randomized sums like

i :
2 Fn)
A typical result reads as follows:

Let (Xn)n>0 be a sequence of independent identically distributed R, -
valued random variables satisfying

E(X?) < o0

Then for the sequence (Yn)n>1 of Ry-valued random variables

n
Jj=1
we have
PY T_w) ’VE_S‘) ’
2

where

fy = — E(X?)

0 ap+1 1

with «g as in the Sturm—Liouville setup 7.2.7.
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7.4 Increment processes and convolution semigroups

Until now we have only dealt with random walks in a commutative hy-
pergroup. In order to obtain a wider insight into the theory of probability,
more general processes with independent increments will be discussed. Such
processes are related to convolution hemigroups of probability measures on
the given hypergroup and similar to the classical theory they admit cadlag
paths which means that their paths are almost surely right continuous and
have left hand limits. As the central topic for our exposition we choose the
Lévy-type characterization of increment processes in terms of martingale
properties. For Sturm—Liouville hypergroups the approach yields surprising
properties of Gaussian processes.

I Modification of increment processes
Let K be a commutative hypergroup.
Definition 7.4.1 A two-parameter family (us+)ogs<t Of measures in
M'(K) is called a (continuous) convolution hemigroup on K if
Hs,r * trt = st for all O§S<T<t7
it = Ee forall t>0,
and if the mapping

(8,8) = st
from S := {(u,v) € R?:0 < u < v} into M'(K) is continuous, where
M*Y(K) as usual carries the weak topology .

In the following we shall need the fact that for any convolution hemi-
group (fis,t)ogs<t on K

frst(X) # 0
whenever x € K" and (s,t) €S.

Examples 7.4.2 of convolution hemigroups.

7.4.2.1 Poisson hemigroups.
Let

t'—>1/t

be a continuous mapping from Ry into MP(K) which is increasing in
the sense that

v — vs € M2 (K)
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for all 0 < s <t. Then the Poisson measures
tst = e(vy — Us) (0<s<t)

in M'(K) form a compound Poisson hemigroup (is:)o<s<t associ-
ated with the family (4)¢>0 of measuresin MP(K).

7.4.2.2 Convolution semigroups.
Let (v:)1>0 be a convolution semigroup on K. Then the measures

Hsit = Vi—s (O <s < t)

form a convolution hemigroup (s t)ogs<t associated with the given con-
volution semigroup (v4)¢>0-

Definition 7.4.3 A family (X:);>0 of K-valued random variables on a
filtered probability space (Q, A, (Asr) o0, P) is said to be a (nonhomoge-
neous) increment process in K with associated convolution hemigroup
(ts,t)ogs<t on K if

(a) (X¢)t>0 is a Markov process adapted to the filtration (2:)¢>0 in the
sense that

P(X; e B|2,) =P(X: € B| X,) [P]
forall 0<s<t andall B e B(K)
and if
(b) the transition probabilities of (X¢)i>0 are given by
P(Xi € B| Xs =) = (ps,t ¥ €2)(B)
forall 0<s<t z€ K and B e B(K).

An increment process (Xi)i>0 in K is called homogeneous provided
its associated convolution hemigroup (ps.¢)ogs<t i of the form
Hst = Vis (0<s<¥)
for some convolution semigroup (v¢):>o on K. (See Example 7.4.2.2.)
Under the assumption that K is second countable, hence metrizable

with metric 4, increment processes (X;)i>o in K are named stochas-
tically continuous if

P-stoch

0(Xs, X)) —— 0

as s —t forall t>0.
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We also note that given an arbitrary probability measure v and a con-
volution hemigroup (ps+)ocs<t on K there exists an associated stochas-
tically continuous increment process (Xi);>o on some probability space
(Q,2,P) taking its values in K, with initial distribution v, since the
rigth side of the equality in (b) of 7.4.3 defines a transition function

(33, B) = ps,t(xv B)

on (K,B(K)) satisfying the Chapman—Kolmogorov equation

ps,t(l’, B) = / pS,T’(xa dy) pr,t(y7 B)
K

which holds for all 0 < s<t¢, 2 € K and B € B(K).
As in the classical framework but with considerably more effort one
proves the

Theorem 7.4.4 of modification.

If K is a second countable commutative hypergroup, then each stochasti-
cally continuous increment process (Xt¢)i>o in K admits a modification
with cadlag paths without fived jumps.

From now on we keep the assumption that K denotes a second count-
able commutative hypergroup and restrict the discussion to stochastically
continuous homogeneous increment processes (X¢)i>o in K which are
named Lévy processes.

We cite a few important

Properties 7.4.5 of Lévy processes.

7.4.5.1 Let (Xi¢)i>0 be a Lévy process associated with a convolution
semigroup (p)i=o on K. Then the family (Pi)i>o of convolution
operators

P :CP°(K)— CP’(K) (t>0)
defined by
Pfi=pxf
for all f € CP(K) is a Feller semigroup on CP(K) with the following
defining properties:
(1) RC°(K)C C%K) forall t=>0.
(2) If f€CP(K) with 0< f<1, then
0<Pf<I.
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(3) Pso P, = Psyy forall s,t >0, and Py =id.
(4) For all f € C°(K)

lim |P.f — ]| = 0.

Under these assumptions (X;);>o is called a Feller process in K.
From 7.4.5.1 and the Dynkin-Kinney—Ray theorem ([12]) one can de-
duce that

7.4.5.2 any Lévy process in K admits a cadlag modification, a statement
which we know already (compare 7.4.4).

7.4.5.3 A Lévy process associated with a Gaussian convolution semigroup
on K is called a Gaussian process in K.

It can be shown that each Gaussian process in K admits a continu-
ous modification, and that each Lévy process with a.s. continuous paths is
Gaussian.

As for the first assertion one makes essential use of the metric ¢ for
K. In fact, let (ut)i>0 be a convolution semigroup on K. For & >0
and x € K one considers the e-neighbourhood

B(z,e):={z€ K : d(z,2) < &}
of x, and for a compact subset C' of K one introduces the function
t— ag(t) == sup sup (s xe,)(CB(x,¢))
0<s<t zeC

on R;. Then
e
}1_{% ac (t) =0,
and, if (u¢)i>0 is a Gaussian semigroup on K, then
N N
1‘% Eac(t) =0,
whenever ¢ >0 and C C K is compact (compare [66]).
The proof of the second assertion follows from the locality of the gener-
ator of the convolution semigroup associated with the Lévy process having
a.s. continuous paths (see [18] and 7.2.17).

IT Martingale characterizations of Lévy processes

We assume the reader being familiar with the basics of martingale theory
and their application to stochastic calculus ([68], [93]).

All Lévy processes to be considered in the sequel are understood as
Markov processes with respect to the canonical filtration.
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Together with a given convolution semigroup (u¢)i>0 on K there are
two important tools available: its strongly negative definite function ¢ on
K" (7.2.16) and its generator L with domain D(L) (7.2.17).

Proposition 7.4.6 Let (ut)i>0 be a convolution semigroup on K. For
any stochastic process (Xi)i>o in K the following statements are equiv-
alent:

(1) (Xt)ts0 is a Lévy process in K with associated convolution semigroup
(kt)i0 -
(i) For each x € K™ the process
(m(x)""xo Xt)t>0

is a martingale in C.
(iii) For each x € K~ the process

(m(x)""xo Xt)t>0
is a martingale in C.
Note that the implication (iii) = (i) follows from the injectivity of the

Fourier transform restricted to K~ (7.1.14.1).
An application of It0’s integration by parts formula yields

Proposition 7.4.7 Let (ut)i>0 be a convolution semigroup on K with
associated 1) € SND(K™), and let x € K".

For each cadlag process (Xi¢)i=o in K the following statements are
equivalent:

(i) ((x)"'xo Xt)t>0 is a martingale in C.
(ii) (x o X+ v(X) fot xo X ds) . is a martingale in C.
t

=

Let (p4)t>0 be a convolution semigroup on K with associated strongly
negative definite function 1 and generator L, andlet (X;):>o be acadlag
processin K. Forany x € K" and f € D(L) we introduce the processes
(V" )iz0 and (Z/7)iz0 by

t
JAR :=x0Xt—ono+w(Y)/ xo Xsds
0
and

t
zbt = oXt—foXo—/L(f)oXSds
0
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for all t > 0 respectively.

Theorem 7.4.8 Under the above collected assumptions the subsequent
statements are equivalent:

(1) (Xt)t>o0 s a Lévy process in K associated with (pit)t>0 -
(ii (’}(y)_lxo Xt)t>0 is a martingale in C for all x € K.

)
(iii) (Y;"*)i0 is a martingale in C for all x € K™
(iv) (ZtL’f)t20 is a martingale for all f € D(L)N C°(K).

It is to be noted that the implication (i) = (iv) is related to the general
martingale problem (see [19]).

In view of more useful necessary and sufficient conditions for a cadlag
process (X¢)i>0 in K to be a Lévy process we go back to the moment
functions m; and mso of order one or two respectively and apply them
to (Xt)t>0 in order to obtain martingales.

Remark 7.4.9 Let (mq,m2) be a pair of moment functions as introduced
in front of 7.3.17. For a given convolution semigroup (u¢)i>0 on K we
consider the pair (Fy, F») of functions

tHFj(t) Z:/ mjdut
K

on R, which by definition satisfy
J

J
Fi(s+t)=Y_ (Z.)Flv(s)Fj_i(t)
i=0
for all s,t e Ry, j=1,2, with Fy:=1, since mg:=1.
Let
My (K):={pe M (K):m; € L*(K,u) for j=1,2}.
Now we assume that a convolution semigroup (pt)i>0 in M3 (K) has the

property that the functions Fj, Fy are continuous at 0.
Then

(1) Fl,F2 S C(R+),
and

2) there exists ¢; ; € R (4,5 = 1,2) such that
J

i
Ei(t) =3 et/
=1

for all t € R,.
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(3) If L is the generator of the convolution semigroup (y; )t>0, then

Lm;(x ZmZ <> Cj—i j—i
forall ze K, j=1,2.

Moreover,

(4) if in the situation of (3)
tlii% F;(t)=0
for j=1,2, then there exist constants cy,ce with
(4.1) Fi(t) = et
4.2) Fy(t) = 3% + cot for all t > 0.
) Lmi(x) = ¢y,
) Lma(x) = 2cimq(x) + ¢ forall z € K.

In analogy to 7.3.18.3 one obtains

Proposition 7.4.10 Let (X;)t>0 be a Lévy process in K associated with
a convolution semigroup (ut)i=o0 of measures in My (K). Let (my,msa)
be a pair of moment functions for K with corresponding pair (Fi,Fs),
and suppose that

lim F;(t) =0

t—0
for 7=1,2. Then the processes

(m1 oX; —E(mqo Xt))t>o

and
(00, Em1 0 X0)) — E(ms 0 X0) + E(m 0 X))

>0
are martingales.

ITIT Gaussian processes in a Sturm—Liouville hypergroup

Now we specialize the discussion of martingale characterizations to nor-
malized Gaussian processes on a Sturm—Liouville hypergroup (R, *4).

We define a sequence (v,)n>o of real-valued functions v, on (R})?
recursively by

o(t,x) := /Lds
A(s)

Ut (L, x) ::/t A(lu) / (s, x) A(s) dsdu (n>0)
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for all (t,z) € (RY)?, and the corresponding sequence (b,)n>0 of canon-
ical moment functions b, of order n on R, by

bo(z) :=1,
by (2) = /O St ARt (0> 0)
for all x € Ry.
Properties 7.4.11 of canonical moment functions.
7.4.11.1 For each n > 1 the function
t— v, (t,x)

is increasing on |0,z], whenever x € RZ.
7.4.11.2 For n>0

LYvo =0
and
L,14Un+1 = —Un,
where LY, denotes the Sturm-—Liouville operator acting on the first variable.
7.4.11.3 For n>0
Li/l}n+1 = —Vp,

where L% denotes the Sturm—Liouville operator acting on the second vari-
able.
From this property follows

7.4.11.4 The canonical moments bnpy1 are =0 and increasing on Ry
for all n > 0. Moreover,

bus1(0) = ¥ (0) = 0
and
LAanrl - _bn

for all n>0.
As a conclusion of this property we note that

7.4.11.5 by, by belong to the space
C¥F = {feC*Ry):Resp f € C*([0,e]) for some & > 0},



7.4. Increment processes and convolution semigroups 341

for k:=o00 and satisfy
bi(z) = c12? + caa* + o(z?)
bo(z) = ez + o(z?)
with c1,c9,c3 >0, as = — 0.
Applying a Taylor-type expansion due to Trimeche ([84], [85]) we obtain
7.4.11.6 Forall z,y € Ry and n>0

n
ex#ey(bn) = > bi(@) bu_i(y).
k=0
In particular, the pair (by,2bse) is a pair of moment functions for (Ry,%4).
The final answer to the comparison of the two types of moment functions
is contained in property

7.4.11.7 For any pair (m1,ms) of moment functions there exist constants
di,ds € R such that

(m1, ma) = (dob1,d1b1 + 2d§b2) .

Moreover, given a pair (bi,b2) of canonical moment functions and con-
stants di,ds € R the pair

(daby, d1by + 2d5b2)

is a pair of moment functions.

7.4.11.8 Let (ut)eso0 be a Gaussian convolution semigroup on (R, *4).
Then for any pair (mi,me) of moment functions and corresponding pair
(F1, Fy) defined in 7.4.9 (ui)i=0 lies in M3(Ry) and satisfies

lim F(t) = 0
for 7=1,2.

From 7.2.21 we know that the operator —L 4 1is the generator of a
normalized Gaussian semigroup (7¢):>0 on Ry. Any continuous modi-
fication of the associated Lévy process is called a normalized Gaussian
process in R;.

A direct consequence of the martingale characterization in 7.4.8 is the
following

Theorem 7.4.12 Let (Ry,*4) be a Sturm—-Liouville hypergroup. For
each process (Xi)i>0 in Ry with a.s. continuous paths the statements
below are equivalent:
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(1) (Xt)e>o0 s a Gaussian process in R.
(ii) The process
(e(kfﬁ'éﬂ)tx o Xt)
>0
is a martingale for all x € RY.
(iii) The process

t
<X0Xt+(Ai+Q2)/ XOXst)
0

>0
is a local martingale for all x € RY.
(iv) (Z;L’X)@o is a martingale for all x € RY.

(v) (Z;L’f)@o is a martingale for all f € C°°(R;) := C®Ry) N
C¢(Ry) with f'(0) =0.
(vi) (Z,* f)t>0 is a local martingale for all f € C*(Ry) with f'(0) = 0.

In preparing the martingale characterization of normalized Gaussian
processes we state

Proposition 7.4.13 Let (Xt)t>0 be a process with a.s. continuous paths
in a Sturm-Liouville hypergroup (R4,*4), and let (b1,b2) be a pair of
canonical moment functions for (Ry,*4) such that the processes

—L,b; .
(Z")z0 (1=12)
are local martingales. Then

(i) the quadratic variation process of (Zt_L’bj)t}O is a modification of the

process
t
<2/ (b’loXs)2ds> .
0 t>0

(i) (Z;L’f)go is a local martingale for every f € C**(Ry) with f'(0) =
f"'(0) =0.

The proof of this result makes strong use of It6’s stochastic calculus (see

e.g. [93]).
Now we arrive at the main

Theorem 7.4.14 Let (Ry,*4) be a Sturm—-Liouville hypergroup. For
any process (Xi¢)e>o in Ry with a.s. continuous paths the following
statements are equivalent:

(i) (Xt)tz0 1is a normalized Gaussian process in Ry.
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(ii) The processes
(b1 0o Xt —t)i>0

and

tQ
(szXt—tbloXt—F—)
2 t>0

are martingales (or local martingales).
(iii) The process (Z{L’bl)@o is a local martingale with quadratic variation

</Ot(b'1 oXS)2ds)t>0 :

=

process

Special case. For the Bessel-Kingman hypergroup (R.y,*,) with
o> —% the canonical moments are given by

2

"= s
and
{E4
bQ (33) =

32(a+1) (a+2)

for all = € R, respectively.
From Theorem 7.4.14 one deduces immediately a Lévy-type martingale
characterization.

Theorem 7.4.15 For any process (X¢)i>o0 in Ry with a.s. continuous
paths the statements below are equivalent:

(i) (X¢)t>0 1is a Bessel process of order o > —%.
(ii) The processes

(X7 —2(a+ Dt)izo
and
(X{ — 4o+ 2)tX7 4+ 4(a+ 1)(a+ 2)t2)t>0
are martingales (or local martingales).

Remark 7.4.16 Most of the results in this section concerning homoge-
neous (Lévy) increment processes have been extended to nonhomogeneous
increment processes (see [45]).
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Comments on the selection of references

The main source for the material exposed in the present chapter is the
monograph [10]. For historical reasons we added the surveys [38] and
[40] which indicate the growth of the theory during the last two decades.
The layout of Sections 7.3 and 7.4 has been influenced by the papers [25]
and [66] respectively. In Section 7.4 we arrive at part of the actual re-
search: Lévy-type martingale characterizations for convolution semigroups
and hemigroups on groups have been studied in [90] and [44] respectively.
For hypergroups the problem has been investigated in [66] and [45] respec-
tively.

As general references to the theory of stochastic processes we mention
the books [4] for basic knowledge, [12], [18] for Markov processes and [19],
[68], [93] for semimartingales and It6 calculus. The references [100], [11],
[65] contain first extensions of one-variable polynomial and one-dimensional
Sturm-Liouville hypergroups to higher dimensions. More general product
hypergroups are discussed in [26]. The papers [71], [92] and the lecture
notes [73] relate hypergroups to the framework of Dunkl operators. There
are only a few citations in the text which refer exclusively to technical
details.



Chapter 8

Limit Theorems
on Locally Compact Abelian Groups

by Gyula Pap

Limit theorems will be proved for row sums of a rowwise independent
infinitesimal array of random variables with values in a locally compact
Abelian group. First we give a proof of Gaiser’s theorem (Satz 1.3.6 in
[24]), since it does not have an easy access and it is not complete. This
theorem gives sufficient conditions for convergence in distribution of the
row sums, but the limit measure cannot have a nondegenerate idempotent
factor. Then necessary and sufficient conditions will be proved for conver-
gence in distribution of the row sums, where the limit measure can also
be a nondegenerate Haar measure on a compact subgroup. Finally, special
cases will be investigated: the torus group, the group of p-adic integers
and the p-adic solenoid.

8.1 Limit problems and parametrization of weakly infinitely
divisible measures

Let G be a second countable locally compact Abelian Tp-topological
group. The main question of limit problems on G can be formulated as
follows. Let

(ka)nEN; k=1,..., K,
be a triangular array of rowwise independent random variables with values
in G satisfying the infinitesimality condition

lim max P(X, ;€ CU)=0

n—oo 1<k<K,

for all Borel neighbourhoods U € (0). Let LM(G) denote the set of all
possible limits of row sums of rowwise independent infinitesimal triangular
arrays in G. The following problems arise:

345
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(P1) How to parametrize the set LM(G), i.e. to give a bijection between
LM(G) and an appropriate parameter set P(G);

(P2) How to associate suitable quantities ¢,, n € N to the rows
(Xn k) k=1,...Kns neN
so that

Py AN — —
S En X, 2 dn q,

where ¢ € P(G) corresponds to the limit distribution g, and the
convergence ¢, — ¢ is meant in an appropriate sense.

The problem (P1) has been solved by Parthasarathy (see Chapter IV,
Corollary 7.1 in [60] and Remark 8.1.4). It turns out that any measure
w € LM(G) is necessarily weakly infinitely divisible. Gaiser [24] gave a
partial solution to the problem (P2). His theorem (see Theorem 8.2.6)
gives only some sufficient conditions for the convergence

P

Tw
K. —_—
Zk:nl Xn,k ,LL,

which does not include the case where p has a nondegenerate idempotent
factor, i.e. a nondegenerate Haar measure on a compact subgroup of G.
For a survey of results on limit theorems on a general locally compact
Abelian topological group see Bingham [9].

In this chapter necessary and sufficient conditions will be proved for
some limit theorems to hold on general locally compact Abelian groups.
These results complete the results of the paper [24]. In these theorems the
limit measure can also be a nondegenerate Haar measure on a compact
subgroup of G.

These results will also be specified considering some classical groups such
as the torus group, the group of p-adic integers and the p-adic solenoid.
Here Gaiser’s theorem will also be applied. For completeness, we present
a proof of this theorem, since Gaiser’s dissertation does not have an easy
access and Gaiser’s proof is not complete. Concerning limit problems on
totally disconnected Abelian topological groups, like the group of p-adic
integers, we mention Teloken [82].

Definition 8.1.1 A measure p € MY(G) is called weakly infinitely
divisible if for all n € N there exist a measure pu, € M*(G) and an
element x, € G such that p = pu] *e,,. The collection of all weakly
infinitely divisible measures on G will be denoted by WI(G).
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According to Corollary 7.1 in Chapter IV of Parthasarathy [60],
LM(G) € WI(G). The aim of the following discussion is to parametrize
the set WI(G) by describing the Fourier transform of measures in WI(G).

First we recall the building blocks of weakly infinitely divisible measures.
If K is a compact subgroup of G and wg denotes the normed Haar
measure of K in the sense that wyx € M'(G) then by 4.4.20 its Fourier
transform has the form

- {1 if xy(z)=1 forall z €K,

wr(x) = x € G", (1)

0 otherwise,

that is
CE;{ = ]].KL .

Clearly wg € WI(G), since wg *wg = wg. Sazonov and Tutubalin [77]
proved that wg € LM(G).

Obviously ¢, € WI(G) for all = € G, and one can easily check that
ez € LM(G) for all z € G*°, where G*° denotes the arc-component of
the identity 0.

For any nonnegative continuous quadratic form ¢ on G’ there exists
a unique measure 7y, € M1(G) determined by

Fo(x) = e ¥0/2 for all y € G",
which is a symmetric Gaussian measure (see Theorem 5.4.15). Obviously

vy € LM(G) since vy = Vo /n for all n € N and 7w—limy, o0 Yo /n = €0-

Definition 8.1.2 For a Lévy measure 1 € L(G) and for a Lévy function
g for G the compound Poisson measure 7, , € M'(G) is defined by

T, g(X) = exp {/G (X(x) —1- ig(m7x)) n(dx)} for all x € G"
(see Theorem 5.4.15).

Obviously 7y 4 € LM(G) since w4 = m, - forall n € N and

Tow—lIMy, s Tn/n, g = €0-

Let P(G) be the set of all quadruplets (K, a,,n), where K isa com-
pact subgroup of G, a € GG, 1 is a nonnegative continuous quadratic form
on G" and n € L(G) is a Lévy measure. The following parametrization

of weakly infinitely divisible measures on G is known (see Parthasarathy
[60], Chapter IV, Corollary 7.1).
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Theorem 8.1.3 (Canonical representation of weakly infinitely divisible

measures)
Let g be a Lévy function for G. If pu € WI(G) then there exists a
quadruplet (K,a,v,n) € P(G) such that

= WK *Eq % Yy * Ty g . (2)

Conversely, if (K,a,v,n) € P(G) then wgk *&q* vy * my, g € WI(G).

Remark 8.1.4 In general, this parametrization is not one-to-one (see page
112, Remark 3 of Parthasarathy [60]), but the compact subgroup K is
uniquely determined in (2) by u (more precisely, K is the annihilator of
the open subgroup {x € G" : fi(x) # 0}). If K = {0} then the quadratic
form v in (2) is also uniquely determined by p. In order to obtain
one-to-one parametrization one can take equivalence classes of quadruplets
related to the equivalence relation = defined by

(K7 CLl,’l/)l,?’]l) ~ (Ka a2,¢2,7]2)

= WH kEay ¥ Yapy KTy, g = WH * Eqy * Yopp ¥ My, g -
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8.2 Gaiser’s limit theorem

We need the notions of local mean of bounded measures and of special Lévy
functions.

Definition 8.2.1 For a bounded measure 1 on G and for a Lévy function
g for G, thelocal mean of 1 with respect to ¢ is the uniquely defined
element mgy(n) € G given by

xmg() e {i [ gtegnan ] oran ye6h,

The existence and uniqueness of a local mean is guaranteed by Pontrya-
gin’s duality theorem 4.2.13. If 7 coincides with the distribution Px of
a random variable X in G, we will use the notation mgy(X) instead of
my(Px). Remark that y(my(X)) = e E@XXD) for all y € G*. More-
over, for a measure n € MP(G) with 7({0}) =0 we have 7 € L(G) and

e(n) =T, g * Emy(n)-

Definition 8.2.2 A Lévy function ¢ for G is called special if it is
uniformly continuous in its first variable, i.e. if for all € > 0 there exists
U €5(0) such that |g(z,x)—9g(y,x)| < e forall z,y € G with z—y € U.

Gaiser proved the existence of a special Lévy function for an arbitrary
second countable locally compact Abelian Tp-topological group (see Satz
1.1.4 in [24]). The proof goes along the lines of the proof of Theorem 5.3.4.

We also need the following version of the well-known Portemanteau
theorem for not necessarily bounded measures. Let Cy(G) and C§(G)
denote the set of all functions in CP(G) vanishing in some U € 0(0),
and the set of all uniformly continuous functions in Cy(G) respectively.

Theorem 8.2.3 Let (nn)nez, be a sequence of extended real-valued mea-
sures on G such that 0,(CU) < oo for all U € B(0) and for all n € Z..
Then the following assertions are equivalent:

(1) /Gfdr]n—>/Gfd770 as n— oo forall feCyQ),

(2) /Gfdr]n—>/Gfd770 as n— oo forall fe CHG),

(3) 7. (CU) — no(CU) as n— oo forall U € B(0) with 19(0U) =0,
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(4)/ fdnn—>/ fdno as n— oo
Cu Cu
for all f € CP@G), UeBV0) with no(dU) =0,
(5) Nnloy —= nolgy as n — oo for all U € BV(0) with ny(0U) = 0.

For the equivalence of (a) and (c) see Meerschaert and Scheffler [58],
Proposition 1.2.19, for the rest see Barczy and Pap [2].

First we recall a theorem about convergence of weakly infinitely divisible
measures without idempotent factors (see Satz 1.2.1 of Gaiser [24]).

Theorem 8.2.4 For each n € Z, let wu, € WI(G) be such that (2)
holds for p, with a quadruplet ({0}, an,¥n,nn). If there exists a Lévy
function g for G such that

(i) an — ap as n — oo,

(@) Ua )+ [ a0 na(de) = vo0+ [ ale0* mide) Ve 6,

(iii) fdn, —>/ fdno as n— oo forall fe Cyo(G),
GX GX

then
Tw
M —= Lo as n — 00.

Proof. Tt suffices to show [i,(x) — fo(x) as mn— oo for all xy € GM.
Let

. 1
hiw, x) = x(z) = 1 —ig(z,x) + 59(z,%)"
forall z € G and all x € G". Then

00 =)o { = 5 (w00 + [ o m(an))

+ [ he)mian)}

forall n € Z, and all x € G*. Taking into account assumptions (i) and
(i), it is enough to show that

/ h(z, x) nn(dx) — h(z,x)no(dz) as n— oo (3)
GX GX

for all x € G*. For each x € G there exists U € U(0) such that

x(z) = e9(@x) forall z €U.
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Using the inequality
2

3

< e for all y e R, 4)

we obtain
3

lg(z, x)|
6

[h(z, x)| < forall z €U.

Consequently, for all V € B(0) with V CcU

} [ heom@n) [ b oman| < 100+ 10w),
GX GX

n

where

W) = 5 [ Lot 0f -+ m)(a).

1O(V) = \ | reman) - [ aemas)
We have

1
I0(V) < g suplge ] [ gl0? O+ m)(da).
zcV 14

By assumption (ii),

s [ ateon?nnan) < s (000 + [ ot man) <o
Theorem 8.3 in Hewitt and Ross [36] yields existence of a metric d on G
compatible with the topology of G. The function

t—no({x € G :d(x,0) > t})
from (0,00) into R is non-increasing, hence the set

{t €(0,00): no({z € G:d(x,0)=1t}) >0}
of its discontinuities is countable. Consequently, for arbitrary € > 0, there
exists ¢t > 0 such that
Vi :={z € G:d(z,0) <t} € 0(0), Vi CU, no(0V1) =0

and

sup |g(z, x| < 5

up |g(T, X s

yevs 2 sup Sy 9@, x)? nn(da)
nely

thus I,Sl)(Vl) < &/2. By assumption (iii) and Theorem 8.2.3, L@(Vl) <
g/2 for all sufficiently large n, hence we obtain

‘/GX ) () = /GX h(z, x) no(dx)

for all sufficiently large m, which implies (3) for all y € G". |

<e€
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We shall refer to the following theorem about the accompanying Poisson
array due to Parthasarathy (see Chapter IV, Theorem 5.1 in [60]).

Theorem 8.2.5 Let g be a fized Lévy function for G. Let
(Xn k)neN; k=1,..., K, be a rowwise independent infinitesimal array of ran-
dom wvariables in G. For each n € N, let

K

Hn = Pzggl Xp’ Up:i=¢€ <Z Pxn,k—mg(xn,k)> * EY K g (X) *
k=1

If any of the sequences (tn)nen and (Vp)nen 148 shift compact and no
limit of its shifts has an idempotent factor then

lim sup [n(X) = Un(x)] =0

for each compact set C of G”.
Gaiser proved the following limit theorem (see Satz 1.3.6 in [24]).

Theorem 8.2.6 Let g be a fited Lévy function for G. Let
(Xn k)neN; k=1,..., K, be a rowwise independent infinitesimal array of ran-
dom variables in G. Suppose that there exists a quadruplet ({0},a,v,n) €
P(G) such that

K,
(i) ng(Xn,k) —a as n— oo,
k=1

=

n

V(o) = 000 + [ glex)?alde) for all x €GP,

—
»-4-
=}
N
bl
I
—

K,
(iii) E(f(Xnk)) — fdn as n— oo forall feCo(G).
k=1 G
Then
PZkal Xk T Ea kY K T g as n — oo. (5)

Proof. First we show that it is enough to prove the statement for a special
Lévy function, namely, if the statement is true for some Lévy function g,
then it is true for any Lévy function g. Suppose that assumptions (i)—(iii)
hold for g with a quadruplet ({0},a,v,n). We show that they hold for
g with the quadruplet

({0}, a+my 5(n), ¥, 1),
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where the element mgy 5(n) € G is uniquely determined by

g s) = e {i [ (gte0 -~ gleynan ) rora ve o

(Note that g(-,x) —g(-, x) € Co(G) can be checked easily.) Hence we want
to prove

K,
i) ng(Xn,k)Ha—Fmg,g(n) as n — oo,
k=1
(i’ ZV X ks X w(x)+/ g(z,x)?n(dz) forall x € G",
GX

(iii") iE(f(ka)) —>/GX fdn as n— oo forall fe Cy(G).

Clearly (iii") holds, since it is identical with assumption (iii).
By assumption (i), in order to prove (i') we have to show

Ky K,
X <Z mg(Xnk) = Zmﬁ(ka)) — X(myg,5(n)) forall y€G".
k=1 k=1
We have
Ky Ky K,
X m (Xnk) - m~(Xn7k) = o J0 ez
<Z ’ 2. 1)
Kn oI E(9(Xn k)
e ] ~
- kl:[l GEGXnind) eXP{ Z E (9(Xn.k:X) = §( Xk, X))}
e {i /G (o) - a<x,x>>n<dx>} ,
where we applied assumption (iii) with the function g¢(-,x) — g(-,x) €

Co(G).

By assumption (ii), in order to prove (ii') we have to show

K
ZV(Q(Xn,k; ZV nka
k=1

= [ (9(z,x)* = gz, x)*) n(dz)
GX
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for all x € G", where g(-,x)* = g(-,x)> € Co(G) can be checked easily.
We have

D V(9(Xn kX)) = > V(@(Xn ks X)) = An — By,
k=1 k=1
where
Kn
Ap = E(9(Xn e x)” = (X)),
k;nl
By =Y [(E(9(Xas: X)) = (EG(Xns )]
k=1

Applying assumption (iii) with the function g(-, x)?>—g(-, x)? € Co(G), we
obtain

A= | (oo = 0% ntde). )
Moreover,
Kn
Bn = E (g(kaa X) - g(Xn,k; X)) E (g(Xn)k, X) + g(Xn7k7 X))
k=1
implies

_ N
|Bn| <  Jnax E (l9(Xn ks X)) +19( X k5 X)1)

Kn
X Z Elg(Xnk: X) = 9(Xn ks X)| -
k=1

Using assumption (iii) with the function |g(-,x)—9(-, x)| € Co(G), we get

K,
> Elg(Xn ) = 3Xni0] = [ o) =G0l alde). (8)
k=1 G

Infinitesimality of (Xy k)newn; k=1,... K, implies

A
 Jnax Elg(Xnk Xx) —0 for all x € G". 9)

Indeed,

Elg(X
 Jax |9(Xn ks X)]

< : P(X,
< sup lg(z, X)| +§telg|g(x,x)|  Jnax P(Xn € CU)
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forall U € U(0) and for all xy € G, and (LF4) of Definition 5.3.1 implies
sup,cp l9(x,x)| — 0 as U — {0}. Clearly (8) and (9) imply B, — 0,
hence, by (7), we obtain (6).

We conclude that assumptions (i)-(iii) hold for ¢ with the quadruplet
({0}, a +mgy 5(n),v,n). Since we supposed that the statement is true for
g, we get

Tw
PZkK:nl Xk — Ellerg,g(n) * ’yw * 777%9'

Hence
Ky
E X <Z ka)
k=1

— x(a +mg,5(n)) exp {—%w(m + /G (x(z) =1 —ig(z,x)) ﬁ(df)}

X

—x@exn {5000+ [ (x(o) =1 -7l 0) ntde) |

for all y € G, which implies
szKgl Xk T £g % Yy ¥ Tn,g-
Thus we may suppose that ¢ is a special Lévy function. Let
Yo = Xnp —mg(Xnk) forall neN, k=1,..., K,.

We show that (Y, x)nen;k=1,... K, Is an infinitesimal array of rowwise
independent random variables in G, and

(") Y E(aVur0?) = 000 + [ gl nde) forall x € G
k=1 Gx

(iii") E(f(Ynr)) — fdn as n— oo forall fe Co(G).
1 G

b
I

Infinitesimality of (Y k)nen:k=1,....k, IS equivalent to

_ A
| Dnax |[E(x(Ynx))—1 —0 for all x € G". (10)
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_1}:

el Eg(Xn, k,x)

S TEGUX ) = 1] 4 [ E0Cma) 1]
Infinitesimality of (X, k)neN; k=1,... K, implies

s

_ A
| Jnax |[E(x(Xnk))—1—0 for all x € G™. (11)

Infinitesimality of (X, k)nen; k=1,....k, implies (9) as well, hence using the
inequality |e® — 1] < |y| for all y € R, we get

max ‘eiE(g(Xn,lmX)) _ 1| —0 for all x € G,
1<k<Kn

and we obtain (10).
For (i"), it is enough to show

ZE Yok, X)) — 0  forall x € G

Let x € G be ﬁxed Infinitesimality of (X, x)nen: k=1.....
for all V € U(0) and for all sufficiently large n we have
mg(Xnk) €V for k=1,...,K,. (12)
Consequently, using (9) as well, we conclude that for all sufficiently large
n we have
g(mg(ka)vX) = E(Q(kaaX)) for k=1,..., K. (13)
Infinitesimality of (X, k)nen; k=1,...,k, and properties (LF3) and (LF4) of
the Lévy function g imply also the existence of U € (0) such that
9(@ —mg(Xn k), x) = 9(x,X) — g(mg(Xn.k), Xx)
forall z€U, k=1,...,K,
for all sufficiently large n (see Parthasarathy [60], page 91). Consequently,
we obtain

‘ZE nk7

K, implies that

(14)

K,
= 1> E (90020 = 9Kk ) + 9(my (X)) ) Lo (X )
k=1
K,
< — _
S (lgggggn ggglg(w mg(Xn.k)s X) g(rax)l) HP(XM e Cu)
Ky
+ max  [g(mg(Xn,k), X)| Z P(X,r€CU)—0

1<k<Ky Pt
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for all sufficiently large m. Indeed, by (12),

| oz, sup lg(z —mg(Xnk)x) =gz, )| =0 as n—oo, (15)

since ¢ is uniformly continuous in its first variable being a special Lévy
function.
Moreover, (9) and (13) imply

 Juax l9(mg(Xnk);X)| =0 as n— o0, (16)

and assumption (iii) implies
K

supz P(X,x €(U) < 0. (17)
neN;

To prove (ii”’), we have to show

Kn

Z (E (g(Ymk, X)Q) — V(g(Xn ks x))) —0 for all x € G".
k=1

Consider again a neighbourhood U € 2(0) such that (14) holds for all
sufficiently large n. We have

E(9(Yn:X)?) = V(9(Xnk: X)) = Cre + Dy,
where

Coue = E (90 )% = 9K 0% ) 10 (Xt) + (Eg(Xn )

Dnp:=E (g(Yn,k; x)? — Q(Xn,kaX)z)]lEU(Xn,k) :

For all sufficiently large n we have (13), hence
2
Coe = E (90X %) = 90mg (X000, %)) " = 9(Xes0)?) L (Xor)

+ (E(9(Xni X))
= g(my(Xp i), X)? P(Xnk € U) + (E(9(Xns X))
—29(mg(Xn k), x) E(9(Xnp, X\)Lu(Xn k)
= 2E(9(Xnr X)) E (9(Xnr X)Lgr (X))
— (E(9(Xnk. X)))” P(Xn €CU).
Consequently, again by (13),
|Ck] < P(Xo i € CU)

18
X (2|E(9(Xn,kvX))| igglg(w,x)l +|E(9(Xn,k;X))|2> , (%)



358 Limit Theorems on Locally Compact Abelian Groups

Moreover,

Dn,k =E (g(YnJCa X) - g(XTLJCa X)) (g(Yn,ka X) + g(X’I’L7k7 X)) ]lEU(Xn,k)7
thus
|Dn,k| g 2 P(Xn,k S []U) Sug |g(a:, X)|
€

(19)
X e sup |lg(z = mg(Xnk),x) — g(x, )] -
Now (18) and (19), using (15), (16) and (17), imply (ii").
To prove (iii”), it is enough to show
K, K,
E(/(Ya) = D E(f(Xn)) — 0 (20)
k=1 k=1

for all f € Cy(G) (see Theorem 8.2.3). Choose V € U(0) such that
f(z) =0 for all x € V. Then choose U € U(0) such that U —-U CV,
where U—U :={x—y: 2,y € U}. Infinitesimality of (X, k)nen; k=1,... K.,
implies that for all sufficiently large n we have my(X, ) € U for
k=1,...,Kp, hence f(Ynr)— f(Xnr)= (f(Ynk) - f(Xn,k))]lCU(Xn,k)-
Consequently,

K, K,
> E(f(Yar) = > E(f(Xni))
k=1 k=1
K,
< sup |f@ = mg(Xnk)) = f(@)] D P(Xnx € CU),
TE k=1

and uniform continuity of f and (17) imply (20).
Now consider the shifted compound Poisson measures

Ky
Vp, ZZG<ZPYn,k> *Ezfznlmg(Xn,k)’ n e N.
k=1

Clearly v, € WI(G) such that (2) holds for v, with the quadruplet

Ky K, K,
({O}, D> mg(Xnk) + > mg(Yar), 0, PYn,k> :
k=1 k=1 k=1

By Theorem 8.2.4, using (i) and (i")-(iii”"), we obtain
Un v, Eq * Yo ¥ Ty g -

Applying Theorem 8.2.5 we conclude the statement. O
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Remark 8.2.7 Ifeither a #0 or ¢ #0 or 1 # 0 then the infinitesi-
mality of (X, k)nen; k=1, .k, and (5)imply K, — oo.

Remark 8.2.8 Condition (i) of Theorem 8.2.6 is equivalent to
K,

(i) exp {12 E(g(Xn,k,X))} — x(a) as n— oo forall y € G".
k=1

Remark 8.2.9 Due to Theorem 8.2.3, condition (iii) of Theorem 8.2.6 is
equivalent to

K,

(iii") Z P(X, 1 €CU) —nCU) as n— o0
k=1
for all U € U(0) with n(oU) = 0.
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8.3 Limit theorems for symmetric arrays and Bernoulli ar-
rays

First we derive some limit theorems for symmetric arrays. The following
result is an easy consequence of Theorem 8.2.6.

Theorem 8.3.1 (CLT for symmetric arrays)
Let g be a fizred Lévy function for G. Let (Xpk)neN k=1,. K, b€ a

rowwise independent array of random variables in G such that X, i 4
—Xnk forall neN, k=1,...,K,. Suppose that there exists a quadratic
form 1 on G such that

(i) Y V((Xnk X)) = $(x) as n— oo forall x€G",
k=1

K
(i) ZP(ka elU)—0 as n— oo forall UeB(0).
k=1

Then the array (Xn k)neN: k=1,...Kk, IS infinitesimal and
Tw
P25=n1 X,k — T as m— oo.

For the proof of Theorem 8.3.3, we need the following simple observa-
tion.

Lemma 8.3.2 Let (an)nen be a sequence of real numbers such that o, >
—n for all sufficiently large n, andlet o € RU{—o00,00}. Then

an\" o
<1+—) — e <= a, —
n

oo

where e~ :=0 and e* := .

Proof. If a, — a€R then «,/n — 0, hence 'Hospital’s rule gives

If o, — —oo then we choose ng € N such that «, > —n for all n > ng,
hence 14+ ay,/n >0 forall n > ng, implying liminf(1+«,/n)" > 0. For
each M € R there exists nj; € N such that a, < M for all n > ny,.
Then (1+a,/n)" < (14+M/n)" for all n > max(ng,ny), which implies
n\ " . M n
lim sup (1 + a_) < lim sup <1 + —) =M,
n n

n—oo n—oo
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Since M is arbitrary, we obtain limsup(l + a;,/n)" < 0, and finally

n—oo

lim (14 a,/n)™ =0. The case of «a,, — oo can be handled similarly.

T (1+an/n)" —e* and a, /4 o then there exist subsequences (n’)
and (n”) and o/,a” € RU{—00,00} with o' # «a” such that a, — o’
and anr — o, Then (14 an/n')" — e and (1 + apr/n’")" — e
lead to a contradiction. g

The next theorem gives necessary and sufficient conditions in case of a
rowwise independent and identically distributed (i.i.d.) symmetric array. It
turns out that in this special case conditions of Theorem 8.3.1 are not only
sufficient but necessary as well. If G is compact then the limit measure
can be the normalized Haar measure on G.

Theorem 8.3.3 (Limit theorem for rowwise i.i.d. symmetric arrays)
Let (X k)nen; k=1,....k, be an infinitesimal, rowwise i.i.d. array of random
variables in G such that K, — oo and X, 4 —Xnk forall neN,
k=1,...,K,.

If g is a Lévy function for G and 1 s a quadratic form on G”,
then the following statements are equivalent:

(i) sz@l Xk AN Yy AS M — 00,

(i) Kn(1—ReE(x(Xy,1))) — @ as n— oo forall x € G",

(i) K, V(g(Xn1,x) = ¥(x) as n— oo foral x € G" and
K,P(X,1€C0U)—0 as n— oo forall UeB(0).

If G is compact then the following statements are equivalent:

(iv) P

e w
2521 Xk G

(v) Kn(1 —ReE(x(Xn1))) — oo forall x € GM\{lg}.

Proof. (i) <= (ii). Statement (i) is equivalent to

Kn
EX<ZXn,k> —Ay(x)  forall x €GN (21)
k=1
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We have 7, (x) = e /2. Clearly X, 4 — X, implies E(x(Xn 1)) =
ReE(x(Xn,%)), hence

Ky
Ex( X X ) = (ReE(x(X,)) "
k=1

. (22)
(1 | K (ReE(((Xn1)) - 1)) |

K’IL

Infinitesimality of (X, x)nen; k=1,....k, implies E(x(X, 1)) — 1 (see (10)),
thus ReEx(X,1) —1 > —1 for all sufficiently large n € N. Hence by
K, — oo and by Lemma 8.3.2 we conclude that (21) and (ii) are equivalent.
(ii) = (iii). We have already proved that (ii) implies (i), hence, by
Theorem 5.4.2 in Heyer [37], (ii) implies K, P(X,1 € CU) — 0 for all
U € U(0). Clearly X, i 4 — X, implies E(g(Xnk,x)) = 0, thus
V(g(Xpn,1,x)) = E(9(Xn,1,x)?). Consequently, it is enough to show

Ky (Re Ex(Xn1)) =1+ % E (9(Xn1, x)2)> -0 VxeGh (23

For y € G", choose U € (0) such that y(z)=e9@X) and

ig(a:,x)2 <1—-Rex(z) < %g(x,x)Q forall x € U. (24)
Then
Ky <Re E(\(Xn1)) =1+ % E (9(Xn.1, x)2)) = An+ By,
where

. 1

A, = K, ReE <elg<XnmX> —1—ig(Xn1,x) + 5g(xn,l,xﬁ) 1o(Xn1),

1

B, = K, ReE (X(Xn,l) —1+ §g(Xn,1,x)2) Loy (Xon,1) -

By formulas (4) and (24) we get
3/2
4(Kn(1 = ReE(x(X1))))”
3K/?

hence K, — oo and assumption (ii) yield A, — 0. Moreover,

)

1
|An| < éKn E (|g(Xn717X)|3 ]]-U(Xn,l)) <

1
Bl < (24 g s gl 2 ) K, PO € C0) =0,
zeG

thus we obtain (23).
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(iii) = (i) follows from Theorem 8.3.1.
(iv) <= (v). Convergence
Pyt x, = wa
is equivalent to

Kn
Ex<ZXn,k) — Wa(x) for all x € G". (25)

k=1
Using (22), (1) and Lemma 8.3.2, one can easily show that (25) holds if
and only if K, (1—ReE(x(Xn1))) — oo forall x € G\ {1g}. O

The next statement is a special case of Theorem 8.3.3 for Rademacher
arrays.

Theorem 8.3.4 (Limit theorem for rowwise i.i.d. Rademacher arrays)
Let z, € G, n €N such that x, — 0. Let (Xpr)neN; k=1, Kk, bea
rowwise i.i.d. array of random variables in G such that K, — oo and

1

P(ka = :En) = P(ka = —5Cn) = 5 .
Then the array (Xn k)neN; k=1,.... K.,
If ¢ is a quadratic form on G then the following statements are

equivalent:

is infinitesimal.

(i) PZkK:n1 Xk Iy as n— oo,
()
2

If G is compact then the following statements are equivalent:

(i) Kn(1—Rex(zn)) — as n— oo forall x € G,

(iii) sz@l X I we as n— oo,
(iv) K,(1—Rex(z,)) — 00 as n—oo forall x€ G\ {lg}.

Note that in Theorem 8.3.4 the expression 1—Re x(z,) can be replaced
in both places by % g(zn,x)%, where g is an arbitrary Lévy function for
G (see the proof of (23) and the inequalities in (24)).

Next we derive some limit theorems for Bernoulli arrays. In the follow-
ing limit theorem the limit measure can be the normalized Haar measure
on an arbitrary compact subgroup of G generated by a single element.

Theorem 8.3.5 (Limit theorem for rowwise i.i.d. Bernoulli array)
Let © € G such that © #0. Let (Xp k)nen k=1, Kk, be arowwise i.i.d.

n

array of random wvariables in G such that K, — oo,
P(ka = {E) = Pn, P(ka = 0) =1-—pn,
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and p, — 0. Then the array (Xp k)neN k=1,... K, IS infinitesimal.

If X\ is a nonnegative real number then

P

n

KR X T e(Ney) <= Kupn — .
If the smallest closed subgroup H of G containing x is compact then
PZkK=n1Xn,k l)wH Knpn—>oo
Proof. First we suppose K, p, — A and show convergence
Tw
PZkK:n1 Xop e(Aeg) .

We need to prove
K
EX(Z Xn,k) — (e(Xex)(x)  forall x € G". (26)
k=1

We have (e(Ae;))"(x) = e*X® =D and

=

n

Ex < ka) = (an(f) +1- pn)Kn
1

b
I

(27)
_ (1 L Kupn(x(@) - 1))“ |
Kn
If (zn)nen is a sequence of complex numbers such that z, — z € C then
(1 + ‘i—?)n — e®. Consequently, K, p, — A and K, — oo imply (26).
Next we suppose K, p, — oo and show that

Tw

PZkK:nl Xk — Wy .
We need to prove
K,
Ex <Z Xn,k> — 0 (x) for all x € G".

k=1

According to Remarks 23.24 in Hewitt and Ross [36], {z}* = H*, and
thus by (1) we are left to check

K .
i 1 if x e {z}t,
E Xn, - 28

X (; k) {0 otherwise. (28)
If x € {z}+ then x(z)=1, hence

K
Ex <Z Xn,k> = (pax(x) + 1= pu)r =1,

k=1
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and we obtain (28). To handle the case y ¢ {z}*, consider the equality

K,
k=1

= |pnx(x) + 1 — pp| ™

) o\ Kn/2
= (1 + pa(Rex(x) — 1))’ + 5 (T x(2))?)

Knpn(Z(ReX(g;) — 1)+ pall — X(l‘)|2> Kn/2

Ky

Clearly x ¢ {z}% implies x(z) # 1, and by |x(z)] = 1 we get
Rex(z) —1 < 0. Hence, by Lemma 8.3.2, we conclude that K, p, — oo,
K, — oo and p, — 0 imply (28).

Now we suppose

P I e(Ney)

> i(:n1 Xnk
and derive K, p, — A. If K, p, / A then either there exists a subse-
quence (n') such that K, p,, — oo, or there exist subsequences (n’)
and (n"") and two distinct nonnegative real numbers A” and X" such
that K,»p,» — X' and K,mwppn — N”. In the first case we would
obtain

T
P_x ’ —W>wH,
Zk:nl Xn/,k

which contradicts to
Tw
PZkK=n1 Xn,k - e()\sx) :
In the second case we would obtain

Tw "
P_x —Se(N'e and P_«x
Zk:nl“ Xn//yk ( w) Zk:nl/// anlak

which again contradicts to

Tw

T, e(}\///8$)

Tw
PZkK=n1 Xn,k - e()\sx) :
Finally we suppose
Tw
PZ i(:nl Xn,k - (.UH

and prove K,p, — co. If K,p, / oo then there exists a subsequence
(n’) and a nonnegative real number A’ such that K, p,, — A'. Then

we would obtain
Tw /
PZngll Xn/,k — e(>\ 51) I
which contradicts to

Tw

PZkK=n1 Xn ke WH - 0
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8.4 Limit theorems for special locally compact Abelian
groups

First we consider the 1-dimensional torus group. The set T := {e'* : —7 <
x < 7w} equipped with the usual multiplication of complex numbers is
a second countable compact Abelian Tj-topological group with identity
e :=e” = 1. This is called the 1-dimensional torus group. Its character
group is T" = {x,: ¢ € Z}, where
xe(y) =1, yeT, (e€Z.

Hence T can be identified with the additive group of integers Z. The
compact subgroups of T are

Hy:={"/":j=01,....,r=1}, reN,

and T itself.
The set of all quadratic forms on T 27 is {¢p:b€ Ry}, where

Up(xe) :=00?,  L€Z, beER,.
Let us define the functions arg: T — [-m, 7] and h:R —R by
arg(e'®) ==z, —rT<x<m,
0 if x<—m or x>,
—r—7 if —m<r<—7/2,
x if —r/2<x<m/2,
—z+7 if 1/2< <.

h(z) =

An extended real-valued measure 7 on T is a Lévy measure if and only
if
n({e}) =0 and | (argy)? n(dy) < oo.
By Example 5.3.2.2 the function gr: T x T" — R, defined by
gr(y, xe) := thlargy), yeT, (leZ,
is a Lévy function for T.

Theorem 8.2.6 has the following consequence on the torus.

Theorem 8.4.1 (Gauss—Poisson limit theorem)

Let (X k)neN;k=1,... K, be a rowwise independent array of random vari-
ables in T. Suppose that there exists a quadruplet ({e},a,vp,n) € P(T)
such that
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(i) | Jnax P(larg(Xn k)| >€) =0 as n— oo forall €>0,

exp{ ZE (arg(X )))}—>a as n — oo,

n

=

(iii)

i

V(h(arg(Xnx))) — b—i—/TX (h(argy))277(dy) as n — oo,

=

n

(iv) E(f(Xnk)) — fdn as n— oo forall fe Co(T).
1 T

E
I

Then the array (Xn k)neN: k=1,...Kk, IS infinitesimal and
Tw
sz:nl X 7 Ea ¥ Yy, * T, g as n — oo.

If the limit measure has no compound Poisson factor m, 4 then the
truncation function h can be omitted.

Theorem 8.4.2 (CLT)
Let (Xnk)neN;k=1,..., Kk, be a rowwise independent array of random vari-
ables in T. Suppose that there exist an element a € T and a nonnegative
real number b such that

(i) exp{ ZEarg nk }—>a as n — oo,

K,
(ii) ZV(arg(Xn,k)) —b as n — oo,
k=1

Ky

(iii) Z P(larg(Xn k)| >¢€) =0 as n— oo forall ¢>0.
k=1

Then the array (X k)nen; k=1,....k, S infinitesimal and

Tw
PZkK_annk—>5a*'y¢b as mn — o0.

Proof. In view of Theorem 8.4.1 and Remark 8.2.9, it is enough to check

i/ exp{ ZE arg nk)))}—>a as n — oo,

(i’ ZV (arg(Xnk))) — b as n — oo,
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=

(iii") P(Jarg(Xn k)| >¢) — 0 as n— oo forall ¢ >0.
1

>
Il

Clearly (iii') and assumption (iii) are identical. In order to prove (i) it is
sufficient to show

Kn

Z E(h(arg(X, k))) - Z E(arg(Xn)k)) -0,

k=1

since |el¥t —el¥2| = |el¥17¥2) — 1| < |y; — yo| for all y1,y2 € R. We have

|h(y) —y| < Tl_r —r/ouin/2,m(y)  forall ye [—m, ],

hence
K, K,
Z (arg(X Z E(arg(X
k=1
K,
< Z P(] arg(X >7/2) =0
k=1

by condition (iii). In order to check (ii’) it is enough to prove

Ky
ZV (arg(Xnk))) — ZV(arg(Xn,k)) — 0.
k=1

We have
K, Kn
> V(h(arg(Xy1)) = Y V(arg(X, m‘
k=1 k;i
<3 E|(hara(Xo1))* ~ (are(X )|
k=1
Kn
+ 3 [(Etharg(X,)))" — (Elarg(Xn.0)?]
kfll(n
<21 P(larg(Xnx)| = 7/2) =0
k=1

as desired. O
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Theorem 8.3.4 has the following consequence on the torus.

Theorem 8.4.3 (Limit theorem for rowwise i.i.d. Rademacher array)
Let x, € T, ne€ N such that z, — e. Let (Xni)neNk=1,..k, bea
rowwise i.i.d. array of random variables in T such that K, — oo and

1
P(ka = xn) = P(ka = —5Cn) = 5 .
Then the array (X k)nen; k=1,.. K, IS infinitesimal.
If b s a nonnegative real number then
PZ?:’H X,k = Vb — Ky (argz,)* —b.
Moreover,
Powy x,, —owr = Ky(arga,)® — oo

Next we consider the group of p-adic integers. Let p be a prime. The
group of p-adic integers is
A, = {(xo,xl,...) cx; €{0,1,...,p—1} forall je Z+},
where the sum z:=2x+y € A, for =,y € A, is uniquely determined by

the relationships
d

d
Z zip) = Z(mﬂ + y;)p’ mod pdt! forall deZ,.
j=0 §=0

For each r e Z,, let
Ai={xeA,:2; =0 forall j<r—1}.
The family of sets
{z+A z€A,, reZs}

is an open subbasis for a topology on A, under which A, is a second
countable compact, totally disconnected Abelian Ty-topological group with
identity e :=(0,0,...). Its character group is

ﬁp:{Xd,g:dEZ_,_, EzO,l,...,derl—l},

where

Xao(z) == e2mil(zo+prit-tplza) /p?

for z € A,, d€eZy, £=0,1,... ,p*1 — 1. The compact subgroups of
A, are A,, 7 €Z; (see Hewitt and Ross [36], Example 10.16 (a)).



370 Limit Theorems on Locally Compact Abelian Groups

An extended real-valued measure 7 on A, is a Lévy measure if and
only if n({e}) =0 and n(CA,) < oo forall r € Z,.

Since the group A, is totally disconnected, the only quadratic form
on ﬁp is 1 =0, and the function ga, : A, x ﬁp —R, ga, =0 isa
Lévy function for A, (see Example 5.3.2.4).

For the proof of a Poisson limit theorem on A, we will use the following
lemma.

Lemma 8.4.4 Let (nn)nEZ+ be extended real-valued measures on A,
such that 1,(CA,) < oo for all n,r € Z,. Then the following statements
are equivalent:

(a) mu(z+A) = no(x+A,) as n— oo forall reN, xcCA,,
(b)/ fdr]n—>/ fdno as n— oo forall feCyo(A,).
AP AP

Proof. By Theorem 8.2.3, (b) is equivalent to
M) aloy =% molgy as n — oo for all U € B(e) with ny(AU) = 0.

Obviously, if 7,/gy —= nolgy holds for some U € B(e) with 7(0U) = 0
then nnlgy —= 7olgy holds for all V € Y(e) with V O U and
no(0V) = 0. Since {A, :r € N} is an open neighbourhood basis of e
and 9A, =0 for all r € Z,, (b)is equivalent to

(") ulea, —= nolga, as n— oo forall 7€ N.

For distinct elements z,y € A,, let o(z,y) be the number 2™, where
m is the least nonnegative integer for which z,, # y,,. For all z € A,
let o(x,xz):=0. Then p is an invariant metric on A, compatible with
the topology of A, (see Theorem 10.5 in Hewitt and Ross [36]). Let

d(z,y) ==Y 2 s,z forall z,y A,
k=0

Then d is a metric on A, equivalent to g, since
o(z,y) <d(z,y) < 20(z,y) for all z,y € A,.
Hence the original topology of A, and the topology on A, induced by
the metric d coincide. Then weak convergence of bounded measures on
the locally compact group A, can be considered as weak convergence of
bounded measures on the metric space A, equipped with the metric d.
We show that the set

M :={lg4n,:ceN, z €Ay}
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is convergence determining for the weak convergence of probability mea-
sures on A,. For this one can check that Proposition 4.6 in Ethier and
Kurtz [19] is applicable with the following choices: S := A, equipped
with the metric d, Sy is theset {0,1,...,p—1} forall ke N, dj is
the discrete metric on Si, k€N, and
My = {fck LC € Sk}, keN,
where
Jeo () == {1 if 2 = cx, x €Sk, keN.
0 if x # ¢,

For checking we note that for each ¢ € N and 2 € A, the function
1,44, is bounded and continuous, since the set x4+ A. is open and closed.
Moreover, for each k € N, S with the metric dj is a complete separable
metric space.

It is easy to check that M is also a convergence determining set for
the weak convergence of bounded measures on A,. Consequently, (b") is
equivalent to

o [

as n—oo forall z€ A, andforall ¢,7 € N.

Lota, dnnlea, — /A Lota, dnolga,

Clearly, this is equivalent to

(""" M ((@ + Ae) NCA,) — no((z + Ac) NCA,)

as n— oo forall x€ A, andforall ¢,7 € N.

We have
AN\NA, if r>c and x €A,
(x+A)NCA. =<0 if r<c and z€ A,
xr+ A, otherwise.
If » > ¢ then A.\ A, can be written as a union of p"~¢—1 disjoint sets

of the form y+ A, with y € A.\ A,. Consequently, (b"") and (a) are
equivalent. O

Theorem 8.2.6 has the following consequence on the group A, of p-adic
integers.

Theorem 8.4.5 (Poisson limit theorem)

Let (X k)neN;k=1,... K, be a rowwise independent array of random vari-
ables in Ap. Suppose that there exists a Lévy measure n € L(Ap) such
that



372 Limit Theorems on Locally Compact Abelian Groups

(i) max P(((Xn,k)o,...7(Xn7k)d);AO) —0 as n—oo VdeZy,

1<h<K,
Ky
(ii) Z P((Xnr)o = o, (Xnr)a = La)
k=1
—n{z e Ay :xo="Lo,....,xqa ="Lq}) as n — 0

forall deZy, Lo,...,05€{0,...,p—1} with (Lo,...,Lq) #0.
Then the array {Xnx:n €N, k=1,...,K,} is infinitesimal and
PZkK:"l X0 AN T, 9a, as n — 00.

Proof. The local mean of any random variable with values in A, is
e (with respect to the Lévy function ga, = 0). Moreover, for each
U € Y(e), there exists r € Z; such that A, C U. Hence, in view of
Theorem 8.2.6, it is enough to check that

(i  Jax P(Xn,x €CA,) -0 as n— oo forall reZy,

K
(i) Z E(f(Xn.k)) —>/ fdn as n— oo forall feCo(Ay).
k=1 Ay

Clearly {z € A, : (zg,21,...,74) # 0} = CAgy1, hence (i') and (i) are
identical. Applying Lemma 8.4.4 for n,, := ZkK:"l Px,, and ng:=mn, we
conclude that (ii”) and (i) are equivalent. O

Remark 8.4.6 Theorem 8.3.4 has the following consequence on A,. If
Tn € Ap, n € N such that z, — e, and (Xpk)nen k=1, Kk, IS a
rowwise i.i.d. array of random variables in A, such that K, — oo and
P(Xn,k = xn) = P(Xn,k = —J}n) = %, then the array (Xn,k)nEN; k=1,..., K.
is infinitesimal and

Py RN
2ty Xnok ¢

Finally we consider the p-adic solenoid. Let p be a prime. The p-adic
solenoid is a subgroup of T°°, namely,

Sp = {(yo,y1,-..) € T 1y, =y, forall JjEZL}.

This is a second countable compact Abelian Ty-topological group with
identity e:=(1,1,...). Its character group is

Sy ={xdge:deZ,, €L},
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where
Xa,e(y) = Y5, yeS, de€Z,, (€.
The set of all quadratic forms on S, is {¢ : b€ R}, where

be?
%(Xd,z)i:]@, deZ,, (€Z, beR,.

An extended real-valued measure n on S, is a Lévy measure if and only
if
w(e =0 and [ (awo)nay) <o
P

The function gs, : S, x §p — R,

Ch(argyo)
pt

is a Lévy function for S,,.
Theorem 8.2.6 has the following consequence on the p-adic solenoid S),.

95, (Y; Xa,e) == yesSy, deZ,, [(eZ,

Theorem 8.4.7 (Gauss—Poisson limit theorem)
Let (Xnk)neN;k=1,...,k, be a rowwise independent array of random vari-
ables in S,. Suppose that there exists a quadruplet ({e},a,vs,n) € P(Sp)
such that

i P(3 d: Xnk)i

() | max PEJ < ds |arg((Xon)y)] > €) =0 as n— o

forall deZy, €>0,

(ii) exp{leE (arg(( ))))}—>ad as n— oo forall deZy,
(i) Zv (are(Xus)o))) = b+ [ hasg))*n(dy) s = ox,

(iv) iE(f(Xn,k)) —>/SX fdn as n— oo forall feCy(Sy).

Then the array (X k)nen; k=1,....Kk, S infinitesimal and
Tw
sz@l X T Ea* Yy * T, gs, as mn — 00.

If the limit measure has no compound Poisson factor m, g, then the
truncation function h can be omitted. The proof can be carried out as in
case of Theorem 8.4.2.
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Theorem 8.4.8 (CLT)
Let (Xnk)neN;k=1,...,k, be a rowwise independent array of random vari-
ables in S,. Suppose that there exist an element a € S, and a nonnegative
real number b such that

. K,
exp{%z arg nk ))}—)@d as n — oo forall d€Z+,
k=1

V(arg((Xn,x)o)) = b as n — oo,

5 EM5

(iii) P(E3j <d:|arg((Xnk)j)| >€) =0 as n— o0
1
forall d€Zy, €>0.

E
I

Then the array (Xn k)neN: k=1,...Kk, IS infinitesimal and
Tw
Pyt X T S W
Theorem 8.3.4 has the following consequence on S,,.

Theorem 8.4.9 (Limit theorem for rowwise i.i.d. Rademacher array)
Let  (z(™),en  be a sequence in S, with 2™ — e Let
(Xn.k)neN; k=1,....k, be a rowwise i.5.d. array of random variables in S,
such that K, — oo and

P(Xpr=a2™)=P(X, = —2) =2

5
Then the array (Xn,k)neN; k=1,..K, 5 infinitesimal.
If b s a nonnegative real number then
w 2
Posnx,, "=, = Ka(arg(ag”)® —b.

Moreover,

Tw n 2
PZkK:“l Xp, WS — Kn(arg(xé ))) — 00.

P



Appendices

Appendices on topological groups, topological vector spaces and on commu-
tative Banach algebras are added in order to provide the reader with the
necessary prerequisites from these topics to be employed throughout the
book. The exposition of basic notions and facts from functional analysis
organized along specific references and presented in a unified terminology
is intended to facilitate the reading of the text.

There are excellent textbooks and monographs available which contain
the knowledge layed out in the appendices. The citations on topological
groups are justified in chapter II of Volume I of [36] (Hewitt, Ross). The
quoted material on topological vector spaces is contained in the graduate
text [78] (Schaefer). A systematic treatment of the facts collected on com-
mutative Banach algebras is given in chapters IV and V of the monograph
[65] (Loomis). Only a few very special references are documented in the
main text of the book.

A Topological groups

A group G (written additively with neutral element 0) which is also
a topological space is said to be topological group a if the mapping
(z,y) —» xz—y from G xG into G is continuous.

Clearly the translates * — a+x and z— z+b for a,b€ G as well
as the inversion z +— —z are homeomorphisms from G onto G. As a
consequence one notes that for open sets A, B of G also the sets A+ B,
B+ A and —A areopen. If A isclosed and B is compact, then A+ B
is compact in G.

Let U(z) denote the neighbourhood filter of z € G with the abbre-
viation U for B(0). Then V(a) =a+ YV =V +a whenever a € G.

375
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Theorem A.1 (Determination of the topology of a topological group)

(i) Let G be a topological group with neighbourhood filter 0. Then

(1) for every U €U there exists V €U such that V+V C U.
(2) If UeQ, then —U €.

(3) 0€U forall UeD.

4) If UeW, acG, then a+U—ac .

(ii) Let G be a group and let L be a filler in G satisfying the conditions
(1) to (4) of (i). Then there exists exactly one topology in G such
that G is a topological group and U is the neighbourhood filter of 0.

For every a € G one has
Vla)=a+PV=V+a.

We note that for every topological group the closed symmetric neigh-
bourhoods of 0 form a fundamental system of neighbourhoods of 0.

Properties A.2 of subgroups, products and quotients of a topologi-
cal group.

A.2.1 For every subgroup H of the topological group G its closure H
is again a subgroup of G.

A.2.2 Let (Gy)icr be a family of topological groups. The product topology
in G :=1lie;G; is compatible with the group structure in the sense that
the mapping

(i, yi))ier = (T — yi)ier

from ILier(G; x G;) into G is continuous.

A.2.3 Let G be a topological group and let H be a normal subgroup of
G. There exists an equivalence relation

xRy s x—ye H.

The group G/H := G/R is a topological group with respect to the quotient
topology induced by the canonical mapping G — G/H in the sense that
V(0+ H) satisfies the conditions (1) to (4) of Theorem A.1.

One observes that an open subgroup of a topological group G is closed.
Moreover, open and closed subgroups H of G can be generated by a
symmetric neighbourhood U € U in the form H = Un>1 nU.
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Definition A.3 A topological group G is said to be compactly gener-
ated if it contains a compact subset F' for which the subgroup generated
by F coincides with G, i.e.

G=[F]:={0}u [ Jn(FuU(-F)).

n>1

For locally compact groups G this property is equivalent to the re-
quirement that there is an open relatively compact subset U (or a neigh-
bourhood U € ) such that G = [U].

Properties A.4 of locally compact groups.

A.4.1 A Hausdorff (topological) group G is locally compact if and only
if 0 possesses a compact neighbourhood.

A.4.2 FEvery closed subgroup of a locally compact group is also locally
compact.

A.4.3 If G is a Hausdorff group and H a subgroup which is locally
compact with respect to the relative topology, then H is closed.

A.4.4 Let G be alocally compact group and let H be a normal subgroup
of G. Then G/H is a Hausdorff locally compact group if and only if H
is closed.

A.4.5 Let G be a locally compact group and F a compact subset of G.
Then there exists an open and closed compactly generated subgroup H of
G with HDF.

A.4.6 Let G be alocally compact group, let H be a subgroup of R fur-
nished with the relative topology, and let ¢ be a continuous homomorphism
from H into G. Then either o(H)™ is a compact Abelian subgroup of
G or ¢ is a topological isomorphism from H onto ¢(H).

B Topological vector spaces

We now turn to the discussion of commutative groups, in particular to
topological vector spaces which are vector spaces E over R and at
the same time topological spaces such that the mappings (z,y) — = +y
from ExFE into E and (\,z)+— Az from RxFE into E are continuous.

Examples B.1 of topological vector spaces are seminormed vector
spaces FE in the sense that they admit a seminorm p with the defin-
ing properties
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(i) p=0.
(ii) p(z +y) < p(zx) +p(y) foral z,y € E.
(i) p(A\x) = |Alp(x) forall AeR, z € E.

The function ¢ on E x E given by

o(z,y) =plz —y)
for all =,y € E provides a quasi-metric on FE.

B.1.1 Every (real) Banach space is a normed vector space, hence the spaces
R and C are normed vector spaces (over R).

Let A and B be subsets of a vector space E. A is said to absorb
B if there exists an « € R} such that B C AA for all XA € R with
Al > a. A C E is called absorbing (radial) if A absorbs every finite
subset of E, and bounded if it absorbs each neighbourhood of 0. Finally,
A C FE is called balanced (circled) if AA C A whenever XA € R with
Al > 1.

Theorem B.2 (Characterization of topological vector spaces by local
properties)

(i) In every topological vector space E there exists a fundamental system
L of closed neighbourhoods of 0 such that

(1) every U €l is balanced and absorbing.
(2) For every U el thereisa V €l with V4+V CU.

(ii) Let E be a vector space and let 3 be a filter base in E satisfying
properties (1) and (2) of (i). Then there exists exactly one topology in
E  compatible with the vector space structure of E and such that U
is a fundamental system of neighbourhoods of 0.

For topological vector spaces one introduces linear subspaces, products
and quotients in analogy to the corresponding structures for topological
groups.

Theorem B.3 (Characterization of finite dimensional vector spaces)
Let E be a Hausdorff topological vector space with dimE = d (< o).
Then every linear mapping from R% onto E is an isomorphism and a
homeomorphism.

In particular every such topological vector space is isomorphic (as a
topological vector space) to RY.
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It is a famous result of F. Riesz that a Hausdorff topological vector
space FE is finite dimensional if and only if E is locally compact.

A topological vector space E is said to be a locally convex space if
FE admits a fundamental system of convex neighbourhoods of 0.

Clearly every seminormed space, hence every Banach space is locally
convex.

There is a characterization of locally convex spaces by local properties
analogous to Theorem B.2. In fact, the topology of a locally convex space E
is determined by a fundamental system of convez, symmetric and absorbing
closed neighbourhoods of 0.

Let E be an arbitrary vector space, (p;)ie; a family I' of seminorms
on FE, and let 4 be the system of all sets V' of the form

NizeE:pile) <A},

icJ
where J is a finite subset of I, X\; > 0 for all ¢ € J. Then Y is
a filter base, every set {z € F : p;(x) < A} (1 € J, A > 0) is convex,
symmetric and absorbing, hence every V € 4 has these properties, and
consequently there exists exactly one locally convex topology in E such
that 4 is a fundamental system of neighbourhoods of 0. This topology is
called the topology defined by the set I' of seminorms on E and
will be denoted by 7.

Obviously the choice T := {p} yields the topology of the space FE
seminormed by p.

Theorem B.4 FEvery locally convex topology T on the vector space E
is of the form 1 for some family T of seminorms on E.

It is a standard procedure to introduce the inductive limit of locally
convex vector spaces. A prominent example of a (strict) inductive limit of
locally convex vector spaces is the space E := C°(X) for a locally compact
space X. In fact,

C°(X)= lim C°X,K)
KeKk(X)
where for each K € K(X) the linear subspace C°(X,K) := {f € E :
supp(f) € K} of C°(X) carries the topology of uniform convergence.

Theorem B.5 (Banach, Hahn)
Let E be a vector space, p a seminorm on E, M a linear subspace of
E and [ a linear functional on M.

The following statements are equivalent:
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(i) f can be extended to a linear functional f on E satisfying

()] < plx)
forall z € E.
(i)

whenever x € M.

Theorem B.6 (Closed graph)
Let E and F be Banach spaces. Then any linear mapping from E into
F whose graph is a closed subset of E X F s continuous.

In the remaining part of this appendix we are collecting useful notions
and results on the duality of topological vector spaces.

Let E and F be topological vector spaces, and let L(E,F) denote
the vector space of all continuous linear mappings from FE into F. For a
set S of a given non empty family & of bounded subsets of E and for
each V € Up(0) we introduce the set

T(S,V) = {u e L(E,F) :u(S) C V}.

Te denotes the system of all finite intersections of sets of the form T'(S, V).
There exists exactly one topology 7 on L(E,F) which is compatible
with the vector space structure such that 7s is a fundamental system of
neighbourhoods of 0 for 7. The topology 7 determined by 7 is said
to be the G-topology on L(E, F).

Discussion B.7 of the G-topology.

B.7.1 If F is a locally convex space, then the G-topology is locally
convex.

B.7.2 Let F be a locally convex space, and let I' denote the set of
seminorms determining the topology of F (see Theorem B.4). For p €T
and S € & we introduce the seminorm ps on L(E,F) by

ps(u) := sup p(u(zx))
zeS
forall we L(E,F). With V:={y € F:p(y) <1} we obtain
T(S,V)={ue L(E,F):ps(u) <1}.

Therefore the family {ps : S € &, p € '} of seminorms defines an &-
topology on L(E, F).
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By Lg(E,F) we abbreviate the vector space L(E,F) equipped with
the G-topology.

B.7.3 Let E, F be topological vector spaces, let F' be a Hausdorff space,
and let (Jgcg S be a dense subset of E. Then Lg(FE,F') is Hausdorff.

Specialization B.8 of G-topologies.

B.8.1 If & isthe family F(F) of finite subsets of E, then 7g yields
the topology of simple (pointwise) convergence.

B.8.2 For 6 :=K(F) 7s determines the topology of compact conver-
gence.

B.8.3 If & is the family B(E) of bounded subsets of E, then g
defines the topology of bounded convergence (which appears to be the
finest of all &-topologies).

Aset H C L(E,F) is said to be equicontinuous if for every V €
Ur(0) there exists a U € Yr(0) such that

uw(U)cV

for all w € H, or equivalently if for every V € Up(0) we have

() v (V) € Bu(0).

ueH

Properties B.9 of equicontinuous sets.

B.9.1 For any equicontinuous subset H of L(E,F) the closure H of
H taken with respect to the topology of simple convergence (and hence with
respect to any finer topology) on L(E,F) s also equicontinuous.

B.9.2 FEvery equicontinuous subset H of L(E,F) is bounded with respect
to each G&-topology.

B.9.3 If E and F are Banach spaces, then every simply bounded subset
of L(E,F) is equicontinuous.

B.9.4 If E and F are Banach spaces, then L(E,F) is itself a Banach
space with respect to the topology of bounded convergence.

Let F and G be vector spaces, and let B be a bilinear form on
F x G. One says that (F,G) forms a dual pair with respect to B if
forall x € F, x # 0 there exists a y € G such that B(z,y) # 0, and if
forall y € G, y#0 there exists an x € F' such that B(x,y) # 0.
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If FE is a locally convex Hausdorff space and E’ := L(E,R) its
topological dual (space), then (F,E’) forms a dual pair with respect to
the bilinear form

(x,2') — B(x,2') = (x,2") = 2/ ()
on ExE'.

For a dual pair (F,G) with respect to a bilinear form B also (G, F) is
a dual pair with respect to B. In the sequel we shall employ the notation
(x,y) — B(z,y) =: (x,y) for the bilinear forms defining the dual pairs
(F,G) and (G, F).

Given a dual pair (F,G) the weak topology o(F,G) is introduced
on F by the property that all linear functionals = +— (z,y) (y € G) are
continuous.

Properties B.10 of the weak topology.

B.10.1 o(F,G) is determined by the set {p,:y € G} of seminorms p,
on F given by

py(z) = [(z,9)|
forall z € F.
B.10.2 o(F,G) is a locally convex Hausdorff topology.

B.10.3 F and o(F,G) determine G within isomorphisms, i.e. F' = G,
where the prime refers to the topology o(F, Q).

Let E be a locally convex Hausdorff space with topology 7. Then
the weakened topology o(E,E’) on E is coarser than 7, and E’ is
also the topological dual of E with respect to o(E, E’).

Theorem B.11 (Alaoglu, Bourbaki)
For a locally convex space E any equicontinuous subset H of E’ 1is
o(E', E)-relatively compact.

Let (F,G) be a dual pair of vector spaces. Without loss of generality
we assume that G C F*, where F* denotes the algebraic dual of F.
A locally convex topology 7 on F is said to be compatible with the
duality if G = F’, where the prime refers to the topology 7. In
particular, o(F,G) is compatible with the duality.

One shows by employing Mazur’s separation theory that all topologies
on F compatible with the duality yield the same system of closed convex
sets. For each convex subset of F all topologies compatible with the
duality lead to the same closure.
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Theorem B.12 Let (F,G) be a dual pair.

(i) Ewvery locally convex Hausdorff topology T on F is compatible with
the duality.

(il) 7 s the G&-topology for a covering & of G by convex, symmetric
and o(G, F)-compact subsets.

The finest among the &-topologies of (ii) (called the Mackey topology
and denoted by 7(F,G)) is defined by the system & of all convex,
symmetric and o (G, F)-compact subsets of G. The coarsest among those
G-topologies is o(F, G).

Theorem B.13 (Arens, Mackey)
A locally convex topology T on F is compatible with the duality if and
only if
o(F,G) =1 >7(F,G).

Application B.14 to the dual pair (E, E’) of a Banach space E.
Let

H:={2eFE || <1}
be the unit ball of E'. Then

B.14.1 H is equicontinuous, hence o(FE’, E)-compact.

In fact, H is o(E’, E)-relatively compact by Theorem B.11. Moreover,
H is easily seen to be o(FE’, E)-closed.
B.14.2 If E is separable, then H is o(E', E)-metrizable.

One just notes that along with E also E’ is separable and that
under this hypothesis every equicontinuous subset of FE’ is metrizable
with respect to the topology of simple convergence.

B.14.3 For every x € E one has

[zl = sup [(z,2")].
z'eE’
lell<1

This identity follows from the fact that the unit ball of E is the polar
of the unit ball of E’.

C Commutative Banach algebras

Let A be a normed algebra in the sense that A is an algebra and
a normed vector space over C such that for the norm || -|| in A the
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inequality

eyl < ll=[ ]

holds whenever z,y € A. If A admits a multiplicative unit 1 then A
may be renormed such that ||1|| = 1. For the subsequent discussion we
assume this renorming being done.

Theorem C.1 (Gelfand, Mazur)
Every commutative normed algebra A which at the same time is a field,
is algebraically and topologically isomorphic to C.

Now let A be a commutative Banach algebra with unit 1. An ideal
I of A is said to be maximal if I # A and if for every ideal I of A
with I CJ C A one has either J=A or J=1.

Properties C.2 ofideals I of A
C.2.1 I is an ideal of A.
C.2.2 If I is mazximal then I is closed.

C.2.3 For each closed ideal I of A the quotient A/I is a Banach
algebra.

Theorem C.3 (Gelfand)
For each subset I of a commutative Banach algebra with unit 1 the
following statements are equivalent:

(i) I is a maximal ideal of A.
(i1) I s a closed mazimal ideal of A.
(iii) There exists a continuous epimorphism [ : A — C  such that
;) =T
(iv) There exists an epimorphism f: A — C such that f~1(0) = 1.

For the proof of the implication (i)=-(iii) one observes that by Property
C.2.3 A/I is a Banach algebra and by the maximality of I that A/T
is a field. But this implies the existence of an algebraic and topological
isomorphism ¢: A/I — C. Considering the canonical mapping p: A —
A/I and putting f:=gop the equalities

FHO) =p (g7 H0)) =p~H(0) =T

yield the desired statement.
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Preparations C.4
C.4.1 Every continuous epimorphism h: A — C satisfies ||h| < 1.

Let A(A) denote the set of all (continuous) epimorphism from A onto

C.
C.4.2 A(A) isa o(A’, A)-compact subset of the unit ball of A’.
A(A) is said to be the maximal ideal space or the spectrum of A.
For every = € A the mapping & : A(A) — C defined by
Z(h) := h(x)
for all h € A(A) is continuous, the mapping z +— & from A into
C(A(A)) is a homomorphism, and

&l = sup [&(h)] = sup [h(z)]< [z
heA(A) heA(A)
whenever x € A.
C.4.3 A:={i:xz e A} is a subalgebra of C(A(A)) which separates
A(A) and contains 1.
In general, A is not closed in C(A(A)).

C.4.4 The topology of A(A) is the initial topology with respect to the set
A.

This topology 7¢ on A(A) is called the Gelfand topology. In this
connection we also introduce the Gelfand transform & of z € A and
the Gelfand mapping (representation) x+— 2 from A into C(A(A)).

Theorem C.5 Let A be a commutative Banach algebra with unit 1.
Then

(i) every epimorphism h from A onto C is of the form
h(#) = #(h)
for some h € A(A).
(il) Every h € A(A) defines an epimorphism
Z— &(h)
from A onto C.

A Banach algebra A is said to involutive if A admits an involution
x — ™ defined as a mapping A — A with the properties that

(1) (&+y)~ =2~ +y,
2) (o)™ = Aa™,



386 Appendices

(3) (zy)” =y~z~, and
(4) 2™~ =z
whenever z,y € A, A € C.
Moreover, an involutive Banach algebra A is called a C*-algebra if
o™ = |||

for all = € A.

Theorem C.6 (Gelfand’s formula)
Let A be a commutative Banach algebra with unit and Gelfand mapping
x+— &. Then, for each x € A the formula

2]l = lim [lz"]|=
n—oo
holds.

Theorem C.7 FEvery commutative C*-algebra A with 1 is semisimple
in the sense that the Gelfand mapping x — & of A is a norm- and
involution preserving isomorphism from A onto C(A(A)).

For the proof one starts by showing that = + & is involution-preserving.
Here preparation C.4.1 is applied. The property of z — & being norm-
preserving is established with the help of Gelfand’s formula C.6.

In fact, we know already that ||Z|| < ||z|| holds for all = € A. For the
inverse inequality we first choose x € A with z = z~. Then

l2?]| = llza™ | = |z,
hence ||z2||= = ||z||, and by induction
dll

1
[z [|77 = ||z|

whenever n > 1. Now, Theorem C.6 applies and yields
. . 1
lall = tim_fla"]*
= lim []2?"||7" = [l2|.
n—oo

Next, for arbitrary = € A we have (xx™)~ = za™, hence

ll]|* = [|lz2™ ||
and therefore
l? = flaz™[| = || (z2™)"
= |lzz™|
= [l2z||

= a1 = llz]1*
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Finally, A being an involutive subalgebra of C(A(A)) with unit which
separates A(A) is dense in C(A(A)). But along with A also A is
complete, hence closed, and A = C(A(A)) has been established.

Now, let A be an involutive commutative Banach algebra which does
not admit a unit. By A(A) we again denote the set of all continuous
epimorphisms from A onto C, furnished with the initial topology with
respect to the mappings h+— h(z) from A(A) into C (for all z € A).
Let A:= A® {1} denote the involutive commutative algebra arising from
adjoining a unit element 1. A can be given a norm such that it becomes
a Banach algebra with unit 1 and Gelfand mapping z +— & (related to

A(A) and A). Let hg € A(A) be defined by

0 if zcA
ol) ::{1 if =1

Clearly, A(A)\ {ho} is a locally compact space, and the mapping h —
Resg h is a homeomorphism from A(A)\ {ho} onto A(A). Therefore
A(A) is locally compact, and = € A belongs to A if and only if &

(restricted to A(A)) vanishes at infinity.

Theorem C.8 Let A be an involutive commutative Banach algebra.
Then

(i) A is a subalgebra of C°(A(A)).

(i1) If, in addition, A is a C*-algebra, then A is semisimple in the
sense that x +— & is a norm- and involution preserving isomorphism
from A onto C°(A(A)).

While (i) is clear by the remarks preceding the theorem, only (ii) requires
an argument. In fact, there exists a unique norm on A which extends to
A and makes A a C*-algebra. From Theorem C.7 we conclude that
A is semisimple. Restricting the Gelfand mapping = — & to A and
C°(A(A)) respectively we reach the desired conclusion.
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TG oo Gelfand topology on G™..................... 146, 385
AG). oot extended group algebra .............. ... ... 149
Ao(G), Ao(G) e 150
a=F(u). oo, Fourier transform of p........... ... ..o L 158
F=FGg eeieean.. Fourier mapping, generalized

Fourier mapping .......... 158, 179
F)=fioeeoo.. ... Fourier(-Stieltjes) transform of p, generalized

Fourier transform of p....158, 179
7 inverse Fourier transform of p.............. .. ... 159
F=Fanr .cvuu.... Fourier cotransform............................... 159
ML annihilator (orthogonal complement) of M C G...160
PD(G)............ set of positive definite functions................... 162
CPD(G) .......... =PD(G)NC(G).cveii 162
Foiii inverse Fourier transform................. ... ... 165
e T (=)o 165
C(G,K).......... ={feCG):supp(f) €K} oovviiiiiiiiii. 171
MP(G) oo set of shift bounded measures..................... 172
M>®(G).cooooo.t. set of measures vanishing at infinity............... 172
CY(G).vvvvnin... space of uniformly continuous function on G...... 172
My(G).ooooviia . set of positive definite measures................... 173
foe complex conjugate of f...... .. .. .. .. 176
Inv(p).oooeenenann. invariance group of the measure fp................ 181
Inv(f).coveeeinn. invariance group of the function f................ 181
M(G,H).......... set of H-invariant measures (in M(G)) .......... 183
Lo quotient measure associated with p............... 183
ND(G™)..ovvvnn... set of negative definite functions on G™........... 185
CND(G") ... .. =ND(GM)NC(GN) oo 185
S(G)evoiiiiii set of semigroups of measures..................... 192
CS(G) .ot set of convolution semigroups..................... 192
S(G,K).ooovnn... set of T,-continuous semigroups admitting

K as invariance group......... 197
R(G,M).......... set of resolvents admitting
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Koot potential measure...... ... ... oL 225
(TC) e e 231
PY measure governing a Markov chain with
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EY .o expectation with respect to PY ................... 253
D 4 07) P random walk with law p......... ... ... ... 254
Gp) ovveeeaennn. closed subgroup generated by supp(u)............ 254
Rp..ooovviiiiii, return time of X (u) intoaset B................ 256
R class of recurrent groups .......... ... ..ol 262
Pro T-stopped transition kernel............ ... ... L 282
Hp ..., entry time of X (u) intoaset B................. 282
TM cveeeeennn finite (Michael) topology ...t 292
TH ceveeeneennnns Hausdorff topology ...t 292
MMEK).oooi = MYEK)AME(K) oo 293
T o x-left translation, generalized translation

operator (r € K)......... 294, 308
GY. ... ... set of conjugacy classesof G ..................... 296
G//H............. space of H-double cosets of G ................... 296
(G,H) ..o Gelfand pair (G group, H subgroup)............ 297
M(d).............. motion group (d>=1)...........oiiiiiL. 297
SO(d) ..oovvnnnt. motion group (d = 1).......oiiiiiiiiiiiiii.. 297
SOo(d) . oovvvnennt motion group (d>=1)...........oiiiiii. 297
HE oo hyperbolic space of dimension d >1.............. 297
S d-dimensional sphere, 297
WE e e eee s Haar measure of K (hypergroup)................ 297
LP(Kywi) oooen... Lebesgue spaces (1< p<00). e, 298
K* oo set of multiplicative functionson K .............. 298
K oo set of charactersof K .......... ... .. .. .. ... ... 298
TR «eeeeeeenanns Plancherel measure of the hypergroup K ......... 300
K~ oo TS SUDPD TR - et e 301
(Z+, *(Q )) ........ polynomial hypergroup............ ... .. 304
(Ry,%a) ceeennnn.. Sturm—Liouville hypergroup....................... 308
SPD(K™)......... set of strongly positive definite functions on K" ..312
SND(K™)..oovn.n set of strongly negative definite functions on K” . 312
(L,D(L)) ......... generator of a convolution semigroup.............. 314
7?) ............... Rayleigh distribution on Ry ...................... 316
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X —?— Y. oo randomized sum of hypergroup-valued

random variables .............. 320
X((n))eeenenennn. nonhomogeneous random walk .................... 321
Li (KN 7). space of locally p-integrable function

classeson E.................. 326
Eo(pt) oovnenniiin. modified expectation............... ... 326
Eo(pt) ooveniiiin. modified variance........... ... .o oL 326
LM(G).oovvvennn. set of all possible limits of infinitesimal

triangular arrays............... 345
WIG) ... set of all weakly infinitely divisible measures ...... 346
G¥C o arc-component of the identity ..................... 347
PG)eoeiiii. set of all quadruplets (K,a,%,n) ..........c..... 347
Co(G)oovvvvnnn. set of all functions in CP(G) vanishing in some

neighbourhood of the identity . .349
CHG) v, set of all uniformly continuous functions

i Co(G) v 349
Dp.oooiiiiiiii. p-adic integers (p prime) ........... ..., 369
Sp oo p-adic solenoid (p prime)...............coiiaL 372
5 A topology defined by the set T' of semigroups...... 379
LEF)........... vector space of continuous linear mappings........ 380

A(A). oo maximal ideal space (spectrum) of A............. 385
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Al cardinality of A

CA............. =CgA complement of A in E
Al set of normed elements of A

Al oo ={a€Ad:a>0}

AX set of elements of A different from a distinguished element
AP set of bounded elements of A
Ar.ooiiii . set of real elements of A
Ac.oovioii .. set of complex elements of A
[A]..ooooiiii . group generated by a set of A
V2] closed group generated by a set of A
(A) oo, semigroup generated by a set of A
(A)= .ot closed semigroup generated by a set of A
AS ={ze E:dx,A) <e} (¢>0)
Tgoooiooii. indicator of a set A
Resg.oooonnin. restriction to a set A
N.oooooooo.. set of positive integer numbers
Y/ group of integer numbers
T torus

C.oovriil field of complex numbers
Q.o field of rational numbers

(0 discretely topologized Q
Qp.vvvveennnn. group of p-adic numbers (p > 1)
R field of real numbers
Roooinnn. =RU{—00,00}

RE ..., d-dimensional Euclidean space

74 d-dimensional lattice

T d-dimensional torus

Cmxm set of m x m-matrices over C
Re............. real part

Im............. imaginary part

N minimum

Vo maximum

17 p-almost everywhere

DA neighbourhood filter of z (for any topological space)
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closed graph theorem......... ... . .. 380
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convergence of TOOtS . ... ..ot 52
convolution hemigroups . ....... ..o e 333
convolution of measures on Banach spaces............................. 24
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cylinder set. . ... ..o 71
double coset Space. ... ... 296
double dual space ... 299
dual Jacobi hypergroups....... ..o 306
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FE-valued random variable ......... .. ... 17
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GENETALOT . . ..o 314
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maximal ideal Space..... ... ... 385
maximum principle. . ...... .. 258
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